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INTRODUCTION 

This  Appendix  contains  the  reprints  published  under  JSEP  in  the  time 
September  1991  to  September  1992. 

In  addition  to  the  reprints  contained  herein,  there  are  7  papers  already 
accepted  for  publication  during  the  next  contract  period,  11  papers  submitted 
and  11  papers  in  preparation. 
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JSEP  REFEREED  JOURNAL  PAPERS 
PUBLISHED  SEPTEMBER  1001  TO  SEPTEMBER  1002 

1.  E,H.  Newman  and  K.  Kingsley,  “An  Introduction  to  the  Method  of 
Moments,”  Computer  Physics  Communications,  vol.  68,  1991,  pp.  1- 
18,  (invited  paper). 

2.  R.J.  Burkholder,  R.-C.  Chou  and  P.H.  Pathak,  “Two  Ray  Shooting 
Methods  for  Computing  the  EM  Scattering  by  Large  Open-Ended  Cav¬ 
ities,”  Computer  Physics  Communications,  1991,  pp.  353-365,  (invited 
paper). 

3.  R.J.  Burkholder  and  P.H.  Pathak,  “Analysis  of  EM  Penetration  into 
and  Scattering  by  Electrically  Large  Open  Waveguide  Cavities  Using 
Gaussian  Beam  Shooting,”  Proceedings  of  the  IEEE,  vol.  79,  no.  10, 
October  1991,  pp.  1401-1412. 

4.  J.  Li  and  R.T.  Compton,  Jr.,  “Angle  Estimation  using  a  Polarization 
Sensitive  Array,”  IEEE  Transactions  on  Antennas  and  Propagation, 
vol.  39,  October  1991,  pp.  1539-1543. 

5.  M.S.  Kluskens  and  E.H.  Newman,  “A  Microstrip  Line  on  a  Chiral 
Substrate,”  IEEE  Transactions  on  Microwave  Theory  and  Techniques, 
vol.  39,  November  1991,  pp.  1889-1991. 

6.  M.S.  Kluskens  and  E.H.  Newman,  “Scattering  by  a  Chiral  Cylinder 
of  Arbitrary  Cross  Section  in  the  Presence  of  a  Half-Plane,”  Journal 
Electromagnetic  Waves  and  Applications,  vol.  6,  1992,  pp.  721-731. 

7.  P.H.  Pathak,  “High  Frequency  Techniques  for  Antenna  Analysis,”  Pro¬ 
ceedings  of  IEEE,  vol.  80,  no.  1,  January  1992,  pp.  44-65,  (invited 
paper). 

8.  S.  Barkeshli  and  P.H.  Pathak,  “On  the  Dyadic  Green’s  Function  for  a 
Planar  Multilayered  Dielectric/Magnetic  Media,”  IEEE  Transactions 
on  Microwave  Theory  and  Techniques,  vol.  40,  no.  1,  January  1992, 
pp.  128-142. 

9.  J.  Ward  and  R.T.  Compton,  Jr.,  “Improving  the  Performance  of  a 
Slotted  ALOHA  Packet  Radio  Network  with  an  Adaptive  Array,” 
IEEE  Transactions  on  Communications,  vol.  40,  no.  2,  February  1992, 
pp.  292-300. 

10.  R.  Lee  and  A.C.  Cangellaris,  “A  Study  of  Discretization  Error  in  the 
Finite  Element  Approximation  of  Wave  Solutions,”  IEEE  Transactions 
on  Antennas  and  Propagation,  vol.  40,  May  1992,  pp.  542-549. 
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11.  J.  Li  and  R.T.  Compton,  Jr.,  “Two  Dimensional  Angle  and  Polariza¬ 
tion  Estimation  Using  the  ESPRIT  Algorithm,”  IEEE  transactions  on 
Antennas  and  Propagation,  vol.  40,  no.  5,  May  1992,  pp.  550-555. 

12.  G.A.  Somers  and  P.H.  Pathak,  “Uniform  GTD  Solution  for  the  Diffrac¬ 
tion  by  Metallic  Tapes  on  Panelled  Compact-Range  Reflectors,”  lEE 
Proceedings-H,  vol.  139,  no.  3,  June  1992,  pp.  297-305. 

13.  R.G.  Rojas,  “Integral  Equations  for  the  Scattering  by  a  Three  Dimen¬ 
sional  Inhomogeneous  Chiral  Body,”  Journal  Electromagnetic  Waves 
and  Applications,  vol.  6,  no.  5/6,  July  1992,  pp.  733-750. 

14.  F.W.  Vook  and  R.T.  Compton,  Jr.,  “Bandwidth  Performance  of  Lin¬ 
ear  Adaptive  Arrays  with  Tapped  Delay-Line  Processing,”  (Corre¬ 
spondence),  IEEE  Transactions  on  Aerospace  and  Electronic  Systems, 
vol.  28,  no.  3,  July  1992,  pp.  901-908. 

The  following  reprint  from  1991  was  not  included  in  the  1991  Annual 
Appendix. 

1.  G.  Pelosi,  R.  Tiberio  and  R.G.  Rojas,  “Electromagnetic  Field  Ex¬ 
cited  by  a  Line  Source  Placed  at  the  Edge  of  an  Impedance  Wedge,” 
IEEE  Transactions  on  Antennas  and  Propagation,  vol.  39,  July  1991, 
pp.  1043-1046. 
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JSEP  RELATED  REFEREED  JOURNAL  PAPERS 
ACCEPTED  FOR  PUBLIC ATION 
SEPTEMBER  1001  TO  SEPTEMBER  1002 


1.  P.H.  Pathak  and  R.J.  Burkholder,  “A  Reciprocity  Formulation  for  Cal¬ 
culating  the  EM  Scattering  by  an  Obstacle  within  an  Open-Ended 
Waveguide  Cavity,”  IEEE  Transactions  on  Microwave  Theory  and 
Techniques. 

2.  J.  Li  and  R.T.  Compton,  Jr.,  “Maximum  Likelihood  Angle  Estimation 
for  Signals  with  Known  Waveforms,”  IEEE  Transactions  on  Signal  Pro¬ 
cessing. 

3.  R.G.  Rojas  and  M.  Otero,  “Scattering  by  a  Resistive  Strip  Attached 
to  an  Impedance  Wedge,”  Journal  of  Electromagnetic  Waves  and  Ap¬ 
plications. 

4.  J.  Li  and  R.T.  Compton,  Jr.,  “Angle  and  Polarization  Estimation  in  a 
Coherent  Signal  Environment,”  IEEE  Transactions  on  Aerospace  and 
Electronic  Systems,  July  1993. 

5.  J.  Ward  and  R.T.  Compton,  Jr.,  “High  Throughput  Slotted  ALOHA 
Packet  Radio  Networks  with  Adaptive  Arrays,”  IEEE  Transactions  on 
Communications. 

6.  M.  Marin  and  P.H.  Pathak,  “An  Asymptotic  Closed-Form  Representa¬ 
tion  for  the  Grounded  Double  Layer  Surface  Green’s  Function,”  IEEE 
Transactions  on  Antennas  and  Propagation. 

7.  H.C.  Ly  and  R.G.  Rojas,  “Analysis  of  Diffraction  by  Material  Disconti¬ 
nuities  in  Thin  Material  Coated  Planar  Surfaces  based  on  Maliuzhnets’ 
Method,”  Radio  Science. 
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JSEP  RELATED  PAPERS 
SUBMITTED  FOR  PUBLICATION 
SEPTEMBER  1991  TO  SEPTEMBER  1992 


1.  F.W.  Vook  and  R.T.  Compton,  Jr.,  “Adaptive  Array  Beamforming  in 
a  Packet  Radio  Network,”  IEEE  Transactions  on  Communications. 

2.  P.  Munk  and  P.  Pathak,  “Analysis  of  EM  Scattering  by  an  Array  of 
Waveguide  Fed  Slots  in  a  Dielectric  Filled  Rectangular  Cavity  Opening 
into  a  Ground  of  a  Plane,  Radio  Science. 

3.  H.C.  Ly,  R.G.  Rojas  and  P.H.  Pathak,  “EM  Plane  Wave  Diffraction 
by  a  Planar  Juntion  of  Two  Thin  Material  Half-Planes  —  Oblique 
Incidence,”  IEEE  Transactions  on  Antennas  and  Propagation. 

4.  R.G.  Rojas  and  L.M.  Chou,  “Generalized  Impedance/Resistive  Bound¬ 
ary  Conditions  for  a  Planar  Chiral  Slab,”  Radio  Science. 

5.  J.L.  Blanchard  and  E.H.  Newman,  “Integral  Equation  Analysis  of  Ar¬ 
tificial  Media,”  IEEE  Transactions  on  Antennas  and  Propagation. 

6.  M.E.  Peters  and  E.H.  Newman,  “Analysis  of  an  Artificial  Dielectric 
Composed  of  Small  Dielectric  Spheres,”  IEEE  Transactions  on  Anten¬ 
nas  and  Propagation. 

7.  R.  Torres  and  E.H.  Newman,  “Integral  Equation  Analysis  of  a  Sheet 
Impedance  Coated  Window  Slot  Antenna,”  IEEE  Transactions  on  An¬ 
tennas  and  Propagation. 

8.  U.  Pekel  and  R.  Lee,  “An  A  Posteriori  Error  Reduction  Scheme  for  the 
Three  Dimensional  Finite  Element  Solution  of  Maxwell’s  Equations,” 
IEEE  Transactions  on  Microwave  Theory  and  Techniques. 

9.  N.  Wang  and  L.  Peters,  Jr.,  “Scattering  by  Thin  Wire  Loaded  with  a 
Ferrite  Ring,”  IEEE  Transactions  on  Antennas  and  Propagation. 

10.  K.C.  HiU  and  P.H.  Pathak,  “On  the  Nature  and  Evaluation  of  the 
Transition  Function  for  a  UTD  Corner  Diffraction  Coefficient,”  ACES 
Journal. 

11.  Y.S.  Choi-Grogan,  R.  Lee  and  R.-C.  Chou,  “An  Analysis  of  the  Ef¬ 
fects  of  Boundary  Conditions  on  Discretization  Error  in  the  Helmholtz 
Equation,”  submitted  to  IEEE  Transactions  on  Antennas  and  Propa¬ 
gation. 
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JSEP  RELATED  PAPERS 
IN  PREPARATION  FOR  PUBLICATION 
SEPTEMBER  1991  TO  SEPTEMBER  1992 

1.  P.H.  Pathak,  A.  Nagamune  and  R.G.  Kouyoumjian,  “An  Analysis  of 
Compact  Range  Measurements.” 

2.  P.H.  Pathak,  P.  Law  and  R.J.  Burkholder,  “High  Frequency  Electro¬ 
magnetic  Scattering  by  a  Large  Obstacle/Termination  within  an  Open 
Cavity  Structure.” 

3.  M.  Hsu,  P.H.  Pathak  and  C.W.  Chuang,  “Analysis  of  the  Asymptotic 
HF  EM  Coupling  Between  Sources  Anywhere  in  the  Vicinity  of  a  Cir¬ 
cular  Cylinder.” 

4.  K.C.  Hill  and  P.H.  Pathak,  “A  Uniform  Stationary  Phase  Evaluation 
of  a  Double  Integral  with  Algebraic  Singularities.” 

5.  K.C.  Hill  and  P.H.  Pathak,  “An  Approximate  UTD  Corner  Diffraction 
Coefficient.” 

6.  H.T.  Anastassiu  and  P.H.  Pathak,  “High  Frequency  Analysis  of  Gaus¬ 
sian  Beam  Scattering  by  a  Two-Dimensional  Parabolic  Contour  of  Fi¬ 
nite  Width.” 

7.  L.M.  Chou  and  R.G.  Rojas,  “A  WH/GSMT  Based  Full- Wave  Analysis 
of  Multilayered  Printed  Transmission  Lines.”  to  be  submitted  to  IEEE 
Transactions  on  Microwave  Theory  and  Techniques. 

8.  L.M.  Chou,  R.G.  Rojas  and  P.H.  Pathak,  “Dispersion  and  Lateral 
Leakage  of  Conductor  Backed  Coplanar  Waveguide  with  Layered  Sub¬ 
strate  and  Finite-Extent  Ground  Planes,”  to  be  submitted  to  IEEE 
Transactions  on  Microwave  Theory  and  Techniques. 

9.  R.  Lee  and  V.  Chupongstimun,  “A  Partitioning  Scheme  for  Electro¬ 
magnetic  Scattering  from  Electrically  Large  Cylinders.” 

10.  J.  O.  Jevtic  and  R.  Lee,  “Dispersion  Analysis  of  the  Wave  Equation 
for  Two  and  Three  Dimensional  Edge  Elements.” 

11.  U.  Pekel  and  R.  Lee,  “A  Three-Dimensional  Finite  Element  Method  for 
Electromagnetic  Scattering  from  Objects  in  an  Unbounded  Region.” 
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JSEP  RELATED  CONFERENCES/ORAL  PRESENTATIONS 
SEPTEMBER  1991  TO  SEPTEMBER  1992 

1.  J.  Li  and  R.T.  Compton,  Jr.,  “Maximum  Likelihood  Angle  Estimation 
for  Signals  with  Known  Waveforms,”  IEEE  Signal  Processing  Society, 
Seventh  Workshop  on  Multidimensional  Signal  Processing,  Lake  Placid, 
New  York,  September  23-25,  1991. 

2.  R.T.  Compton,  Jr.,  “Adaptive  Antennas  in  Packet  Radio,”  25‘^  Annual 
Asilomar  Conference  on  Signals,  Systems  and  Computers,  November 
4-6,  1991,  Pacific  Grove,  California. 

3.  J.  Li  and  R.T.  Compton,  Jr.,  “Performance  Analysis  for  Angle  and 
Polarization  Estimation  using  ESPRIT,”  1992  International  Conference 
on  Acoustics,  Speech  and  Signal  Processing,  San  Francisco,  California, 
March  23-26,  1992. 

4.  L.M.  Chou,  R.G.  Rojas  and  P.H.  Pathak,  “A  WH/GSMT  Based  Full- 
Wave  Analysis  of  the  Power  Leakage  from  Conductor-Backed  Coplanar 
Waveguides,”  1992  MTT  International  Symposium,  Albequerque,  New 
Mexico,  June  1992. 

5.  L.M.  Chou,  R.G.  Rojas  and  P.H.  Pathak,  “A  WH/GSMT  Based  FuU- 
Wave  Analysis  of  Multilayered  Printed  Transmission  Lines,”  1992  IEEE 
APS/URSI  International  Symposium,  Chicago,  Illinois,  July  1992. 

6.  H.C.  Ly,  R.G.  Rojas  and  P.H.  Pathak,  “Diffraction  from  a  Two- 
Part  Planar  Material  Junction:  Oblique  Incidence  Case,”  1992  IEEE 
APS/URSI  International  Symposium,  Chicago,  Illinois,  July  1992. 

7.  R.G.  Rojas  and  M.F.  Otero,  “EM  Scattering  by  a  Chiro-Dielectric 
Body  of  Arbitrary  Shape  in  the  Presence  of  an  Impedance  Wedge,” 
1992  IEEE  APS/URSI  International  Symposium,  Chicago,  Illinois, 
July  1992. 

8.  H.C.  Ly  end  R.G.  Rojas,  “Application  of  the  Maliuzhnets’  Method  to 
Diffrac' ion  Problems  involving  Generalized  Impedance  Boundary  Con¬ 
ditions,”  1992  IEEE  APS/URSI  International  Symposium,  Chicago, 
Illinois,  July  1992. 

9.  U.  Pekel  and  R.  Lee,  “An  Element-by- Element  A  Posteriori  Error  Esti¬ 
mation  and  Improvement  Approach  for  the  Finite  Element  Analysis  of 
Three-Dimensional  Electromagnetic  Boundary  Value  Problems,”  1992 
IEEE  APS/URSI  International  Symposium,  Chicago,  Illinois,  July 
1992. 

10.  Y.  S.  Choi-Grogan,  R.  Lee,  and  R.  C.  Chou,  “Discretization  Error 
for  FEM,”  Joint  AP-S  Symposium  and  URSI  Radio  Science  Meeting, 
Chicago,  IL,  July,  1992. 
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11.  M.  Hsu,  C.W.  Chuang,  P.H.  Pathak  and  R.-C.  Chou,  “An  Asymp¬ 
totic  Analysis  of  the  Near  Field  EM  Scattering  from  a  Smooth  Convex 
Body,”  1992  IEEE  APS/URSl  International  Symposium,  Chicago,  Illi¬ 
nois,  July  1992. 

12.  L.  Peters,  Jr.,  “Historical  Review  of  ElectroScience  Laboratory  with 
an  Emphasis  on  Contributions  of  R.G.  Kouyoumjian,”  1992  IEEE 
APS/URSI  International  Symposium,  Chicago,  Illinois,  July  1992  (in¬ 
vited). 

13.  R.G.  Kouyoumjian,  “A  Brief  History  of  the  UTD  —  Focus  on  Edge 
Diffraction,”  1992  IEEE  APS/URSI  International  Symposium,  Chicago, 
Illinois,  July  1992  (invited). 

14.  P.H.  Pathak  and  R.J.  Burkholder,  “On  the  Question  of  Time  Causal¬ 
ity  for  HF  Ray  Fields  Traversing  Caustics,”  1992  IEEE  APS/URSI 
International  Symposium,  Chicago,  Illinois,  July  1992  (invited). 

15.  P.H.  Pathak  and  R.J.  Marhefka,  “On  the  Behaviour  of  Uniform  Ray 
Solutions  at  Lower  Frequencies,”  1992  IEEE  APS/URSI  International 
Symposium,  Chicago,  Illinois,  July  1992  (invited). 

16.  G.A.  Somers  and  P.H.  Pathak,  “An  Efficient  Analysis  of  the  Mutual 
Coupling  in  a  Large  Finite  Array  of  Slots  in  a  Material  Coated  Ground 
Plane,”  1992  IEEE  APS/URSI  International  Symposium,  Chicago,  Illi¬ 
nois,  July  1992. 

17.  R-C.  Chou,  T.T.  Chia  and  R.  Lee,  “The  Energy  Flow  Inside  a  Waveg¬ 
uide  Cavity  using  the  SBR  and  GRE  Methods,”  1992  IEEE  APS/URSI 
International  Symposium,  Chicago,  Illinois,  July  1992. 

18.  SHORT  COURSE: 

P.H.  Pathak  and  Y.  Rahmat-Samii,  Short  Course  on  Asymptotic  High 
Frequency,  1992  IEEE  APS/URSI  International  Symposium,  Chicago, 
Illinois,  July  1992  (invited). 
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JSEP  RELATED  M.SC.  THESES  AND  PH.D.  DISSERTATIONS 
SEPTEMBER  1001  TO  SEPTEMBER  1002 

Dissertations: 

1.  H.C.  Ly,  “A  UTD  Analysis  of  EM  Diffraction  by  an  Abrupt  Discon¬ 
tinuity  in  Thin  Planar  Material  Configurations,”  Ph.D.  Dissertation, 
Department  of  Electrical  Engineering,  Ohio  State  University,  Colum¬ 
bus,  Ohio,  March  1992. 

2.  F.W.  Vook,  “SignaJ  Processing  Arrays  in  Packet  Radio  Networks,” 
Ph.D.  Dissertation,  Department  of  Electrical  Engineering,  Ohio  State 
University,  Columbus,  Ohio,  August  1992. 

Thesis: 

1.  H.  Anastassiu,  “High  Frequency  Analysis  of  Gaussian  Beam  Scattering 
by  a  Parabolic  Surface  containing  an  Edge,”  M.Sc.  Thesis,  Department 
of  Electrical  Engineering,  Ohio  State  University,  Columbus,  Ohio,  May 
1992. 

2.  P.R.  Rousseau,  “A  Study  of  Electromagnetic  Scattering  by  Obstacles 
Placed  within  Open  Cavities,”  M.Sc.  Thesis,  Department  of  Electrical 
Engineering,  Ohio  State  University,  Columbus,  Ohio,  August  1992. 


9 


10 


REPRINTS 

JSEP  REFEREED  JOURNAL  PAPERS 
SEPTEMBER  1991  TO  SEPTEMBER  1992 


11 


Computer  Physics  Communications  68  (1991)  1-18 
North-Holland 


Computer  Physics 
Qxrirnuriications 


An  introduction  to  the  method  of  moments  * 


E.H.  Newman  and  K.  Kingsley 

Th'  Ohio  Slate  Unii'ersity,  Depanment  of  Electrical  Engineering,  ElectroScience  Laboratory,  1320  Kinnear  Rd.,  Columbus, 
OH  43212,  USA 

Received  31  August  1990;  in  revised  form  20  December  1990 


This  paper  will  present  an  introduction  to  the  theory  and  application  of  the  method  of  moments  (MM)  to  problems  of 
electromagnetic  radiation  and  scattering.  The  MM  procedure  for  solving  a  linear  operator  equation,  by  transforming  it  into 
a  matrix  equation,  is  reviewed.  The  integral  equation  and  MM  solution  for  an  arbitrary  perfectly  conducting  body  is 
presented,  and  then  illustrated  by  the  simple  example  of  scattering  by  a  2D  perfectly  conducting  strip.  Numerical  results  are 
used  to  illustrate  the  accuracy,  convergence,  and  typical  computer  CPU  times.  The  MM  solution  for  radiation  or  scattering 
by  a  rectangular  dielectric  cylinder  is  also  presented.  Finally,  the  internal  resonance  problem  is  discussed. 


1.  Introduction 

This  paper  will  present  an  introduction  to  a 
numerical  technique  known  as  the  moment 
method  or  method  of  moments  (MM),  especially 
as  it  applies  to  problems  in  electromagnetic  radi¬ 
ation  and  scattering  [1,2],  The  MM  is  a  numerical 
technique  for  solving  a  linear  operator  equation 
by  transforming  it  into  a  system  of  simultaneous 
linear  algebraic  equations,  i.e.  a  matrix  equation. 
Over  the  last  30  years  the  MM  has  been  exten¬ 
sively  applied  to  virtually  every  area  of  electro¬ 
magnetics  including  radiation  and/or  scattering 
by  perfectly  conducting  and  material  bodies,  thin 
wire  antennas,  aperture  penetration,  printed  cir¬ 
cuit  structures,  etc  [3].  Ihis  paper  will  describe 
some  of  the  basic  features  of  the  MM,  rather 
than  present  an  extensive  bibliography  of  MM 
research  and  applications. 

In  electromagnetics  a  “moment  method  solu¬ 
tion"  usually  refers  to  a  problem  in  which  the 
MM  is  used  to  solve  a  linear  integral  equation  for 
a  current  distribution  representing  a  body.  This  is 

*  Tbit  work  was  tpontored  by  the  Joint  Seivicet  Electronics 

Program  under  Contract  N00014-78-C'0049  with  the  The 
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basically  a  two-step  procedure:  The  first  step  is  to 
obtain  the  integral  equation.  Basically,  the  sur¬ 
face  or  volume  equivalence  theorems  are  used  to 
replace  the  body  by  free  space  and  by  equivalent 
currents  [4].  The  use  of  these  equivalence  theo¬ 
rems  is  crucial  in  that  it  allows  the  integral  equa¬ 
tion  and  MM  solution  to  be  formulated  entirely 
in  terms  of  the  free  space  fields  of  currents.  The 
integral  equation  for  the  equivalent  currents  is 
obtained  either  as  a  statement  of  the  boundary 
conditions  of  the  problem,  or  as  a  statement  ol 
the  equivalence  theorems  used.  The  second  step 
is  to  solve  the  integral  equation  by  the  MM.  Ir 
brief,  the  unknown  current  is  e)q>anded  in  term; 
of  an  appropriate  set  of  basis  functions.  If  N 
terms  are  retained  in  the  expansion  for  the  cur¬ 
rent,  then  N  weighted  averages  of  the  integral 
equation  are  enforced.  This  MM  procedure 
transforms  the  integral  equation  into  an  order  N 
matrix  equation  for  the  N  coefficients  in  the 
expansion  for  the  current.  Once  the  current  b 
known,  most  parameters  of  engineering  interest 
such  as  input  impedance  or  radiated  fields,  can 
be  found  in  a  straightforward  manner,  since  thq^ 
involve  only  the  free  space  fields  of  the  currents 
The  main  advantage  of  MM  solutions  is  high 
accuracy.  The  MM  is  a  direct  numerical  solution 
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of  the  (usually)  exact  integral  equation.  All  phe¬ 
nomena  of  the  problem  are  inherent  in  the  inte¬ 
gral  equation,  and  are  thus  automatically  in¬ 
cluded  in  the  MM  solution.  For  example,  MM 
solutions  in  electromagnetics  automatically  in¬ 
clude  surface  waves,  creeping  waves,  multiple 
diffractions,  shadowing  effects,  etc.  A  second  ad¬ 
vantage  of  the  MM  is  that  it  is  capable  of  dealing 
with  very  complex  geometries.  In  fact,  several 
user-oriented  computer  codes  have  been  written 
which  can  treat  geometries  as  simple  as  a  dipole 
or  as  complex  as  an  airplane  [S-10]. 

The  main  limitation  of  the  MM  is  a  result  of 
the  fact  that  N,  the  number  of  terms  which  must 
be  retained  in  the  expansion  for  the  current  in 
order  to  obtain  reasonable  accuracy,  is  propor¬ 
tional  to  the  electrical  size  of  the  body.  The  CPU 
time  to  set  up  and  store  the  MM  matrbc  equation 
is  proportional  to  N^.  The  CPU  time  to  solve  the 
MM  matrix  equation  is  proportional  to  [11]. 
Thus,  as  the  frequency  is  increased,  the  required 
computer  power  also  increases,  and  at  some  point 
it  becomes  so  large  that  the  MM  solution  is 
impractical.  However,  it  should  be  emphasized 
that  this  is  a  machine  or  hardware  limitation,  and 
that  as  computers  become  more  powerful,  it  will 
be  practical  to  apply  the  MM  to  larger  problems. 

Consider  the  example  where  the  unknown  is 
the  current  on  the  surface  of  a  3D  body.  Account¬ 
ing  for  both  polarizations  of  the  vector  current, 
typically  N  will  be  on  the  order  of  100  unknowns 
per  square  wavelength  of  surface  area.  Thus, 
treating  a  body  of  lOA^  would  require  dealing 
with  an  order  N  -  1000  matrix  equation.  Setting 
up  and  solving  the  MM  matru  equation  typically 
will  require  about  an  hour  of  CPU  time.  Storage 
of  the  MM  matrix  equation  will  involve  more 
than  >  1  million  complex  numbers.  Note  that 
doubling  the  frequency  will  increase  the  surface 
area  in  and  thus  N  by  a  foctor  of  4.  This  will 
increase  the  required  storage  by  a  factor  of  16, 
the  CPU  time  to  set  up  the  MM  matrix  equation 
by  a  factor  of  16,  and  the  CPU  time  to  solve  the 
matrix  equation  by  a  factor  of  64.  Thus,  the  MM 
is  often  referred  to  as  a  low  frequency  technique, 
applicable  when  the  body  is  not  electrically  large. 

Section  2  of  this  paper  describes  the  MM 
procedure,  and  discusses  the  important  question 


of  convergence.  Section  3  describes  the  MM  solu¬ 
tion  for  an  arbitrary  perfectly  conducting  body, 
and  then  illustrates  the  method  by  the  simple 
example  of  scattering  by  a  perfectly  conducting 
cylinder.  Numerical  data  will  illustrate  the  accu¬ 
racy,  convergence,  and  CPU  times  for  the  MM 
solution.  Section  4  presents  the  MM  solution  for 
radiation  or  scattering  by  a  dielectric  body.  Fi¬ 
nally,  section  5  will  briefly  describe  the  internal 
resonance  problem. 

In  this  paper  all  electromagnetic  fields  and 
currents  are  considered  to  be  time  harmonic, 
with  the  time  dependence  suppressed.  Also, 
all  CPU  times  are  for  a  VAX  8550  computer 
which  is  about  six  times  faster  than  a  VAX 
11/780. 


2.  The  method  of  moments 


2.J.  The  MM  procedure 

This  section  will  describe  the  mathematical 
procedure  known  as  the  method  of  moments 
(MM),  that  is  the  procedure  for  solving  a  linear 
operator  equation  by  transforming  it  into  a  sys¬ 
tem  of  simultaneous  linear  algebraic  equations, 
commonly  referred  to  as  a  matrix  equation.  The 
description  given  here  for  the  MM  largely  follows 
that  originally  presented  by  Harrington  [1,2]. 

An  inhomogeneous  linear  operator  equation 
can  be  written  as 

(1) 

where  L  is  a  known  linear  operator,  g  is  a  known 
source  or  excitation  function,  and  /  is  the  un¬ 
known  response  function.  In  electromagnetics  / 
is  typically  an  equivalent  current  which  produces 
the  radiation  or  scattering  from  the  body,  L(/)  is 
typically  the  electromagnetic  field  of  the  current 
/,  and  g  is  a  known  incident  Held.  The  linear 
operator  equation  is  typically  an  eiqpression  of 
either  the  boundary  conditions  of  the  problem  or 
of  the  equivalence  theorems  [4]  used  to  define 
the  current  /. 
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The  first  step  in  the  MM  solution  of  eq.  (1)  is 
to  expand  the  unknown  function  /  as 

/-r (2) 

n*  I 

where  is  an  N  term  expansion  or  approxima¬ 
tion  of  f,  the  f„  are  a  series  of  N  known  linearly 
independent  expansion  or  basis  functions  in  the 
domain  of  L,  and  the  a„  are  a  series  of  N 
unknown  constants  to  be  determined  by  the  MM. 
Substituting  the  /'^  expansion  of  eq.  (2)  into  the 
original  operator  (1),  and  using  the  linearity  of  L 
yields 

Lr-  ZaMu-i-  (3) 

#!•  I 

For  finite  N,  /'^  in  eq.  (2)  will  generally  not  be 
a  complete  expansion  for  /,  and  thus  in  practice 
it  is  not  possible  to  choose  the  to  exactly 
satisfy  eqs.  (2)  or  (3).  Instead,  the  a„  are  chosen 
so  that  N  weighted  averages  of  eq.  (3)  are  satis¬ 
fied.  Define  a  series  of  N  linearly  independent 
weighting  or  testing  functions  in  the  range  of  L, 
denoted  w,,,,  m  -  1,  2, . . . ,  AA.  If  the  weighting 
functions  are  chosen  identical  to  the  expansion 
functions,  i.e.  »/„,  then  the  MM  solution  is 
referred  to  as  Galerkin’s  method.  The  bracket 
notation  <u,  w,,,)  will  be  used  to  denote  the  inner 
product  between  the  functions  u  and  w„.  Typi¬ 
cally,  the  inner  product  is  taken  as 

dr,  (4) 

where  the  integral  is  over  the  region  (line,  sur¬ 
face,  or  volume)  of  w„  and  the  *  implies  complex 
oopjugate.  In  Harrington’s  original  description  of 
the  MM  the  weighting  function  was  not  conju¬ 
gated.  Although  the  choice  is  arbitrary,  here  we 
include  the  complex  conjugate  so  that  we  can 
directly  use  the  results  of  recent  work  concerning 
the  convergence  of  Galerkin’s  method. 

Taking  the  inner  product  of  both  sides  of  eq. 
(3)  with  each  w„  and  using  the  linearity  of  L 


results  in 

N 

#1*1 

(5) 

Equation  (5)  can  be  written  as 

(L/~-g.w„)-0,  m-1,2 . N.  (6) 

Thus,  the  MM  determines  the  a„  so  that  the 
difference  between  L/^  and  g  is  orthogonal  to 
the  N  weighting  functions. 

Equation  (5)  can  be  recognized  as  N  simulta¬ 
neous  linear  algebraic  equations  in  the  N  un¬ 
knowns  a„,  n  -  1,  2, . . . ,  M  It  can  be  more  com¬ 
pactly  written  in  matrix  form  as 

IL]A^G,  (7) 

where  [L]  is  an  NxN  coefficient  matrix,  G  is 
the  length  N  right-hand-side  vector,  and  A  is  the 
length  N  solution  vector  which  contains  the  a„ 
from  eq.  (2).  Typical  elements  of  [L]  and  G  are 
given  by 

m,n- 1,2 . N,  (8) 

G„-<g,H',„>,  m-l,2,...,M  (9) 

Using  standard  matrix  algebra,  eq.  (7)  can  now  be 
solved  for  the  solution  vector  A,  which  when 
substituted  into  eq.  (2)  provides  an  approximation 
to  /.  In  electromagnetics,  Galerkin’s  method  re¬ 
sults  in  a  symmetric  [L]  matrix.  Note  that  the 
matrix  [L]  is  independent  of  the  excitation  func¬ 
tion  g.  Thus,  an  advantage  of  MM  solutions  is 
that  a  relatively  small  effort  is  required  to  obtain 
the  solution  for  a  second  or  subsequent  excita¬ 
tion,  since  on  the  first  solution  one  must  set  up 
and  LU  decompose  [L]. 

2.2.  Convergence  of  the  MM 

One  of  the  most  important  questions  concern¬ 
ing  the  MM  is  that  of  convergence.  That  is,  as 
N-*»,  does  /''-»/?  Very  little  can  be  said 
concerning  the  convergence  of  the  general  MM 
in  which  weighting  functions  can  be  chosen  dif¬ 
ferently  from  the  eiqunsion  functions,  and  thus 
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the  remarks  in  this  section  will  refer  to  Galerkin’s 
method  in  which  w„  -  /„. 

The  convergence  of  Galerkin’s  method  is  de¬ 
pendent  upon  the  properties  of  the  operator  L 
[12,13].  If  L  is  positive,  i.e.  if  (Lf,  />  >  0  for  all 
/  #  0,  then  it  can  be  shown  that  converges  in 
energy  to  /  [13],  i.e. 


lim  V<M/~-/).(/'^-/)>  - 0.  ( 10) 

A/-»» 

Note  that  convergence  in  energy  does  not  imply 
that  f'^  converges  to  /. 

In  electromagnetics  the  L  operators  are  not 
positive,  and  thus  nothing  can  be  said  concerning 
the  convergence  of  Galerkin’s  method  or  the 
MM.  However,  experience  has  shown  that  with  a 
“reasonable”  choice  of  expansion  and  weighting 
functions  the  MM  does  converge,  and  in  fact  is 
often  used  as  a  reference  solution  and  referred  to 
as  an  exact  method.  Unfortunately,  the  choice  of 
“reasonable”  expansion  and  weighting  functions 
remains  somewhat  of  an  art.  Basically,  one  wishes 
to  choose  expansion  functions  which: 

1.  incorporate  as  many  of  the  known  proper¬ 
ties  of  the  unknown  function  /  as  is  possible.  For 
example  if  /  is  continuous,  then  it  is  desirable  to 
choose  expansion  functions  which  are  continuous. 
If  /  is  zero  at  the  boundaries,  then  it  is  desirable 
to  choose  expansion  functions  which  are  zero  at 
the  boundaries.  If  /  is  not  zero  at  the  bound¬ 
aries,  then  using  expansion  functions  which  are 
zero  at  the  boundaries  would  be  considered  an 
“unreasonable”  choice,  and  the  MM  would  not 
be  expected  to  converge. 

2.  permit  the  inner  products  in  eqs.  (8)  and  (9) 
to  be  evaluated  with  reasonable  ease. 

In  practice  the  choice  of  basis  functions  is  a 
compromise  between  the  above  two  criteria. 
Qioosing  very  simple  basis  functions  often  re¬ 
duces  the  difficulty  in  developing  the  MM  code, 
however,  the  code  may  be  slowly  converging  and 
require  a  relatively  large  N  to  achieve  accurate 
results.  On  the  other  hand,  one  can  choose  very 
sophisticated  basis  functions  which  yield  accurate 
results  with  a  relatively  small  N.  However,  this 
can  increase  both  the  man  hours  required  to 


develop  the  code  and  also  the  CPU  time  to 
evaluate  the  inner  products. 

2.3.  The  method  of  least  squares 

This  section  will  show  that  the  original  opera¬ 
tor  equation  can  be  modified  so  that  the  linear 
operator  is  positive,  and  thus  convergence  in  en¬ 
ergy  is  guaranteed.  The  method  employs  the  ad¬ 
joint  operator,  L*,  defined  by 

{Lu,v)  L'v).  (11) 

Operation  by  L*  on  both  sides  of  eq.  (1)  yields 
the  new  operator  equation 

L*L(/)=L*(g).  (12) 

L*L  is  a  positive  operator  since 

(L*Lu,u)  =  (Lu,  L«>=  ||Lu||^>0, 
if  11  #0,  (13) 

and  thus  the  Galerkin  Method  solution  of  eq. 
(12)  will  converge  in  energy.  The  elements  in  the 
matrix  equation  (7)  are  given  by 

Lf„),  m,n~  1,2 . N,  (14) 

G„~{g,Lf„),  m-1,2 . N.  (15) 

Equations  (14)  and  (IS)  can  be  recognized  as  the 
method  of  least  squares  which  can  be  derived  by 
direct  minimization  of  II  Lf'*  -g\\  [14].  Compari¬ 
son  with  eqs.  (8)  and  (9)  shows  that  the  method  of 
least  squares  is  equivalent  to  a  MM  solution  of 
the  original  operator  (1),  but  with  weighting  func¬ 
tions  chosen  as  w„  Lf„.  The  main  disadvantage 
of  the  method  of  least  squares  is  that  the  matrix 
elements  are  typically  more  difHcult  and  time 
consuming  to  evaluate. 

Figure  1  shows  a  comparison  of  the  mean 
square  error,  ||  II  versus  N  in  the  solution  of 
a  simple  differential  equation  by  Galerkin's 
method  and  by  the  method  of  least  squares  [IS]. 
Note  that  the  error  in  the  least  squares  solution 
monotonically  decreases  with  increasing  N,  while 
that  for  Galerkin’s  method  does  not.  Also,  the 
error  for  the  least  squares  solution  is  always 
lower  than  that  for  Galerkin’s  method,  however, 
the  difference  is  small.  In  electromagnetics  the 
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Fig.  1.  A  comparison  of  the  mean  square  error  in  a  Galerkin 
method  and  a  least  square  error  solution  of  a  differential 
equation. 


method  of  least  squares  is  employed  far  less  than 
the  MM,  probably  because  the  advantage  in  the 
increased  rate  of  convergence  does  not  justify  the 
increased  computational  effort. 


3.  Perfectly  conducting  bodies 

This  section  will  outline  the  integral  equation 
and  MM  solution  to  the  problem  of  radiation  or 
scattering  by  a  perfectly  conducting  body.  First, 
the  solution  for  a  general  perfectly  conducting 
body  will  be  presented,  and  then  the  method  will 
be  illustrated  by  the  simple  problem  of  plane 
wave  scattering  by  a  perfealy  conducting  cylin¬ 
der. 

3.1.  The  integral  equation 

This  section  will  obtain  the  electric  and  mag¬ 
netic  field  integral  equations  for  the  current  dis¬ 
tribution  on  a  perfectly  conducting  surface.  The 
general  problem  is  illustrated  in  fig.  2a  where  the 
assumed  known  impressed  currents  (7',  M')  ra¬ 
diate  the  unknown  total  fields  (£,  /f)  in  a 
medium  which  is  free  space  except  for  the  pres¬ 
ence  of  a  perfectly  conducting  b^  enclosed  by 


the  surface  S.  Here  (/tg,  Cg)  are  the  constitutive 
parameters  of  free  space,  and  n  is  the  unit  out¬ 
ward  normal  to  the  closed  surface  S.  When  radi¬ 
ating  in  free  space,  (J\  M’)  produce  the  known 
incident  fields  denoted  (£',  H').  If  the  impressed 
sources  are  very  close  to  the  conducting  body, 
then  the  geometry  of  fig.  2a  is  referred  to  as  an 
antenna  or  radiation  problem.  If  the  impressed 
currents  are  far  removed,  then  the  incident  fields 
are  plane  waves,  and  fig.  2a  is  a  scattering  prob¬ 
lem. 

As  illustrated  in  fig.  2b,  the  first  step  in  obtain¬ 
ing  the  integral  equation  is  to  use  Schelkunoffs 
surface  equivalence  principle  [4,16,17]  to  replace 
the  perfectly  conducting  body  by  free  space  and 
the  equivalent  electric  surface  current 

J~hxH  onS.  (16) 

The  free  space  fields  of  the  equivalent  current  J 
are  referred  to  as  the  scattered  fields,  and  are 
denoted  (£^,  In  the  equivalent  problem  of 
fig.  2b,  the  total  fields  are  the  superposition  of 
the  free  space  fields  of  (7 ',  A#’)  and  7,  i.e. 

£-£*  +  £*,  -i  xi?) 

If (18) 

It  is  important  to  emphasize  that  in  the  equiva¬ 
lent  problem  of  fig.  2b,  all  currents  radiate  in  free 
space.  As  a  result,  the  integral  equation  and  MM 
solution  for  7  is  formulated  entirely  in  terms  of 
the  free  space  fields  of  currents. 

The  electric  field  integral  equation  (EFIE)  is  a 
statement  of  the  boundary  condition  that  the 
total  electric  field  tangential  to  S  must  vanish. 


-«x£*-«x£‘  onS. 


(19) 


(Mo.c.) 


(b) 


Fi(.  2.  (a)  The  impressed  currents  (/',  M')  radiate  in  the 
presence  of  a  perfectly  conductins  body,  (b)  The  body  is 
replaced  by  the  equivalent  electric  surface  current  J. 
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Equation  (19)  is  referred  to  as  an  integral  equa¬ 
tion  for  /,  since  the  scattered  field  can  be  written 
as 

£*-//y-Cdj,  (20) 

where  G  is  the  free  space  electric  dyadic  Green’s 
function  [18]. 

The  magnetic  field  integral  equation  (MFIE)  is 
a  statement  of  the  surface  equivalence  theorem 
(16).  Inserting  eq.  (18)  into  (16)  yields 

onS*,  (21) 

where  is  a  surface  an  infinitesimal  distance 
exterior  to  S. 

In  the  above  derivations  of  the  EFIE  and  the 
MFIE,  the  use  of  Schelkunoffs  surface  equiva¬ 
lence  principle  requires  that  S  be  a  closed  sur¬ 
face.  For  a  closed  surface,  such  as  a  sphere  or  a 
closed  box,  J  is  the  current  flowing  on  the  exte¬ 
rior  of  S,  and  there  is  no  current  on  the  interior. 
However,  for  an  qpen  surface,  such  as  a  zero 
thickness  plate  or  a  box  with  one  side  removed, 
there  will  in  general  be  different  surface  currents 
flowing  on  either  side.  By  considering  a  zero 
thickness  plate  as  the  limiting  case  of  a  closed 
box  as  the  thickness  goes  to  zero,  it  can  be  shown 
that  when  the  EFIE  is  applied  to  open  surfaces, 
J  will  be  the  vector  sum  of  the  current  on  the  two 
sides  [19].  Since  it  is  the  vector  sum  current  which 
radiates  the  scattered  fields,  the  EFIE  is  applica¬ 
ble  to  closed  as  well  as  open  surfaces.  By  con¬ 
trast,  when  the  MFIE  is  applied  to  open  surfaces 
the  resulting  J  is  the  vector  difference  between 
the  top  and  bottom  currents.  The  vector  differ¬ 
ence  current  has  no  use  except  in  the  special  case 
where  the  current  on  one  side  is  zero,  i.e.  for 
dosed  surfaces.  Thus,  the  MFIE  is  only  applica¬ 
ble  to  closed  surfaces. 

3.2.  The  MM  solution 

This  section  will  describe  the  MM  solution  of 
the  basic  EFIE  of  eq.  (19).  (Sparing  eq.  (19)  to 
(1)  it  can  be  seen  that: 

•  the  exdtation  function  g  is  the  inddent  electric 

field  tangential  to  S; 


•  the  unknown  response  /  is  the  surface  current 
J  flowing  on  S; 

•  the  linear  operator  L  is  minus  the  tangential  to 
S  component  of  the  free  space  electric  field  of 
an  electric  current. 

The  first  step  in  the  MM  solution  is  to  expand 
the  unknown  current  in  terms  of  some  basis  func¬ 
tions.  Thus  we  expand  J  as 

(22) 

n*  1 

where  the  are  a  sequence  of  N  known  linearly 
independent  vector  expansion  functions,  and  the 
/„  are  a  sequence  of  N  unknown  complex  coeffi¬ 
cients  (n  -  1,  2,...,N).  Note  that  the  J„  must  in 
general  account  for  both  components  of  the  vec¬ 
tor  current  J  on  S.  Denoting  -LU„)  -  E„  as  the 
free  space  field  of  J„,  eq.  (19)  becomes 

N 

-iix  fix £‘  (onS).  (23) 

n*  1 

Now  define  w„  (m  -  1,  2,...,N)  as  a  sequence 
of  N  linearly  independent  weighting  functions  on 
S,  and  with  vector  direction  tangential  to  S.  Tak¬ 
ing  the  vector  inner  product  of  both  sides  of  eq. 
(23)  with  the  and  integrating  over  S  yields 

-  E  fjf/n  •  ds  -  ds, 

m~l,2,...,N.  (24) 

Equation  (24)  is  a  system  of  M  simultaneous 
linear  equations,  which  can  be  more  compactly 
written  in  matrix  form  as 

[Z]/-K,  (25) 

where,  in  analogy  with  Ohm’s  law,  [Z]  is  the 
order  Af  impedance  matrix,  V  is  the  length  N 
voltage  vector,  and  I  is  the  length  A/  current  or 
solution  vector  which  contains  the  /„  in  eq.  (22). 
Typical  elements  of  [Z]  and  V  are  given  by 

WI,  H  -  1,  2 . N, 

^  ^  m 

(26) 

V„~ffE>‘w„ds,  m-l,2,...,N,  (27) 
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where  the  integration  is  over  that  portion  of  S 
where  w„  is  non-zero.  Note  that  the  matrix  equa¬ 
tion  (25)  requires  only  the  evaluation  of  the  free 
space  fields  of  known  currents.  If  the  weighting 
functions  are  considered  as  surface  currents  with 
units  A/m,  then  the  elements  of  [Z]  and  V  have 
units  VA,  and  the  /„  are  dimensionless.  Equation 
(25)  can  now  be  solved  for  I,  which  when  substi¬ 
tuted  into  eq.  (22)  provides  an  approximation  to 
J.  Once  J  is  known  most  parameters  of  interest, 
such  as  radiated  or  scattered  fields,  can  be  easily 
computed  since  they  are  simply  the  free  space 
fields  of  J. 

3.3.  TM  scattering  by  a  perfectly  conducting  strip 

This  section  will  present  the  MM  solution  of 
the  EFIE,  eq.  (19),  for  the  relatively  simple  2D 
problem  of  TM  scattering  by  a  perfectly  conduct¬ 
ing  strip.  In  particular,  it  is  desired  to  obtain 
simple  expressions  for  the  elements  in  the  MM 
matrix  equation  that  can  be  coded  with  a  mini¬ 
mum  of  effort,  and  evaluated  with  a  minimum  of 
CPU  time.  Figure  3  shows  a  TM  (to  z)  polarized 
plane  wave  incident  upon  a  perfectly  conducting 
strip  of  width  D.  The  incident  electric  field  is 

£i_fej*Ucoi4i+y«n^,)^  (28) 

where  d>i  is  the  angle  of  incidence  and  k^2-n/k 
is  the  free  space  wavenumber.  For  the  TM  polar¬ 
ization,  the  electric  fields  and  currents  are  purely 
i  directed.  Thus,  the  vector  notation  will  be 
dropped  and  the  f  component  is  understood.  For 
example,  the  vector  EFIE,  eq.  (19),  reduces  to 
the  scalar  EFIE 

-£*-£*  onS.  (29) 


TM  Seotfaring  by  a  Parfaelly 
Cendueling  Strip 


Pulta  Bosis 

»  *  1  \  -1.  I.  fjC.  Strip  „ 

*■*■■■"  iV.r=»j  iJiH — I  t  I 

0 


Fig.  3.  Geometry  for  the  MM  solution  of  a  TM  plane  wave 
incident  upon  a  perfectly  conducting  strip  of  width  D. 


Following  eq.  (22),  the  current  on  the  strip  is 
expanded  as 

(30) 

1 

where  as  described  in  section  3.1,  J  is  the  sum  of 
the  surface  current  on  the  top  and  bottom  sur¬ 
faces  of  the  strip.  In  order  to  define  the  MM 
basis  functions,  the  strip  of  width  D  is  split  into 
N  smaller  strips  or  segments  of  width  d  -  D/N, 
and  with  center  point  x„.  The  expansion  func¬ 
tions  are  chosen  as  the  simple  piecewise  constant 
or  pulse  functions 

1 

y„  “  -7  A/m  on  segment  n, 
d 

x„  -  {d  ^x„  +  \d, 

■»0,  otherwise.  (31) 

Note  that  the  y„  have  been  normalized  so  that 
they  have  1  A  total  current.  For  the  pulse  expan¬ 
sion  to  be  accurate,  d  must  be  chosen  small 
enough  that  the  current  is  essentially  constant  in 
each  strip.  Typically  this  requires  strips  of  width 
0.05A  ^  d  ^  0.25 A,  with  the  accuracy  increasing  as 
d/A  decreases. 

In  order  to  find  Z„„,  we  will  first  find  £„.  The 
free  space  electric  field  of  a  unit  amplitude  line 
source  is 

—  TTTl 

(32) 

where  the  characteristic  impedance  of  free  space, 
ij  -  /moAo  •  377  fl,  and  I  p  -  p'  I  is  the  distance 
from  the  line  source  to  the  field  point.  Using 
primed  and  unprimed  coordinates  to  denote  the 
source  and  field  point,  respectively, 

\p-p’\~Ax-x’f  +  {y-y’f 

~P  +  p’^-2pp'  (33) 

Using  eq.  (32)  and  superposition,  the  free  space 
field  of  J„  is 

E,(x,y)~^fjM\k\p-p‘\)dx\ 

(34) 
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where  the  integral  is  over  the  width  of  segment  n, 
i.e.  x„-  \d  ^x'  ^x„  +  {d.  Employing  Galerkin’s- 
methc^,  with  weighting  functions  the 

elements  in  the  MM  matrix  equation,  eqs.  (26) 
and  (27),  reduce  to 

Z„„~-fE„J„dx 

(35) 

V„^f  £7„djt--/  e'*'““*djt 

w  •'m 

2sin(A:dcos  «^./2) 

- - n - 7 - 6**^"““*',  (36) 

kd  cos 

where  x„  is  the  center  point  of  segment  m,  and 
Since  this  is  a  Galerkin  method 
solution,  the  impedance  matrix  is  symmetric,  i.e. 

^mn  " 

As  is  typical  for  MM  solutions,  the  computa¬ 
tion  of  the  N  elements  of  the  voltage  vector,  V,  is 
straightforward  and  fast  (smalt  CPU  time).  By 
contrast,  the  computation  of  the  elements  of 
the  impedance  matrix  is  more  complex,  and  can 
require  a  great  deal  of  CPU  time.  The  evaluation 
of  the  Z„„  involves  a  double  integral  which  must 
either  be  done  numerically  or  by  some  approxi¬ 
mate  method.  In  addition,  for  seif  impedance 
(m  -  n)  and  adjacent  mutual  impedance  ( I  m  - 
n  I  -  1)  terms,  the  integrand  is  singular  and  can 
not  be  evaluated  by  straightforward  numerical 
integration.  Below,  we  will  present  simple  expres¬ 
sions  for  the  Z„„  which  can  be  evaluated  without 
the  need  for  numerical  integration. 

The  self  impedance  terms  are  typically  the 
most  important  and  most  difficult  terms  to  evalu¬ 
ate  in  the  MM  [Z]  matrix.  Without  loss  of  gener- 


Fif.  4.  Geomeliy  for  the  computation  of  the  Mif  and  touching 
impedances. 


ality,  fig.  4  shows  the  expansion  mode  J„  centered 
about  the  y  axis.  Evaluation  of  the  self 
impedance,  Z„„,  requires  finding  the  electric  field 
of  J„  directly  on  J„.  The  electric  field  of  J„  at  a 
field  point  i-d/2^x  i  d/2,  y  *  0)  on  is 

E„{x)  -  f jM\k\x-x'\)  dx' 

2A  J-d/2 

-H/‘'^V>(A(jr'-x))dx'  .  (37) 

Note  that  the  integrands  in  eq.  (37)  are  singular 
when  x’^x',  and  thus  they  can  not  be  evaluated 
by  straightforward  numerical  integration. 

Since  d  cX,  one  method  for  treating  the  sin¬ 
gularity  is  to  replace  the  Hankel  function  by  its 
small  argument  approximation,  and  then  perform 
the  integrals  analytically.  Using  the  approxima¬ 
tion  [20] 

^i*’(“)*(l+j0  0738)--lnM,  |u|«l, 

(38) 


in  eq.  (37)  and  integrating  yields 


X ((x  +  jd)  In  A(x  4-  5<f) 

-t-(|d-x)ln  *(|d-x))  ,  (39) 

where  the  complex  constant  C  -  1  +  j0.0738.  Note 
that  £„(x)  in  eq.  (39)  is  well  behaved  and  con¬ 
tains  no  singularities.  Finally,  inserting  (39)  into 
(35)  and  integrating  yields 

E„(x)J„dx 

•'-d/2 

Figure  5  shows  the  self  impedance,  Z„„  -  R„„  + 
iX„„,  versus  d/X  computed  by  eq.  (40)  and  by  the 
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Fig.  5.  A  comparison  of  the  self  impedance, 
computed  by  eq.  (40)  and  by  the  more  exact  method  of  Wang 
121]. 


more  exact  methods  of  Wang  [21].  Note  that  eq. 
(40)  is  reasonably  accurate,  even  for  strips  as 
wide  as  Auf  -  jir. 

Referring  to  fig.  4,  adjacent  modes  have  a 
common  endpoint,  and  thus  their  mutual 
impedance  will  also  involve  a  singular  integrand. 
Using  the  same  small  argument  approximation 
for  the  Hankel  function,  the  mutual  impedance 
between  adjacent  modes  is 


(21n2iW-ln  kd) 

TT 


(41) 


If  modes  m  and  n  do  not  touch  ( I  m  -  n  |  >  1) 
then  Z„„  can  be  evaluated  using  eq.  (35)  and 
numerical  integration.  However,  if  modes  m  and 
n  are  not  too  close,  then  Z„„  can  be  approxi¬ 
mated  by 

ITYI 

(42) 


A  simple  MM  matrix  equation  (25)  can  be  set 
up  using  eqs.  (40),  (41)  and  (42)  for  the  computa¬ 
tion  of  self,  touching  mutual,  and  non-touching 
mutual  impedances,  respectively,  and  eq.  (36)  for 


the  voltage  vector.  Using  standard  matrix  algebra, 
eq.  (25)  can  then  be  solved  for  the  current  vector, 
/,  which  when  substituted  into  eq.  (22)  yields  7^ 
which  is  an  approximation  to  the  true  current  J 
on  the  strip.  The  next  section  will  discuss  the 
computation  of  the  far  zone  scattered  rields  and 
echo  width  of  the  strip. 


3.3.1.  Far  zone  fields 

In  scattering  problems,  normally  the  parame¬ 
ter  of  interest  is  the  far  zone  scattered  Helds  or 
echo  width.  The  computation  of  the  scattered 
Helds  is  straightforward  since  by  deHnition  the 
scattered  fields  are  the  free  space  Helds  of  J. 
Replacing  J  by  its  N  term  approximation  7^, 

(43) 

1 

where  the  coefficients  I„  (n  -  1,  2 . N)  are 

evaluated  by  the  MM  solution  described  in  sec¬ 
tion  3.3,  and  E„  is  the  free  space  electric  Held  of 
the  basis  function,  7„. 

This  section  will  derive  simple  expressions  for 
the  scattered  Helds  in  the  far  zone,  i.e.  in  the 
limit  as  kp  -» oo.  In  general,  E„  is  given  by  eq. 
(34).  In  the  far  zone,  the  Hankel  function  can  be 
replaced  by  its  large  argument  approximation  [20] 

^o^’(“)  •  V  “  l«l»l.  (44) 

f  TTU 


In  the  far  zone  p^p‘,  and  eq.  (33)  for  the 
distance  between  source  point  x’  on  the  strip  and 
the  Held  point  (p,  «^)  reduces  to 


jp-p'l  •  v(p^-2pp'  cos(^-^') 

»p-x'cos<^.  (45) 

Using  eq.  (45)  to  approximate  the  exponential 
phase  term  in  eq.  (44),  and  1/| p  - p'  |  «  1/p  for 
the  amplitude,  the  far  zone  approximation  for  the 
Hankel  function  becomes 


Hlf>(k\p-p’\)m-— 

^•nkp 

|A;p|»l  and  p»p'. 


gi»/4  g-j*(p-x'coia)^ 

(46) 
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Inserting  eq.  (46)  into  (34)  and  integrating  yields 


En(P>  <!>) 


•nv  ^2 
2dX  ^Ttk 


e-j***  , 

gji»/4_^  f  gi*x-eos* 


ei’'/‘»Tj  e"'*" 


Note  that  in  the  far  zone  E„  is  proportional  to  V„ 
of  eq.  (27),  and  in  fact  eq.  (47)  could  have  been 
derived  from  reciprocity  rather  than  by  direct 
integration.  Since  the  p  dependence  of  E„  (p,  <^) 
in  the  far  zone  is  simply 


e-j*P 

'W' 


E„(p,  <t>)  ii  usually  written  as 

g-j*p 

E„{p,<t>)~-^EM4>),  (48) 


where  E„f(.<(>)  is  the  far  zone  electric  field  of  J„. 
Comparing  eqs.  (47)  and  (48)  gives 


E„A4>)  -  \/pci‘'’£„(p,  tft)  -  - 

(49) 


The  total  far  zone  scattered  electric  field  is 

EU4>)  -  L  inEM) - TTT- 1 

(50) 

For  2D  problems,  the  power  density  of  the  far 
zone  scattered  field  is  usually  expressed  in  terms 
of  the  echo  width.  The  echo  width,  W,  is  defined 
as  a  width,  when  multiplied  by  the  power  density 
of  the  incident  wave,  that  would  yield  sufficient 
power  that  could  produce  by  isotropic  radiation 
the  same  radiation  intensity  as  that  in  a  given 
direction  from  the  scattering  object.  For  the  unit 
amplitude  incident  plane  wave  being  considered 
here,  the  echo  width  is  related  to  the  far  zone 
field  by 

W{^)^2'a\E%id>)\\  (51) 


Fig.  6.  A  convergence  curve  for  Ihe  current  in  the  center  of 
the  strip. 


W  has  dimensions  of  meters,  and  is  often  ex¬ 
pressed  in  terms  of  dB  m  which  is  obtain^-d  by 
taking  10  log,o  W. 

3.3.2.  Numerical  results 

This  section  will  present  numerical  results 
based  upon  the  above  MM  solution  for  TM  scat¬ 
tering  by  a  perfectly  conducting  strip.  This  data 
will  include  strip  current  distribution,  echo  width, 
and  CPU  times,  and  will  be  designed  to  illustrate 
the  accuracy  and  convergence  of  the  MM  solu¬ 
tion.  As  illustrated  in  the  insert  in  fig.  6,  all  data 
in  this  section  will  be  for  a  1  A  wide  strip  illumi¬ 
nated  by  a  TM  wave  incident  from  the  angle 
45  ”  with  respect  to  the  x  axis. 

The  MM  solution  basically  determines 
an  N  term  approximation  to  the  current  induced 
on  the  strip  by  the  incident  field.  Figure  6  shows 
the  magnitude  and  phase  of  the  current  in  the 
center  of  the  strip,  /''(x-0),  versus  N»the 
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Fig.  7.  A  comparison  of  the  Af  -  20  MM  and  eigenfunction 
solution  for  the  current  on  the  strip. 


number  of  pulse  basis  functions  used  in  eq.  (30) 
to  expand  the  strip  current.  The  dashed  line 
shows  the  exact  eigenfunction  solution  for  the 
strip  current  [22,23].  For  small  A(,  the  MM  solu¬ 
tion  is  erratic,  however,  as  N  increases  it  con¬ 
verges  almost  exactly  to  the  eigenfunction  solu¬ 
tion.  For  N  -  20,  which  corresponds  to  a  segment 
size  of  0.05 A,  fig.  7  shows  a  comparison  of  the 
magnitude  of  strip  current  computed  by  the  MM 
and  the  eigenfunction  solution.  The  agreement  is 
veiy  good  near  the  center  of  the  strip,- however,  it 
does  worsen  near  the  edges  where  the  true  cur¬ 
rent  has  a  1/^  singularity  (r  — distance  to  the 
strip  edge). 


Fig.  8.  A  convergence  curve  for  the  bblatic  echo  width  of  the 
strip. 


Fig.  9.  A  comparison  of  the  Af-20  MM  and  eigenfunction 
solution  for  the  bistatic  scattering  from  the  strip. 


In  most  cases  one  is  more  interested  in  the 
echo  width  than  the  strip  current.  Figure  8  shows 
the  bistatic  echo  width  at  ^  -  135  versus  M 
Note  that  it  converges  uniformly  to  the  eigen¬ 
function  solution  shown  as  the  dashed  line.  Fig¬ 
ure  9  shows  a  comparison  of  the  eigenfunction 
and  N’^TXi  mode  MM  solution  for  the  bistatic 
scattering  pattern  of  the  strip.  The  agreement  is 
less  than  a  few  tenths  of  dB  for  all  angles. 


Fig.  10.  The  CPU  time  on  a  VAX  8S50  for  various  parts  of  the 
MM  solution. 
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The  final  set  of  data  will  illustrate  the  CPU 
time  for  the  strip  MM  solution.  As  a  function  of 
N,  fig.  10  shows  the  CPU  time  to: 

1.  compute  the  NxN  impedance  matrix,  [Z]; 

2.  make  the  first  computation  of  the  scattered 
field,  £®,  which  involves  (1)  computing  the 
voltage  vector,  V,  using  eq.  (36),  (2)  LU  de¬ 
composing  the  [Z]  matrix,  (3)  back  substituting 
to  find  the  solution  vector  /,  and  (4)  finding 
the  far  zone  scattered  fields  using  eq.  (SO); 

3.  make  a  second  or  subsequent  computation  of 

which  requires  the  above  4  steps  except 
step  (2),  the  LU  decomposition  of  [Z]. 

For  large  N,  the  CPU  time  is  dominated  by 
the  first  computation  of  the  scattered  field.  Of 
the  four  steps  listed  in  item  2  above,  the  LU 
decomposition  of  the  [Z]  matrix  requires  by  far 
the  largest  CPU  time.  For  large  N  the  “first  £*” 
curve  is  nearly  a  straight  line  with  slope  3.0, 
indicating  that  the  LU  decomposition  is  an 
process.  The  next  largest  CPU  time  is  that  to 
compute  the  impedance  matrix  [Z].  Since  there 
are  elements  in  (Z]  this  is  an  process. 
For  large  N,  the  slope  of  this  curve  is  about  1.94. 
It  should  be  noted  that  the  expressions  used  here 
to  evaluate  the  [Z]  matrix  are  extremely  simple 
and  fast  to  evaluate.  In  a  more  typical  situation 
the  computation  of  the  elements  of  [Z]  .equire 
one  or  more  integrals  which  must  be  evaluated 
numerically.  In  this  case,  the  CPU  time  would  be 
dominated  by  the  computation  of  the  [Z]  matrix 
for  small  N,  and  the  LU  decomposition  for  large 
N.  The  smallest  CPU  time  is  that  for  a  second  or 
subsequent  computation  of  the  scattered  field, 
since  the  [Z]  matrix  has  already  been  LU  decom¬ 
posed.  However,  the  total  CPU  time  to  compute 
a  pattern  can  be  significant,  since  £^  must  be 
evaluated  at  many  angles.  For  example,  computa¬ 
tion  of  a  backscatter  pattern  at  1°  steps  for 
Af-300,  will  require  3  s  to  compute  the  [Z] 
matrix,  33  s  for  the  first  computation  of  £^,  and 
360  X  0.63  s  -  227  s  for  the  remaining  360  angles. 


4.  Material  bodies 

This  section  will  outline  the  volume  integral 
equation  and  MM  solution  to  the  problem  of 


^  (E.H) 


(o) 


(b) 


Fig.  11.  (a)  The  sources  (/',  M')  radiate  the  Fields  (£,  H)  in 
the  presence  of  a  material  body;  (b)  the  material  body  is 
replaced  by  free  space  and  the  equivalent  current  (J,  M). 


scattering  by  a  dielectric  and/or  ferrite  material 
body.  The  method  will  be  illustrated  by  the  rela¬ 
tively  simple  problem  of  TM  scattering  by  a  rect¬ 
angular  dielectric  cylinder. 

4.1.  Vie  volume  integral  equation 

This  section  will  obtain  the  volume  integral 
equation  for  scattering  by  a  material  body.  The 
general  problem  is  illustrated  in  fig.  11a  where 
the  assumed  known  impressed  currents  {J\  M') 
radiate  the  known  incident  fields  (£',  H')  in  free 
space,  an''  t*..  unknown  total  fields  (£,  H)  in  a 
mediui.i  which  is  free  space  except  for  the  pres¬ 
ence  of  a  possibly  lossy  and  inhomogeneous  di¬ 
electric/ferrite  material  body  with  constitutive 
parameters  (/i>  e)  in  the  volume  V. 

As  illustiated  in  fig.  lib,  the  volume  equiva¬ 
lence  theorem  is  used  to  replace  the  material 
body  by  free  space  and  by  the  equivalent  electric 
and  magnetic  volume  polarization  currents  [4] 

y-ja*(c-eo)£  in  V,  (52) 

M  -  IIq)H  in  V.  (53) 

Note  that  J  and  M  exist  only  in  the  volume  V 
where  e  #  Cg  and  n  #  (ig,  respectively.  In  the 
equivalent  problem  of  fig.  11b  the  total  fields  at 
any  point  in  space  (interior  or  exterior  to  V)  are 
the  superposition  of  the  free  space  fields  of  the 
impressed  currents  and  the  equivalent  currents, 
i.e. 

£-£'-l-£^-l-£^  (54) 

+  +  (55) 

where  (E^,  H^)  and  (£*',  H*')  are  the  free  space 
fields  of  J  and  M,  respectively. 
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The  volume  integral  equation  is  obtained  by 
enforcing  the  volume  equivalence  theorems  in  V. 
Solving  eqs.  (52)  and  (S3)  for  E  and  H,  and 
substituting  the  results  into  eqs.  (54)  and  (55) 
yields 

-E-'  +  r-r^ - r  -£**-£*  in  V.  (56) 

jw(t-co) 

,  M 

inV.  (57) 

J<o(fl-flo) 

Equations  (56)  and  (57)  are  a  pair  of  coupled 
vector  integral  equations  for  (J,  M).  For  non¬ 
magnetic  material  (^  “  Mo  ^ 

(56)  is  equivalent  to  the  three  scalar  equations 


—  Ft.  _  jrA  _  fJ.  4. 

Js 

s  IT* 

j<o(c-€o) 

^jr* 

—  —  irA  —  rrJ'  a. 

Jy 

ty) 

^y'  ^y  ^ 

)<*>(« -«o) 

-I- 

1*4 

1 

1*1 

1 

Js 

m  F* 

jft)(€-€o) 

for  (/,,  Jy,  Jy)  in  V.  Figure  12  shows  a  rectangu¬ 
lar  dielectric  volume  which  has  been  segmented 
into  a  number  of  smaller  rectangular  cells  for  the 
purpose  of  defining  the  MM  expansion  functions. 
Each  cell  contains  three  MM  basis  functions, 
corresponding  to  i,  >,  and  i  components  of  J. 
Thus,  M  cells  will  result  in  A/  -  3M  unknowns. 
Employing  the  MM  with  three  orthogonal  vector 


PUtia  ■m)«  Functlant  In  o 
a'  taclanfular  CHatacIrtc  Vakmw 

Fig.  12.  A  rectangular  dielectric  body  is  segmented  into  smaller 
rectangular  cells  corresponding  to  the  MM  expansion  func¬ 
tions. 


Fig.  13.  A  rectangular  dielectric  cylinder  is  segmented  into  N 
rectangular  cells  corresponding  to  the  MM  expansion  modes. 


weighting  functions  in  each  cell  will  reduce  eq. 
(58)  to  an  order  3M  matrix  equation. 

4.2.  TM  dielectric  cylinder 

This  section  will  outline  the  MM  solution  for 
TM  radiation  or  scattering  by  a  rectangular  di¬ 
electric  cylinder.  Figure  13  shows  a  rectangular 
cylinder  of  height  H,  width  W,  and  permittivity  e. 
A  lossy  dielectric  is  described  by  its  complex 
permittivity 

€-€,€o(l-jtan  5)-«,«o-i-.  (59) 

w 

where  e,  is  the  relative  permittivity,  tan  8  is  the 
loss  tangent,  and  tr  is  the  conductivity.  For  inho¬ 
mogeneous  dielectrics  c  will  be  a  function  of 
position.  Tne  dielectric  is  shown  excited  by  either 
a  TM  polarized  plane  wave  with  incident  electric 
field  given  by  eq.  (28),  or  by  a  unit  amplitude 
(/>f  A)  line  source  located  at  (xq,  y^)  and  with 
incident  electric  field 

(60) 

where  the  local  p|  is  the  distance  from  the  line 
source  to  the  field  point. 

For  a  TM  to  z  polarized  incident  electric  field 
all  electric  fields  and  electric  currents  will  be  i 
directed.  Thus,  we  can  now  drop  the  vector  nota¬ 
tion,  and  the  i  component  is  understood.  The 
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general  vector  integral  eq.  (56)  reduces  to  the  The  weighting  functions  will  be  Dirac  delta 

scalar  equation  functions  located  at  the  center  of  the  N  cells, 


-£■'  + 


ja<(€-<o) 


■£‘  in  R, 


(61) 


H'„-5(JC-Jf„)  fi(y-y„),  m-1,2 . N, 

(66) 


for  the  i  component  of  J.  Since  this  is  a  2D 
problem,  eq.  (61)  applies  in  the  cross-sectional 
region  R  of  the  cylinder. 

The  flrst  step  in  the  MM  solution  of  eq.  (61)  is 
to  expand  the  unknown  volume  polarization  cur¬ 
rent  as 


(62) 

#1-1 

where  the  J„  are  a  sequence  of  N  known  linearly 
independent  expansion  functions,  and  the  /„  are 
a  sequence  of  N  unknown  complex  coefficients 
(n  *  1,  2,...,N).  To  define  the  expansion  func¬ 
tions,  the  rectangular  cylinder  is  segmented  into 
N  smaller  rectangular  cells.  If  we  denote  Jt„  as 
the  cross-section  region  of  ceil  n,  then  the  piece- 
wise  constant  or  pulse  expansion  functions  are 
defined  by 

1 

— A/m^  inR„, 

-  0  otherwise,  (63) 

where  A  is  the  cross-section  area  of  the  cells.  As 
was  the  case  for  the  strip  modes  defined  in  eq. 
(31),  the  dielectric  expansion  modes  are  normal¬ 
ized  to  have  unit  total  current. 

The  free  space  electric  field  of  J„  at  the  fleld 
point  (x,  y)  is 

y)  -  ^ /  jjnH^^\kp)  ds\  (64) 

where  p  -  /(x-x')*  +  ( y - y ')*  is  the  distance 
from  the  source  point  to  the  field  point  and  the 
double  integral  is  over  the  region  of  cell  it. 
Using  this  notation,  eq.  (61)  becomes 

N  N  J  J 

-  LT-77f-r-£'  inR.  (65) 

n-l  ii-l  !*•*(*  *o) 


where  (x„,  y„)  is  the  center  of  cell  m.  Multiply¬ 
ing  both  sides  of  eq.  (65)  by  the  (m 
1,2,...,^)  and  integrating  over  R  will  reduce 
eq.  (65)  into  an  NxN  system  of  simultaneous 
linear  equations  which  can  be  compactly  written 
in  matru  form  as 


[Z-t-AZ]/-!'.  (67) 

Using  the  sampling  property  of  the  Delta  func¬ 
tion,  the  elements  of  the  MM  matrix  equation  are 
simply 


^mn  “  ^ni.  ■^m »  Vm  )  * 
1 

AZ. 


,  m  -n. 


(68) 


-0,  md‘n,  (69) 

V„  -  £‘(x„,  y„)  for  general  excitation,  (70) 

for  plane  wave  excitation ,  (71) 

“  ( *0  -  Jfm)*  +  ( yo  -  ym)* ) 

for  line  source  excitation,  (72) 


for  m,  Note  that  the  only  place 

that  the  permittivity  enters  the  MM  solution  is  in 
the  evaluation  of  the  diagonal  [AZ]  matrix.  Inho¬ 
mogeneous  dielectrics  are  treated  by  simply  using 
€„,  the  value  of  c  at  the  center  of  cell  n,  in 
evaluating  the  AZ„„.  Also  note  that  the  differ¬ 
ence  between  plane  wave  and  I'ne  source  excita¬ 
tion  is  a  simple  change  in  the  voltage  vector,  V. 

Gioosing  the  weighting  functions  as  Dirac 
delta  functions  is  equivalent  to  enforcing  the  inte¬ 
gral  equation  at  N  points  at  the  center  of  the  N 
cells,  and  is  therefore  referred  to  as  a  point 
matching  MM  solution.  The  advantage  of  the 
point  matching  solution  is  that  it  simplifies  the 
evaluation  of  the  MM  matrix  equation.  For  exam¬ 
ple,  evaluating  the  Z„„  for  point  matching  re¬ 
quires  a  double  integrd  to  find  E„(x„,  y„).  By 
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contrast,  in  a  Galerkin  MM  solution  a 

quadruple  integration  would  be  required  to  find 
the  Z„„.  The  disadvantage  of  the  point  matching 
solution  is  that,  as  compared  to  Galerkin’s 
method,  it  tends  to  be  more  slowly  converging. 

The  double  integral  required  to  find  E„  or 
Z„„  must  be  done  either  numerically  or  by  some 
approximate  technique.  For  off  diagonal  terms 
(m  n),  numerical  integration  is  reasonably  fast 
and  accurate.  In  fact,  when  the  separation  be¬ 
tween  the  cells  is  much  larger  than  the  cell  size, 
J„  can  be  replaced  by  a  unit  amplitude  line  source 
at  the  center  of  cell  n,  and  the  off  diagonal  terms 
can  be  approximated  by 

(73) 


where  P„„  ~  is  the 

distance  between  the  centers  of  cells  m  and  n. 
However,  for  the  self  impedance  terms  (m  -  n) 
the  integrand  is  singular  and  straightforward  nu¬ 
merical  integration  fails.  Providing  that  the  cells 
are  nearly  square,  Richmond  presented  a  very 
simple  method  for  evaluating  the  self  impedance 
integrations  [24].  Basically,  Richmond  used  the 
approximation  that  the  self  impedance  of  a  nearly 
square  cell  is  the  same  as  that  of  a  circular  cell  of 
the  same  cross  section  area.  For  a  circular  cell  of 
radius  a  -  ^A/tt  the  point  matching  seif 
impedance  is 


Znn  -  -£„(P  -  0)  -  ds’ 

*  /o'7o 


In  eq.  (74),  the  d^  integration  simply  results  in  a 
factor  of  2‘ir,  and  the  dp  integration  can  be 
integrated  using  the  identity  [25] 


fpHi\kp)  dp- J//{«(kp). 
In  this  case,  eq.  (74)  becomes 


2a^ 


aH?\ka)-i— 


(75) 


(76) 


4.3.  Numerical  results 

This  section  will  present  numerical  results 
based  upon  the  point  matching  MM  solution  for 
scattering  by  a  rectangular  dielectric  cylinder 
given  in  section  4.2.  For  simplicity,  self  impedance 
terms  are  evaluated  using  eq.  (76)  and  all  other 
mutual  impedances  using  eq.  (73). 

Figure  14  illustrates  the  convergence  of  the 
backscatter  echo  width,  H',  at  /-  300  Mhz  for  a 
1  X  0.5  m  dielectric  cylinder  with  relative  permit¬ 
tivity  e,  -  4  and  loss  tangent  tan  6-0.1.  Curves 
are  shown  for  the  dielectric  cylinder  segmented 
into  TV  -  6  X  3  -  18,  10  x  5  -  50,  20  X  10  -  200, 
and  30  X  15  -  450  cells.  The  CPU  times  for  these 
runs  were  approximately  1.63,  5.27,  55.79,  and 
319.15  s,  respectively,  on  a  VAX  8550.  The  MM 
solution  is  well  converged  for  the  20  x  10  seg¬ 
mentation,  which  corresponds  to  a  segment  size 
of  0.05A  or  0.1  wavelength  in  the  dielectric. 

One  of  the  useful  features  of  the  volume  cur¬ 
rent  formulation  is  that  it  is  trivial  to  treat  inho¬ 
mogeneous  dielectrics  and  to  compute  the  total 
electric  field  in  the  dielectric.  Inhomogeneous 
dielectrics  are  treated  by  simply  using  e„  -  the 
value  of  €  at  the  center  of  cell  n  in  evaluating  the 


Fig.  14.  Convergence  of  the  MM  solution  for  TM  scattering  by 
■  rectangular  dielectric  cylinder. 
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AZ„„  terms  in  eq.  (69).  Using  eqs.  (52)  and  (62), 
the  total  electric  field  in  the  center  of  cell  n  is 
simply 


y„) 


(77) 


where  /„  is  the  coefficient  of  J„  and  A  is  the 
cross-section  area  of  the  cells. 

The  insert  in  fig.  15  shows  an  /=  1  Ghz  TM 
plane  wave  with  edge  on  incidence  (efti  -  0)  to  a 
thin  dielectric  slab  of  width  0.6  m  and  thickness 
0.0075  m.  For  the  MM  solution,  the  slab  is  seg¬ 
mented  into  a  single  row  of  N  >>  80  cells.  The 
magnitude  of  the  total  internal  fields  along  the 
slab  centerline  is  shown  for  a  homogeneous  di¬ 
electric  slab  with  e,  =  16,  and  for  an  inhomoge¬ 
neous  slab  with 


«,-l  +  ^(0.3-|jr|),  (78) 

in  which  e,  tapers  linearly  from  16  in  the  center 
of  the  slab  to  1  at  the  edges.  When  the  incident 
waves  hits  the  edge  of  the  homogeneous  e,  ~  16 
slab,  a  surface  wave  is  produced  by  the  abrupt 
change  in  permittivity  seen  by  the  incident  field. 
The  surface  wave  propagates  toward  the  other 
edge  of  the  slab  and  is  then  largely  reflected.  The 
result  is  the  oscillatory  or  standing  wave  pattern 


Fig.  IS.  The  total  internal  fields  in  a  homogeneous  (dashed 
line)  and  inhomogeneous  (solid  line)  dielectnc  slab. 


Fig.  16.  The  bistatic  echo  width  for  a  homogeneous  (dashed 
line)  and  inhomogeneous  (solid  line)  dielectric  slab. 


shown  for  the  internal  fields.  By  contrast,  since 
the  edges  of  the  inhomogeneous  slab  have  e, «  1, 
very  little  surface  wave  is  produced,  and  the 
internal  fields  display  almost  no  oscillatory  behav¬ 
ior.  The  bistatic  echo  widths  for  the  homoge¬ 
neous  and  inhomogeneous  slabs  are  shown  in  fig. 
16. 


5.  The  internal  resonance  problem 

Every  technique,  no  matter  how  powerful  and 
general,  has  its  limitations  and  problems.  This 
section  will  describe  the  internal  resonance  prob¬ 
lem  which  occurs  in  MM  solutions  for  currents  on 
closed  surfaces. 

In  solving  eq.  (1)  for  /  it  is  implicit  that  we 
desire  the  particular  or  forced  response,  i.e.  the 
response  due  to  the  excitation  g.  However,  if 
there  is  a  solution  to  the  homogeneous  equation 
L(/)  -  0,  then  the  total  response  is  /“/p  +  c/o 
where  /p  is  the  desired  particular  solution,  /q  is 
the  homogeneous  solution,  and  c  is  an  arbitrary 
constant.  If  the  operator  equation  has  a  homoge¬ 
neous  solution,  then  ideally,  the  MM  matrix  eq. 
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(7)  will  also  have  a  homogeneous  solution.  The 
rank  of  the  matrix  [L]  will  be  less  than  S,  and 
[L]  will  be  a  singular  matrix  with  a  zero  determi¬ 
nant  and  no  inverse.  However,  since  the  matrix 
{LI  is  a  finite-dimensional  approximation  to  the 
operator  L,  in  practice,  [L]  will  be  nearly  singular 
with  a  small  but  non-zero  determinant  and  a  very 
large  condition  number.  In  this  case,  the  numeri¬ 
cal  solution  of  eq.  (7)  will  be  extremely  sensitive 
to  roundoff  error,  and  obtaining  an  accurate  solu¬ 
tion  will  be  difficult  if  not  impossible.  Thus,  if  the 
original  operator  equation  has  a  homogeneous 
solution,  the  MM  solution  is  expected  to  fail. 

In  electromagnetics,  homogeneous  solutions 
arise  in  the  analysis  of  closed  surfaces.  For  exam¬ 
ple,  consider  the  problem  of  scattering  by  a  closed 
perfectly  conducting  box.  The  current  on  the  box 
is  the  solution  of  the  EFIE,  eq.  (19),  which  basi¬ 
cally  enforces  the  boundary  condition  that  the 
total  electric  field  tangential  to  the  surface  of  the 
box  must  be  zero.  However,  it  is  well  known  that 
a  cavity  mode  can  exist  in  the  interior  of  a  closed 
perfectly  conducting  surface  [26].  A  cavity  mode 
is  a  solution  of  Maxwell’s  source  free  equations, 
which  satisfy  all  boundary  conditions.  Thus,  a 
cavity  mode  is  a  solution  of  the  homogeneous 
EFIE.  If  the  operating  frequency  is  close  to  the 
internal  resonance  frequency  of  one  of  the  cavity 
modes  of  the  box,  the  result  will  be  an  ill  condi¬ 
tioned  MM  matrix  equation  and  a  failure  of  the 
MM  solution.  The  failure  can  usually  be  recog¬ 
nized  by  the  erratic  behavior  of  the  MM  solution 
over  a  narrow  frequency  range  [27]. 

Mautz  and  Harrington  found  that  the  internal 
resonance  problem  is  a  result  of  the  fact  that,  at 
fi'equencies  corresponding  to  internal  cavity  reso¬ 
nances,  the  exact  solutions  to  the  EFIE  and  the 
MFIE  are  not  unique,  and  thus  their  MM  solu¬ 
tions  fail  [28].  However,  they  showed  that  the 
combined-field  integral  equation  (CFIE),  which  is 
obtained  via  a  linear  combination  of  the  EFIE 
and  the  MFIE,  does  have  a  unique  solution  at  all 
frequencies.  As  a  result,  the  MM  solution  of  the 
CFIE  does  not  suffer  from  the  internal  resonance 
problem.  Note  that  the  internal  resonance  prob¬ 
lem  is  more  a  problem  with  the  non-uniqueness 
of  the  operator  equation,  than  it  is  problem  with 
the  MM  solution  [29]. 


6.  Summary 

This  paper  has  presented  an  introduction  to 
the  MM  and  its  application  to  problems  of  elec¬ 
tromagnetic  radiation  and  scattering.  The  MM  is 
a  numerical  technique  which  is  used  to  solve  the 
linear  integral  equations  which  arise  in  electro¬ 
magnetics  by  transforming  them  into  a  system  of 
simultaneous  linear  algebraic  equations,  i.e.  a 
matrix  equation.  The  method  is  illustrated  by 
considering  both  perfectly  conducting  and  dielec¬ 
tric  bodies.  In  particular  simple  MM  solutions 
were  presented  for  TM  scattering  by  a  perfectly 
conducting  strip  and  a  rectangular  dielectric 
cylinder.  Although  there  is  no  mathematical  guar¬ 
antee  of  convergence,  as  is  typical,  the  solutions 
presented  did  convergence. 
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Two  ray  shooting  approaches  are  presented  for  analyzing  the  high  frequency  external  EM  scattering  by  open-ended 
waveguide  cavities  of  relatively  arbitrary  shape  and  with  a  planar  interior  termination.  The  contribution  to  the  external 
scallering  arising  from  the  interior  cavity  region  is  found  by  (i)  the  shooting  and  bouncing  ray  (SBR)  method,  and  (ii)  the 
generalized  ray  expansion  (GRE)  method.  The  basic  difference  between  the  two  methods  is  in  the  way  the  rays  are  initially 
launched  into  the  cavity  interior  via  the  open  end  which  is  directly  illuminated.  While  the  SBR  method  tracks  only  the 
incident  geometrical  optics  field  which  enters  the  cavity,  the  GRE  method  also  intrinsically  includes  the  fields  diffracted  into 
the  cavity  by  the  edges  at  the  open  end.  Also,  in  the  SBR  method  a  new  set  of  rays  needs  to  be  tracked  for  each  incidence 
angle,  while  in  the  GRE  method  only  one  set  of  rays  needs  to  be  tracked  independent  of  the  incidence  angles,  although  this 
it  generally  a  much  larger  set  than  that  used  in  SBR  for  a  sirtgte  incidence  angle.  Therefore,  it  is  found  that  the  SBR  method 
is  preferable  for  analyzing  the  scattering  from  cavities  which  are  very  large  electrically  and  for  relatively  few  incidence 
angles.  On  the  other  hand  the  GRE  method  is  preferable  for  analyzing  not  only  large  but  also  moderately  large  cavities  and 
for  cases  where  a  large  number  of  incidence  angles  are  needed.  Numerical  results  and  comparisons  based  on  these  methods 
are  presented. 


1.  Introduction 

This  paper  presents  two  ray-based  approaches 
for  analyzing  the  complex  problem  of  high  fre¬ 
quency  electromagnetic  (EM)  scattering  by  rela¬ 
tively  arbitrarily  shaped  perfectly  conducting 
open-ended  waveguide  cavities  with  a  planar  in¬ 
terior  termination  as  illustrated  in  fig.  1.  The  two 
methods  are:  (i)  the  shooting  and  bouncing  ray 
(SBR)  method  [1-3],  and  (ii)  the  generalized  ray 
e)q>ansion  (GRE)  method  [3,4].  The  excitation  is 
assumed  to  be  an  external  plane  wave,  and  the 
medium  surrounding  the  cavity  is  assumed  to  be 
free  space.  It  is  also  assumed  that  the  geometrical 
properties  of  the  waveguide  cavity  are  slowly 
varying  and  that  the  interior  walls  of  the  cavity 

*  The  work  in  this  paper  was  sponsored  by  the  NASA/Lewis 
Research  Canter  (Grant  NAG3-476),  Joint  Services  Elec- 
tronks  Program  (Contract  N0(Xll4-89-J-1007),  NASA-Ames 
Research  Center  (Contract  NCA  2-322),  and  the  Ohio 
Supercomputer  Center. 


may  have  a  thin  material  coating.  While  the  exis¬ 
tence  of  a  material  coating  can  support  surface 
waves  excited  by  the  diffraction  at  the  aperture 
edge,  the  present  ray  tracing  methods  do  not  take 
this  into  account.  It  is  assumed  in  the  present 
work  that  the  material  coating  is  sufficiently  lossy 
so  that  the  surface  waves  are  attenuated  and 
their  effects  are  therefore  negligible.  An  e^'  time 
dependence  is  assumed  and  suppressed  in  the 
analysis  to  follow. 

Referring  to  Tig.  1,  the  total  external  scattered 
field  can  be  expressed  within  the  high  frequency 
approximation  as 

+  (1) 

where  is  the  field  scattered  by  only  the  rim 
edge  of  the  aperture  at  the  open  end  of  the 
cavity,  and  is  the  contribution  to  the  scatter¬ 
ing  from  the  interior  of  the  cavity.  The  remaining 
contribution  El„  arising  from  the  other  exterior 
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Fig.  1.  Open-ended  cavity  geometry  and  the  associated  high  frequency  scattering  mechanisms. 


features  of  the  cavity  is  not  of  interest  since  it 
would  depend  on  the  housing  in  which  the  cavity 
is  placed,  and  will  therefore  not  be  considered  in 
the  present  work;  in  many  instances  it  can  be 
found  from  the  geometrical  theory  of  diffraction 
(GTD)  [S]  and  its  uniform  extension  (LTTD)  [6.7] 
or  by  the  physical  theory  of  diffraction  (PTD)  [8]. 
One  notes  that  in  eq.  (1),  is  usually  more 
dominant  than  £*j„  for  electrically  large  cavities; 
this  is  because  the  interior  wave  reflections  from 
the  termination  are  generally  significantly  larger 
than  the  interior  waves  reflected  from  the  open 
end.  Therefore,  the  effects  of  multiple  wave  in* 
teractions  between  the  open  end  and  the  termi¬ 
nation  can  be  ignored.  Likewise,  for  an  electri¬ 
cally  large  aperture  at  the  open  end,  the  multiple 
wave  diffractions  across  the  aperture  contribute 
weakly  to  and  are  also  ignored.  It  is  further 
assumed  that  the  angles  of  incidence  and  scatter¬ 
ing  are  limited  essentially  to  a  half  cone  angle  of 
about  70  ”  or  so  about  the  waveguide  axis  at  the 
open  end.  Outside  of  this  region  the  scattering  by 
the  external  features  of  the  cavity  would  domi¬ 
nate.  The  £^  is  found  via  the  equivalent  current 
method  (EC^)  [7]  combined  with  the  GTD  as 
discussed  in  the  appendix  to  this  paper.  This 
method  of  finding  £^  is  presented  in  more 
detail  in  ref.  [2].  The  scattering  mechanism  of 
interest  in  this  paper  is  that  due  to  the  cavity 
interior  £^.  After  a  background  discussion  of 
this  area,  two  ray  shooting  methods  for  finding 
£^,  SBR  and  GRE,  will  be  described  in  detail. 

Previously,  the  £^  has  been  found  via  hybrid 
modal,  ray  and  beam  techniques  as  discussed  in 
refs.  [1-3].  Cavities  which  can  be  adequately 


modeled  by  joining  together  piecewise  separable 
waveguide  sections  can  be  analyzed  via  a  hybrid 
combination  of  asymptotic  high  frequency  and 
modal  techniques  [2,3,9,10].  The  modal  junction 
reflection  and  transmission  coefficients,  which  are 
associated  with  the  discontinuities  formed  by 
joining  together  the  different  waveguide  sections, 
are  found  efficiently  via  high  frequency  tech¬ 
niques  such  as  the  GTD  and  the  PTD  rather  than 
via  the  classical  mode  matching  technique,  which 
is  numerically  less  efficient  for  very  large  aper¬ 
tures.  The  hybrid  modal  method  gives  highly  ac¬ 
curate  results  for  a  wide  variety  of  waveguide 
cavity  configurations  and  is  therefore  often  used 
as  a  reference  solution  to  test  the  more  approxi¬ 
mate  but  versatile  ray  and  beam  based  methods. 
However,  as  with  any  modal  approach,  it  be¬ 
comes  cumbersome  for  guides  with  very  large 
cross-sections  (where  a  large  number  of  modes 
are  present)  and/or  material  coated  interior 
walls. 

In  the  case  of  more  arbitrarily  shaped  cavities 
for  which  modes  cannot  even  be  deflned  in  the 
conventional  sense,  the  geometrical  optics  (GO) 
ray  shooting  approach  proves  to  be  highly  useful 
[1-3].  This  approach  is  frequently  referred  to  as 
the  SBR  method  and  will  described  in  detail 
in  section  2  of  this  paper.  In  this  approach,  the 
GO  part  of  the  incident  plane  wave  captured  by 
the  aperture  at  the  open  end  is  divided  into  a 
dense  grid  of  parallel  ray  tubes,  as  illustrated  in 
fig.  2.  These  ray  tubes  are  tracked  within  the 
cavity  through  multiple  reflections  from  the  inte¬ 
rior  cavity  walls  and  planar  termination  using  the 
laws  of  GO.  The  ray  tubes  eventually  exit  through 


RJ.  Burkholder  ei  al.  /  Two  ray  shooting  methods  for  computing  EM  scattering 


355 


Fig.  2.  GO  ray  tubes  launched  into  an  open-ended  cavity  as  in 
the  SBR  method  which  demonstrate  a  ray  caustic  and  a 
shadow  region. 


the  aperture  where  they  define  equivalent 
(Huygen’s)  sources  which  radiate  the  fields  scat¬ 
tered  from  the  interior  of  the  cavity  as  can 
be  found  via  aperture  integration  (AI).  However, 
this  GO/AI  (or  SBR)  approach  yields  a  cruder 
approximation  than  the  hybrid  modal  method 
b^use  GO  neglects  the  fields  coupled  into  the 
interior  via  diffraction  by  the  edges  at  the  open 
end,  and  because  it  remains  reasonably  accurate 
only  as  long  as  other  interior  diffraction  effects 
are  weaker  than  the  GO  effects.  Nevertheless, 
this  approach  predicts  the  dominant  high  fre¬ 
quency  scattering  behaviour  and  can  also  gener¬ 
ally  predict  the  peak  envelope  of  the  backscat- 
tered  field  quite  well. 

To  overcome  some  of  the  limitations  of  the 
SBR  method  for  analyzing  arbitrary  cavities,  a 
Gaussian  beam  (GB)  shooting  technique  can  be 
used  [2,3].  In  this  method,  the  fields  incident  at 
the  open  end  of  the  cavity  are  expanded  in  terms 
of  well  focussed,  shifted,  tilted  GBs.  Once 
launched,  these  beams  are  then  tracked  inside 
the  slowly  varying  waveguide  cavity  only  along 
their  beam  axes,  similar  to  GO  rays.  However, 
one  needs  far  fewer  beams  than  the  number  of 
rays  which  would  need  to  be  tracked  in  a  GO  ray 
shooting  approach,  and  the  beams  overcome  the 
failure  of  GO  at  ray  caustics.  Furthermore,  a  new 
set  of  rays  needs  to  be  tracked  for  each  incidence 
angle  in  the  SBR  method,  whereas  the  GBs  need 
to  be  tracked  only  once  independent  of  the  inci¬ 
dence  angles  and  the  GB  expansion  intrinsically 
includes  the  fields  coupled  to  the  interior  via 
diffiraction  of  the  incident  wave  by  the  open  end. 


The  main  limitation  of  the  axial  tracking  approxi¬ 
mation  used  in  this  GB  method  is  that  it  cannot 
adequately  account  for  beam  distortion  the  far¬ 
ther  the  beams  propagate  inside  a  curved  cavity, 
thus  limiting  the  method  to  relatively  shallow 
cavity  geometries.  Alternatively,  the  GBs  can  be 
tracked  more  rigorously  via  complex  rays  [11], 
without  the  limitations  of  the  axial  beam  tracking 
approximation.  However,  this  method  is  far  more 
cumbersome  than  the  axial  tracking  method  which 
essentially  tracks  the  beam  axes  like  real  rays. 

More  recently,  the  GRE  method  (described  in 
detail  in  section  3  of  this  paper)  has  been  devel¬ 
oped  to  retain  many  of  the  useful  features  of  the 
Gaussian  beam  approach  and  to  overcome  the 
problems  of  beam  distortion  due  to  successive 
reflections  in  the  latter  approach  [3].  Of  course, 
this  GRE  approach  is  not  valid  at  ray  caustics,  as 
is  true  of  any  pure  ray  approach.  However,  from 
experience  with  both  the  SBR  and  GRE,  the 
effects  of  errors  resulting  from  the  proximity  of 
ray  caustics  to  the  points  of  reflection  and  to  the 
plane  of  integration  at  the  aperture  are  not  seri¬ 
ous;  such  ray  tubes  are  small  in  number  and 
hence  are  ignorable  as  they  cany  only  a  small 
fraction  of  the  total  power.  In  the  GRE  method, 
the  incident  fields  in  the  aperture  at  the  open 
end  are  first  replaced  with  equivalent  surface 
cunents  (Huygen’s  sources)  which  radiate  the 
equivalent  coupled  fields  into  the  cavity  interior. 
Next,  the  open  end,  or  aperture,  is  broken  up 
into  a  relatively  small  number  of  subapertures, 
and  the  fields  coupled  into  the  c;>vity  are  found 
by  launching  a  dense  grid  of  ray  tubes  in  all 
directions  into  the  cavity  from  the  phase  center  of 
each  subaperture,  and  then  tracking  them  within 
the  cavity  through  multiple  reflections  fi-om  the 
interior  cavity  walls  using  the  laws  of  GO,  as 
illustrated  in  fig.  3.  Each  ray  tube  is  amplitude 
weighted  according  to  the  far  zone  radiation  pat¬ 
tern  of  its  reactive  subaperture  but  with  the 
cavity  walls  absent.  Like  the  GB  shooting  method, 
the  GRE  method  intrinsically  includes  the  fields 
diffracted  into  the  cavity  by  the  edges  at  the  open 
end;  this  results  from  the  boundary  points  of  the 
surface  integrations  (over  the  equivalent  Huygen’s 
sources  in  the  open  end)  used  to  find  the  far  zone 
patterns  of  all  the  subapertures.  Also  like  the  GB 
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Fig.  3.  Ray  tubes  launched  from  subaperlures  as  in  the  GRE 
method. 


method,  the  grid  of  ray  tubes  in  the  GRE  method 
needs  to  be  tracked  only  once  independent  of  the 
incidence  angles,  although  a  much  larger  number 
of  ray  tubes  must  be  tracked  than  the  correspond¬ 
ing  number  of  beams  in  the  GB  method. 

While  both  the  GRE  and  SBR  methods  are 
ray  tracking  intensive,  the  basic  difference  be¬ 
tween  the  GRE  met*-  J  .nd  the  SBR  method  is 
in  the  way  the  ray-tubes  are  launched.  The  SBR 
method  launches  t!.^  ray  tubes  in  such  a  way  that 
only  the  GO  incident  field  which  is  intercepted 
by  the  open  end  is  tracked  within  the  cavity, 
whereas  the  ray  tubes  of  the  GRE  method  are 
launched  within  the  cavity  in  such  a  way  that  the 
fields  diffracted  into  the  cavity  by  the  edges  at 
the  open  end  are  intrinsically  included.  It  is  noted 
that  both  methods  use  the  laws  of  GO  to  track 
the  ray  tubes  within  the  cavity  once  they  have 
been  launched,  and  the  aperture  integration 
method  is  used  to  find  from  the  ray  fields,  as 
discussed  above  in  the  paragraph  on  SBR.  Also  it 
is  important  to  note  that  the  set  of  ray  tubes  in 


the  GRE  method  is  tracked  only  once  for  a  wide 
range  of  incidence  angles  while  a  new  set  of  ray 
tubes  in  the  SBR  method  must  be  tracked  or  for 
each  new  incidence  angle.  However,  a  much  larger 
number  of  ray  tubes  must  be  tracked  in  the  GRE 
method,  in  general,  than  the  number  of  ray  tubes 
for  a  single  incidence  angle  in  the  SBR  method. 
It  is  found  that  the  SBR  method  is  useful  for 
analyzing  the  scattering  from  cavities  which  are 
very  large  electrically,  in  which  the  fields 
diffracted  into  the  cavity  by  the  edges  at  the  open 
end  are  negligible  in  comparison  with  the  GO 
fields,  for  a  relatively  small  number  of  discrete 
incidence  angles.  The  GRE  method  compliments 
the  SBR  method  in  that  it  is  useful  for  analyzing 
the  scattering  from  moderately  large  cavities  in 
which  the  interior  diffracted  fields  are  not  negli¬ 
gible,  and  for  cases  where  a  large  number  of 
incidence  angles  are  needed.  It  is  noted  that  the 
GRE  method  can  be  used  for  very  large  cavities, 
and  is  generally  more  efficient  than  SBR  for  a 
large  number  of  incidence  angles;  however,  in 
practice  computer  memory  requirements  may  be¬ 
come  excessively  large  because  the  ray  data  from 
all  the  rays  in  the  GRE  must  be  stored  for  later 
use  as  the  incidence  angle  is  changed.  This  prob¬ 
lem  can  be  overcome  by  using  auxiliary  data 
storage  units  (such  as  tape  and  hard  disk  drives 
or  auxiliary  RAM)  to  store  the  ray  data. 

The  SBR  and  GRE  methods  will  be  described 
in  more  detail  in  sections  2  and  3  of  this  paper, 
respectively,  and  numerical  comparisons  will  be 
presented  in  section  4.  The  appendix  briefly  de¬ 
scribes  the  method  of  finding 
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Fig.  4.  SBR  method  for  computing  internal  irradiation  backscattering  from  open-ended  cavities. 
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2.  The  shooting  and  bouncing  ray  method 

In  the  SBR  method,  an  incident  plane  wave  is 
modeled  by  a  set  of  parallel  geometric  optic  rays. 
The  rays  are  started  or  “launched”  from  a  plane 
orthogonal  to  the  propagation  vector  it'  of  the 
incident  wave  as  shown  in  fig.  4.  Since  this  plane 
is  an  equi-phase  surface  of  the  incident  plane 
wave,  it  is  chosen  to  be  the  zero  phase  reference 
for  all  the  rays.  Generally,  a  regularly  spaced  grid 
of  rays  are  launched  from  this  plane.  The  actual 
density  of  the  rays  required  is  dependent  on  the 
complexity  of  the  geometry  of  the  cavity.  For 
more  arbitrarily  shaped  cavities,  10-20  rays  per 
linear  wavelength  dimension  is  required  for  a 
convergent  backscattering  solution.  A  ray 
launched  from  the  starting  plane  that  enters  the 
cavity  is  tracked  as  it  bounces  within  the  cavity 
until  the  ray  exits  the  cavity  through  the  aperture. 
The  complex  field  of  the  ray  is  computed  as  it 
bounces  using  the  laws  of  geometric  optics.  This 
involves  calculating  the  ray  tube  divergence  fac¬ 
tors  and  reflection  coefficients.  After  tracing  ail 
the  rays  that  enter  the  cavity,  the  backscattered 
field  and  RCS  is  then  computed  from  the  sum  of 
the  contributions  from  each  individual  ray. 

As  stated  earlier  the  advantage  of  the  SBR 
method  over  previous  methods  based  on  modal 
analysis  is  that  there  is  virtually  no  restrictions 
placed  on  the  shape  of  the  cavity.  Because  this 
method  is  based  on  high  frequency  methods, 
though,  the  cavity  and  its  detailed  features  must 
be  large  compared  to  the  wavelength.  The  cavity 
walls  are  assumed  to  be  perfectly  conducting. 
Thin  layers  of  material  coating  may  be  included 
on  the  internal  cavity  walls.  Complex  termina¬ 
tions  as  well  as  other  conducting  interior  scatter- 
ers  may  be  included.  Most  implementations  of 
SBR  use  piece-wise  analytic  functions  to  describe 
the  complete  cavity  including  the  termination. 
However,  numerical  descriptions  may  also  be  used 
as  long  as  there  are  accurate  interpolation  meth¬ 
ods  available  to  find  the  intersection  between  the 
rays  and  the  cavity  as  well  as  to  find  derivatives 
up  to  second  order  at  these  intersection  points. 

Because  the  mathematical  details  of  the  ray 
tracing  can  be  found  in  ref.  [12],  only  a  general 
discussion  of  the  ray  tracing  procedure  will  be 


discussed  here.  The  ray  tracing  of  each  ray  in¬ 
volves,  first,  finding  the  intersection  of  each  ray 
with  the  cavity.  For  complex  cavities,  numerical 
root  finding  methods  must  be  used.  This  step  is 
the  most  computationally  time  consuming  step  of 
the  SBR,  generally  comprising  60%  to  90%  of  the 
total  computation  time.  The  ray  is  then  reflected 
inside  the  cavity  at  this  intersection  point.  The 
direction  vector  of  the  reflected  ray  is  deter¬ 
mined,  and  this  procedure  is  then  repeated  until 
the  ray  exits  from  the  cavity. 

As  the  ray  is  tracked  within  the  cavity,  the 
field  amplitude  of  the  ray  is  computed  at  each 
intersection  point  using  geometric  optics.  Be¬ 
cause  it  is  necessary  ts  compute  the  fields  only  at 
the  intersection  points  and  not  along  every  point 
along  the  rays,  the  well  known  problem  of  the 
GO  field  being  singular  at  the  GO  ray  caustics  is 
generally  avoided.  The  latter  problem  would  oc¬ 
cur  only  when  a  ray  caustic  occurs  right  at  or 
extremely  close  to  an  intersection  or  interior  sur¬ 
face  reflection  point.  From  experience,  this  has 
been  found  to  be  extremely  rare.  Should  such  a 
situation  occur,  this  ray  can  be  discarded  without 
noticeably  affecting  the  final  RCS  result  if  a 
sufficiently  large  number  of  rays  are  launched.  In 
geometrical  optics,  associated  with  each  ray  is  a 
differential  ray  tube  that  can  converge  or  diverge 
as  the  ray  propagates.  The  electric  field  £(x,,  y,, 
z,)  at  a  reflection  point  (x,,  y^,  z^)  immediately 
after  the  reflection  is  found  iteratively  from  the 
field  at  the  previous  reflection  point  from 

y„  Zi) 

=  (r)  •£(x,_„  y,.„  z,_,)(DF)  e-'*%  (2) 

where  k  is  the  wavenumber  in  the  propagation 
medium  which  is  assumed  here  to  be  free  space 
in  which  the  cavity  is  embedded,  s  is  the  distance 
between  the  consecutive  points  of  reflection,  and 
y.-ii  •?,-■)  is  the  electric  field  at  the  pre¬ 
vious  point  (x<_„  y,_„  z,_,).  (D  is  the  planar 
reflection  coefficient  matrix  at  the  reflection  point 
where  the  original  curved  surface  is  replaced  by 
its  local  tangent  plane  at  that  point  and  (DF)  is 
the  divergence  factor  which  governs  the  spread¬ 
ing  of  the  differential  ray  tube  after  reflection. 
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The  well  known  Fresnel  (planar)  reflection 
coefficients  are  used  and  can  be  found  in  most 
elementary  texts  on  electromagt.etics.  Since  the 
reflection  coefficients  of  the  electric  field  are 
different  for  its  components  parallel  and  perpen¬ 
dicular  to  the  plane  of  incidence  the  electric  field 
incident  at  the  intersection  (reflection)  point  must 
therefore  be  decomposed  into  its  parallel  and 
perpendicular  components. 

The  divergence  factor  ((DF)  in  eq.  (2))  is  com¬ 
puted  from  the  geometric  optics  formula 

^1+s/Ri  /l+s/^2  ’ 

where  Ri  and  R2  are  the  two  principal  radii  of 
curvature  of  the  reflected  ray  tube  at  the  previous 
intersection  point  and  s  is  as  defined  for  eq.  (2). 
Using  the  ^-matrix  formulation  of  Deschamps 
[13],  the  two  principal  radii  of  curvature  07„  R2) 
can  be  found  from  the  elements  of  a  2  x  2  curva¬ 
ture  matrix  called  the  Q  matrix, 

1 

-i{(C?n  +  022) 

±  ~  Gi202i) 

(4) 


where  Q„„  is  the  (m,  n)th  element  of  Q.  The  ray 
associated  with  a  plane  wave  is  neither  coverging 
nor  diverging  and  has  a  curvature  matrix  given  by 


A  ray  with  a  perfect  circular  wavefiront  with  radii 
of  curvature  Rq  has  a  Q  matrix  of 


In  the  SBR  method,  all  rays  initially  have  the 
zero  matrix  as  their  curvature  matrix  at  their 
starting  points  on  the  initial  orthogonal  plane. 


The  cuTvatur  matrix  propagates  along  a  ray  given 
by  the  relation 

(7) 

where  a  and  b  are  the  two  points  along  the  ray 
(a  precedes  b  along  the  ray),  Q"  and  O'*  are  the 
curvature  matrices  at  points  a  and  b,  respec¬ 
tively,  s  is  the  distance  between  a  and  b,  and  I  is 
the  unit  dyad.  Note  that  for  the  rays  associated 
with  a  plane  wave,  the  curvature  matrix  remains 
the  zero  matrix  as  the  rays  propagate. 

After  a  ray  is  reflected  from  a  non-planar 
surface,  the  wavefront  of  the  ray  will  no  longer  be 
planar  and  the  curvature  matrix  will  no  longer  be 
zero.  The  curvature  matrix  for  a  ray  right  after  a 
reflection  Q'  is  related  to  the  curvature  matrix  of 
the  ray  right  before  the  reflection  Q‘  and  the 
curvature  matix  of  the  surface  at  the  intersection 
point  by  enforcing  the  phase  matching  condi¬ 
tion  of  the  incident  and  reflected  wavefronts  at 
the  reflection  surface.  As  mentioned  earlier,  the 
mathematical  details  of  the  above  described  pro¬ 
cedure  can  be  found  in  ref.  [12]. 

2.1.  Aperture  integration 

All  of  the  rays  that  enter  the  cavity  are  tracked 
within  the  cavity,  as  described  in  the  previous 
section,  until  they  return  back  to  the  open  end. 
The  scattered  field  can  then  be  found  from  the 
standard  physical-optics  approximation  by  per¬ 
forming  an  integration  over  the  equivalent  sources 
in  the  aperture.  Using  a  magnetic  current  formu¬ 
lation,  the  aperture  field  is  replaced  with  an 
equivalent  magnetic  current  sheet  whose  value 
is  approximated  as  follows: 

^  1 2E(Xf,,  yff,  0)  X<,  over  the  aperture, 

^  \o,  outside  the  aperture. 

(8) 

The  above  approximation  is  essentially  of  the 
Kirchhoff  type  which  employs  only  equivalent 
magnetic  currents  instead  of  both  electric  and 
magnetic  currents.  Hence,  the  strength  of  the 
magnetic  current  is  doubled  as  evidenced  by  the 
factor  of  2  present  in  eq.  (8).  An  improvement  to 
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the  Kirchhoff  type  approximation  in  eq.  (8)  would 
be  to  include  Ufimtsev  equivalent  edge  currents 
(as  irt  the  PTD)  [81.  However,  the  latter  effects 
are  small  for  electrically  large  apertures  and  for 
aspect  angles  not  close  to  grazing  the  aperture 
plane,  and  are  thus  ignored.  For  a  cavity  with  its 
aperture  on  the  z  -  0  plane  and  the  open  end 
pointing  in  the  +f  direction  as  shown  in  fig.  4, 
w  “  f  in  eq.  (8).  The  cavity  backscattered  field  can 
be  found  from: 

£>«»  ^  \^e'Ag  +  <t>‘A^\  as  kof-rcc. 


striking  (or  exiting)  the  aperture  at  (x,,  yj)  with 
direction  vector  (s,,  Sy,  s^),  the  field  of  the  ray 
tube  across  the  aperture  can  be  approximated  by 


EAx,  y) 

y) 


y.) 

y.) 


(10) 


Substituting  eq.  (10)  into  eq.  (9)  and  noting  that 
for  each  ray  tube,  £^(x,,  y^)  and  £j,(x,,  y,)  are 
independent  of  the  integration  variables  x  and  y, 
the  physical  optics  integral  of  eq.  (9)  can  be 
written  as  a  summation  over  all  the  ray  tubes: 


g|*,((ux  +  ty) 


Ey  cos  <t>'  +  Ey  sin  4>' 

(-£,  sin  4>'  +  Ey  cos  cos  O' 

(9) 


II  -  sin  O'  cos  4>\  V  -  sin  O'  sin  <^‘. 

E„  and  Ey  are  the  x  and  y  components  of  the 
field  exiting  the  cavity  aperture. 

In  reflector  antenna  problems,  the  radiated  far 
fields  are  computed  by  performing  a  similar  inte* 
gral  over  the  reflector  aperture  plane.  For  those 
problems,  the  points  in  which  the  aperture  fields 
are  known  are  generally  over  a  regularly  spaced 
grid,  and  such  methods  as  the  fast  fourier  trans¬ 
form  (FFT)  can  be  used  to  perform  the  integra¬ 
tion  in  eq.  (9)  [14].  Even  if  the  points  were  not  all 
uniformly  distributed,  the  fields  in  the  aperture 
of  a  reflector  antenna  are  smoothly  varying  and 
can  be  easily  interpolated.  For  the  cavity  prob¬ 
lem,  however,  the  position  of  the  rays  over  the 
aperture  plane  will  not  be  uniformly  distributed 
and  interpolation  schemes  are  difficult.  Instead, 
the  integration  is  performed  discretely  over  each 
ray  tube,  and  the  total  scattered  fields  is  found 
from  the  superposition  of  the  scattered  fields  of 
all  the  ray  tubes.  Additionally,  if  the  output  ray 
tube  is  small  compared  to  the  wavelength,  the 
phase  change  across  the  ray  tube  can  be  approxi¬ 
mated  by  a  linear  phase  variation.  For  a  ray 


i 

ftll  ray» 


i*o 

2ir 

£,(x,,>,)cos^‘+£,(x,.>',)sin  *' 

-  £,(*,.  y,)  tin  cos  9'  -f  £,(x,.  y,)  cos  cos  9' 


where 


(11) 


/  -  7--"7—  f  f  dxdy  -*> 

(Ax,  Ay^)  ■'ith'exii 

r»y  lube 


)y) 


and 


(  AXj  Ayj)  -  area  of  the  exit  ray  tube. 

/,  is  the  normalized  Fourier  transform  of  the 
ray  tube  shape  function  normalized  with  resp>ect 
to  the  ray  tube  area.  Methods  to  compute  this 
transform  accurately  by  shooting  auxiliary  rays 
are  described  in  ref.  [12].  It  has  been  found 
however,  that  if  all  the  exiting  ray  tubes  are  small 
compared  to  the  wavelength,  then  the  approxima¬ 
tion 


/i 


sin(ii  -Sj,)  sin(i;  -s^) 

u-Sj,  v-Sy 


(12) 


is  found  to  be  quite  accurate. 

Finally,  the  output  ray  tube  area  (Ax^  Ay,)  can 
be  found  by  using  the  ray  tube  divergence  factors 
calculated  earlier.  The  area  of  the  ray  tube  as  a 
ray  exits  is  related  to  the  area  of  the  incident  ray 
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tube  (Ajt,,,  Ayo)  via  the  product  of  the  diver¬ 
gence  factors: 


(Ajr„  Ay,) 


ni(DF),i 


(13) 


The  ratio  of  the  cosines  accounts  for  the  oblique 
angles  of  the  ray  tubes  entering  and  exiting  the 
cavity.  6'  is  the  angle  formed  by  the  incident 
direction  vector  of  the  ray  and  the  normal  to  the 
integration  plane  while  6*  is  the  angle  formed  by 
the  exiting  direction  vector  and  the  normal  to  the 
integration  plane. 


3.  The  generalized  ray  expansion  method 

As  mentioned  in  the  introduction,  the  basic 
difference  between  the  SBR  method  and  the 
CRE  method  as  presented  here,  is  in  the  way  the 
ray  tubes  are  initially  launched  inside  the  cavity. 
The  procedures  for  tracking  the  ray  tubes  inside 
the  cavity  using  the  laws  of  GO  and  for  obtaining 
the  cavity  scattered  field  via  aperture  inte¬ 
gration  are  identical  in  both  approaches.  These 
procedures  were  described  in  detail  in  the  last 
section  and  will  not  be  repeated  here. 

In  the  GRE  method,  the  incident  field  in  the 
aperture  of  the  cavity  is  replaced  by  equivalent 
surface  currents  which  radiate  the  desired  fields 
from  the  aperture  into  the  cavity,  as  shown  in  fig. 
5.  The  exact  aperture  fields  can  be  used  if  they 
can  be  found;  however,  for  sufficiently  large  aper¬ 
tures,  the  fields  launched  into  the  cavity  by  the 
incident  wave  can  be  found  via  a  Kirchhoff  ap¬ 
proximation  for  the  aperture  field.  This  is  reason¬ 
able  for  incidence  angles  which  are  not  close  to 
grazing  along  the  aperture  surface.  The  equiva¬ 
lent  electric  and  magnetic  surface  currents  in  the 
aperture  are  then  given  by 

Af;*(r')- -£‘(r')Xil,  '  ^ 

where  £'  and  H*  are  the  incident  electric  and 
magnetic  fields,  respectively,  r'  is  the  vector  from 
the  origin  O  to  any  point  in  2^,  and  4  is  again 


using  equivalent  surface  cunents  in  the  aperture  (open  end), 
(a)  Original  problem;  (b)  equivalent  problem. 

the  unit  surface  normal  of  2^ 
pointing  out  of  the  cavity. 

According  to  Huygen’s  principle,  each  in¬ 
finitesimal  current  element  (or  Huygen’s  source) 
defined  by  y*'’(r')  di'  and  Af/^fr’)  ds',  where 
ds'  is  an  infinitesimal  surface  area  at  r' 
launches  spherical  waves  which  can  be  tracked 
within  the  cavity  via  the  laws  of  GO.  However,  in 
practical  applications  it  is  useful  to  deal  with  a 
discrete  array  of  a  small  number  of  finite  size 
sources  which  also  launch  waves  that  become 
spherical  at  a  reasonably  short  distance  away, 
rather  than  to  deal  with  a  continuum  of  infinitesi¬ 
mal  sources.  Hence,  the  original  aperture  2^  is 
divided  into  a  relatively  small  number  of  subaper¬ 
tures  as  in  fig.  6.  Since  the  aperture  in  fig.  6  is 
rectangular,  it  is  convenient  to  use  rectangular 
subapertures  (non-rectangular  apertures  can  be 
subdivided,  for  example,  into  polygonal  subaper¬ 
tures);  in  particular, 

2a-  £s„ 

/-I 


(15) 
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Fig.  6.  Ray  field  originating  from  the  phase  center  O,  of  the 
/th  subaperture  of  area  S/  (shaded). 


where  the  size  of  the  typical  /th  subaperture  area 
S/  is  determined  to  a  large  extent  by  the  overall 
length  of  the  cavity  and  the  size  of  the  original 
aperture  In  general,  the  maximum  linear 
dimension  D  of  the  largest  subaperture  should 
be  less  then  \/2LA  where  L  is  the  overall  length 
of  the  waveguide  cavity  and  A  is  the  free  space 
wavelength.  Furthermore,  the  number  of  sub¬ 
apertures  JSf  should  be  greater  than  one.  Other¬ 
wise,  the  subaperture  grid  can  be  chosen  arbi¬ 
trarily  for  convenience;  however,  for  efficiency 
the  smallest  possible  number  of  subapertures 
should  be  used  which  yields  an  adequately  con¬ 
vergent  solution. 

With  an  appropriate  choice  of  subaperture  dis¬ 
cretization,  one  can  then  show  that  the  field 
radiated  into  the  cavity  by  the  equivalent  current 
elements  distributed  over  each  of  the  subaper¬ 


tures  can  be  well  approximated  by  a  superposi¬ 
tion  of  an  array  of  spherical  waves  originating 
from  the  phase  center  of  each  of  the  ^  subaper¬ 
tures.  These  waves  can  then  be  tracked  along 
their  associated  rays  which  undergo  successive 
reflections  within  the  cavity  as  in  fig.  6,  just  as  in 
the  previously  mentioned  conventional  ray  shoot¬ 
ing  GO  (SBR)  approach.  Furthermore,  the  initial 
amplitudes  of  the  rays  emanating  in  all  directions 
(in  the  half-space  forward  of  the  subaperture) 
from  the  phase  center  of  each  subaperture  are 
directly  given  by  the  radiation  pattern  of  that 
subaperture  with  the  cavity  walls  absent.  The  ray 
Held  originating  from  the  phase  center  Oj  of  each 
subaperture  is  broken  up  into  a  dense  grid  of  ray 
tubes  which  initially  have  spherical  wavefronts 
(before  they  reflect  from  the  curved  walls  of  the 
cavity),  as  in  fig.  7.  It  is  noted  from  fig.  7  that  it  is 
usually  not  necessary  to  launch  ray  tubes  in  all 
directions  in  the  half-space  forward  of  the  sub¬ 
aperture.  In  practice,  the  ray  tubes  are  limited  to 
a  cone  with  a  half-angle  less  than  90”  and  ap¬ 
proximately  15  ”  greater  than  the  maximum  angle 
the  incident  plane  wave  makes  with  the  cavity 
axis.  The  electric  field  along  the  pth  ray  tube 
launched  from  the  phase  center  O,  of  the  /th 
subaperture,  before  the  ray  tube  encounters  a 
wall,  is  then  given  by 


Fig.  7.  Grid  of  ray  lubes  originating  from  Of  of  any  tubaperture  of  area  S/. 
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where  is  the  vector  from  Oi  to  a  point 

along  the  pth  ray  tube  before  its  Hrst  reflection. 
Ciifp,)  is  the  far  zone  vector  radiation  pattern  of 
the  electric  field  evaluated  in  the  direction 
with  the  cavity  walls  absent,  and  is  thus  given  by 

c,{f„)  -‘-^j ( 1^,  X 

+  ^0^/  X  Mri  ^;)]  ds',  (17) 

where  r/  is  a  vector  from  (7/  to  the  sources  at  any 
point  in  S,.  Equation  (17)  can  be  evaluated  nu¬ 
merically,  but  if  the  /th  subaperture  is  a  polygon 
and  the  incident  field  is  a  plane  wave,  then  eq. 
(17)  can  be  evaluated  in  closed  form.  This  is 
because  the  Fourier  transform  of  a  constant  am¬ 
plitude,  linearly  phased  function  existing  over  a 
polygonal  area  is  known  [IS],  and  eq.  (17)  reduces 
to  such  a  transform  for  the  case  of  plane  wave 
incidence. 

As  shown  in  fig.  6,  the  pth  ray  originating 
from  O,  is  tracked  to  some  interior  point  at  r,. 
This  ray  tracking  is  performed  in  exactly  the  same 
manner  as  in  the  SBR  method  described  in  sec¬ 
tion  2.  All  of  the  ray  tubes  are  tracked  within  the 
cavity  until  they  return  back  to  the  open  end.  The 
Held  is  then  found  by  performing  an  aper¬ 
ture  integration  over  the  equivalent  sources  de¬ 
fined  by  the  projection  of  each  ray  tube  in  the 
plane  of  the  aperture  as  the  ray  tube  exits  the 
cavity.  Again,  this  is  exactly  the  same  procedure 
as  in  the  SBR  method. 

As  indicated  by  eqs.  (16)  and  (17),  only  the 
initial  amplitude  coefficient  C/f^/)  of  the  pfth 
ray  tube  depends  on  the  incident  field,  and  fur¬ 
thermore,  this  coefficient  is  found  given  only  the 
initial  direction  of  the  ray  tube.  Therefore, 
the  ice  cream  cone-shaped  grid  (fig.  7)  of  ray 
tubes  of  each  subaperture  can  be  launched  with 
unit  amplitudes,  tracked  throughout  the  cavity 
and  the  corresponding  ray  data  stored.  Then,  as 
the  incident  field  changes,  this  ray  data  can  be 
amplitude  weighted  according  to  eqs.  (16)  and 
(17),  without  having  to  re-track  the  rays. 

It  is  noted  that  a  large  number  of  ray  tubes 
need  to  be  tracked  in  the  GRE,  albeit  only  once, 
for  a  given  waveguide  cavity.  In  contrast,  the  SBR 


approach  requires  fewer  rays  to  be  tracked  for 
each  incidence  angle,  even  though  the  total  num¬ 
ber  of  rays  tracked  in  the  SBR  is  much  larger 
than  those  in  the  GRE  when  considering  a  wide 
range  of  incidence  angles.  Therefore,  the  SBR 
appears  to  be  more  efficient  if  only  a  few  (say  ten 
or  less)  incidence  angles  are  required  in  the  cal¬ 
culations,  whereas  the  GRE  is  more  efficient  if 
several  incidence  angles  or  a  continuous  range  of 
incidence  angles  are  necessary. 


4.  Numerical  results 


The  numerical  results  presented  here  are  in 
the  form  of  rader  cross-section  (RCS)  vs.  6,  where 
0  is  the  angle  between  the  propagation  vector  of 
the  incident  plane  wave  k'  and  the  waveguide 
cavity  axis.  RCS  is  defined  by 


a 


lim  4‘irr* 

r-»oo 


I£‘l^ 

|£M*’ 


(18) 


where  r  is  the  disunce  from  the  open  end  of  the 
cavity  to  a  far  field  observer,  and  |  £'  |  and  I  £’  | 
are  the  magnitudes  of  the  incident  and  scattered 
fields,  respectively.  The  units  of  RCS  are  given  in 
“decibels  relative  to  a  square  wavelength" 
(DBSW)  (i.e.  10  log,o  <r  with  <r  in  square  wave¬ 
lengths).  The  ray  tracing  subroutines  used  in  the 
codes  to  generate  the  numerical  results  for  both 
the  SBR  and  GRE  methods  are  adapted  from 
codes  developed  by  Prof.  S.W.  Lee  at  the  Univer¬ 
sity  of  Illinois,  and  are  based  on  a  super-elliptic 
geometry  model. 

Figure  8  shows  the  RCS  patterns  of  a  rela¬ 
tively  small  rectangular  cavity,  with  the  interior 
cavity  scattering  calculated  using  the  SBR  and 
GRE  methods  and  compared  with  a  reference 
solution  based  on  the  hybrid  modal  method.  Per¬ 
pendicular  and  parallel  polarization  in  all  the 
figures  refer  to  the  incident  electric  field  vector 
being  either  perpendicular  or  parallel  to  the  plane 
defined  by  the  direction  vector  of  the  incident 
plane  wave  and  the  axis  of  the  cylinder  (the 
z-axis).  Both  of  the  ray-based  methods  agree  rea¬ 
sonably  well  with  the  reference  solution,  which  is 
smnewhat  surprising  considering  the  high  fre- 
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(b)  II  polmriMtion 

Fi(,  8.  RCS  paiternt  in  the  x-j  plane  of  a  snail  rectangular 
cavity  calculated  using  the  GR^  SBR  and  hybrid  modal 
(reference  solution)  methods.  The  scattering  from  the  rim  is 
calculated  using  the  equivalent  current  method.  hy¬ 
brid  modal; . GRE;  o  SBR;  —  rtei. 

quency  asymptotic  apprmdmations  of  ray  tracing 
meth<^.  The  scattering  from  just  the  rim  at  the 
open  end  is  also  shown  in  this  figure,  and  was 
found  using  the  equivalent  current  method  (ECM) 
described  in  the  appendix.  Because  the  SBR 


method  requires  that  a  new  set  of  rays  be  tracked 
for  each  incidence  angle,  the  SBR  results  are 
calculated  at  S  degree  increments  in  this  figure 
(represented  by  the  diamond  shaped  markers). 
The  GRE  results  are  calculated  at  much  finer 
increments  because  only  one  set  of  rays  is  tracked 
for  the  entire  range  of  incidence  angles,  and  the 
scattered  field  for  each  incidence  angle  is  calcu¬ 
lated  very  quickly  from  the  stored  ray  data.  It  is 
noted  that  in  both  of  these  ray-based  methods, 
the  ray  tracking  typically  requires  more  than  80% 
of  the  total  CPU  time  used  in  the  calculations, 
and  for  the  data  plotted  in  fig.  8,  both  methods 
used  approximately  the  same  total  number  of 
rays. 

In  the  remainder  of  the  numerical  results  pre¬ 
sented  here,  only  the  scattering  component  due 
to  the  cavity  interior  will  be  shown,  i.e.  no  exter¬ 
nal  scattering  effects  are  included,  such  as  the 
scattering  from  the  rim.  Figures  9  and  10  show 
the  R(rS  patterns  of  a  larger  rectangular  cavity 
and  an  annular  cavity  with  a  retangular  cross-sec¬ 
tion,  again  comparing  GRE  and  SBR  with  a 
modal  reference  solution.  The  GRE  and  SBR 
methods  agree  quite  well  with  the  reference  solu¬ 
tion  in  the  case  of  the  rectangular  cavity,  and 
reasonably  well  in  the  case  of  the  aimular  cavity. 
It  is  expected  that  the  two  ray-based  methods  will 
have  slightly  more  error  when  used  to  analyze 
cavities  with  curved  interior  walls  because  they 
cannot  account  for  curved  surface  diffraction. 
However,  this  is  a  relatively  weak  effect,  espe¬ 
cially  for  electrically  large  cavities. 

Figure  11  shows  the  RCS  patterns  of  a  large 
cavity  which  transitions  from  a  rectangular  cross- 
section  at  the  open  end  to  a  circular  termination 
and  the  axis  of  the  cavity  follows  third-order 
polynomial  “S-bend”.  No  modal  reference  solu¬ 
tion  is  available  for  this  geometry,  so  only  the 
GRE  and  SBR  results  are  shown,  and  they  agree 
with  each  other  reasonably  well. 

Comparisons  of  the  SBR  solution  and  the 
modal  solution  for  the  RCS  from  a  large  circular 
cylindrical  cavity  can  be  found  in  ref.  [12].  A 
GRE  solution  is  not  available  for  this  cavity  at 
the  present  time  because  of  the  extra  algorithm 
development  necessary  to  subdivide  a  circular 
open  end  into  appropriate  subaperture  domains; 
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Fig.  9.  RCS  patterns  in  the  x-z  plane  of  a  larger  rectangular 
cavity  calculated  using  the  CRE,  SBR  and  hybrid  modal 

(reference  solution)  methods.  -  hybrid  modal;  — 

CRE;  o  SBR. 


Si 


Fig.  10.  RCS  patterns  in  the  y-z  plane  of  a  large  annular 
cavity  with  a  rectangular  cross-section  calculated  using  the 
CRE,  SBR  and  hybrid  modal  (reference  solution)  methods. 
- hybrid  modal;  —  CRE;  o  SBR. 


however,  such  an  algorithm  should  be  available  in 
the  near  future.  All  of  the  GRE  results  presented 
here  have  been  for  cavities  with  rectangular  open 
ends,  which  are  very  easy  to  subdivide  into  a 
number  of  rectangular  subapertures.  However, 
the  GRE  method  can  in  principle  be  applied  to 
cavities  with  fairly  arbitrarily  shaped,  non-planar 
open  ends  in  a  straightforward  manner.  As  men¬ 
tioned  above,  work  is  currently  under  way  to 
develop  subaperture  gridding  algorithms  for  arbi¬ 
trarily  shaped  open  ends  which  require  a  mini¬ 
mum  of  user  interaction. 


Appendix 


The  contribution  to  the  external  scattering 
from  just  the  rim  of  an  open-ended  waveguide 
cavity  is  found  via  the  ECM  as  follows: 


El' 


ikZn 


Alt 


[rxfx/^(f')r 

•  ^rim 


-l-yorxA#„(r')f')]  e^*'  df,  (19) 


in  which  r  denotes  the  position  vector  to  the  far 
zone  observation  point  from  a  conveniently  cho- 
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Fig.  11.  RCS  patterns  in  the  jr-z  plane  of  a  large  “offset" 
cavity  with  a  cross-section  which  transitions  from  rectangular 
at  the  open  end  to  a  circular  termination  calculated  using  the 
GRE  and  SBR  methods.  The  offset  is  3A  in  the  -  y  direction. 
- CRE;  o  SBR. 

sen  coordinate  origin  (at  O),  Zq  and  Yq  are  the 
free  space  impedance  and  admittance,  respec¬ 
tively,  and  the  integration  over  the  equivalent 


electric  (/„)  and  magnetic  (A/,,)  current  sources 
is  performed  along  the  rim  or  the  contour  formed 
by  the  aperture  edge  at  the  open  end.  These 
equivalent  currents  can  be  found  via  GTD  in 
terms  of  the  fields  incident  on  the  edge  and  the 
appropriate  diffraction  coefficients  as  is  done  in 
ref.  12]. 
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Analysis  of  EM  Penetration  into  and  Scattering 
by  Electrically  Large  Open  Waveguide  Cavities 
Using  Gaussian  Beam  Shooting 


ROBERT  J.  BURKHOLDER,  MEMBER.  IEEE,  AND  PRABHAKAR  H.  PATHAK,  FELLOW,  IEEE 


An  approximate  Gaussian  beam  (GB)  shooting  method  is 
presented  for  analyzing  the  electromagnetic  coupling  into  and 
scattering  by  electrically  large  perfectly  conducting,  open-ended, 
nonuniform  waveguide  cavities  with  a  slowly  varying  wall 
curvature.  The  method  is  illustrated  only  for  the  two-dimensional 
(2-D)  case;  however,  the  ideas  developed  here  can  be  extended 
to  deal  with  the  corresponding  three-dimensional  (3-D)  situation. 
An  external  plane  wave  directly  illuminates  the  aperture  (open 
end)  and  the  incident  field  in  the  aperture  at  the  open  end  is 
found  via  the  Kirchhoff  approximation.  This  aperture  field  is  then 
expanded  into  a  discrete  set  of  identical  GB‘s  which  are  launched 
radially  into  the  cavity  from  an  array  of  preselected  points  in 
the  aperture,  and  this  array  of  points  corresponds  to  the  phase 
centers  of  the  subapertures  into  which  the  aperture  is  divided.  The 
initial  beam  launching  amplitudes  are  found  by  matching  GB’s  to 
the  radiation  field  o/  each  subaperture.  The  GB's  thus  launched 
from  the  aperture  propagate  into  the  waveguide  cavity  and  are 
tracked  to  the  interior  termination  via  multiple  reflections  at  the 
cavity  walls.  For  the  sake  of  efficiency  and  simplicity,  the  GB 's  are 
tracked  axially  in  this  paper  using  the  rules  of  beam  optics  which 
ignore  any  beam  distortion  upon  reflection  at  the  walls.  The  effects 
of  beam  distortion  are  not  significant  for  relatively  slowly  varying 
waveguide  cavities.  Finally,  the  field  scattered  into  the  exterior 
by  the  termination  within  the  cavity  is  found  using  a  reciprocity 
integral  formulation  which  requires  a  knowledge  of  the  beam  fields 
near  the  termination.  Numerical  results  based  on  this  GB  approach 
are  presented  and  compared  with  results  based  on  an  independent 
reference  solution. 

1.  Introduction 

The  problem  of  representing  high  frequency  electromag¬ 
netic  (EM)  fields  which  propagate  within  closed  waveg¬ 
uides  of  relatively  arbitrary  shape  (for  which  modes  Cannot 
be  defined  in  the  conventional  sense)  is  a  rather  complex 
one.  Its  solution  is  crucial  for  dealing  with  the  important 
problem  of  EM  scattering  from  (as  well  as  interior  coupling 
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into)  an  electrically  large  open-ended  waveguide  cavity 
of  relatively  arbitrary  shape  which  contains  an  interior 
termination,  when  it  is  illuminated  by  an  external  source 
as  depicted  in  Fig.  1.  In  this  paper,  the  configuration 
of  Fig.  I  is  sunounded  by  free-space  and  has  perfectly 
conducting  interior  cavity  walls  which  may  have  a  thin 
material  coating.  It  is  analyzed  by  employing  a  set  of 
GB  field  basis  functions  to  represent  and  track  the  fields 
which  are  coupled  from  the  incident  wave,  via  the  open 
front  end,  into  the  interior  waveguide  cavity  region.  It 
is  assumed  in  the  present  analysis  that  the  incident  field 
directly  illuminates  the  aperture  defined  by  the  open  front 
end  of  the  cavity,  and  that  the  aspects  of  incidence  and 
scattering  are  primarily  restricted  to  within  about  60°  of 
being  normal  to  the  aperture,  so  that  one  may  employ  the 
Kirchhofr  approximation  to  represent  the  incident  fields  in 
the  electrically  large  aperture.  Outside  this  angular  region, 
the  external  features  of  the  cavity  will  generally  dominate 
the  scattered  field. 

An  advantage  of  the  present  approach  for  analyzing  the 
configuration  of  Fig.  1  is  that  the  GB’s  need  to  be  tracked 
only  once  within  the  cavity  independent  of  the  excitation 
or  changes  in  directions  of  incidence  and  scattering;  it 
is  necessary  only  to  change  the  initial  beam  launching 
amplitudes  with  change  in  source  illumination,  because 
the  beam  launching  directions  are  made  independent  of 
the  source  excitation.  Furthermore,  this  approach  implicitly 
takes  into  account,  to  within  the  Kirchhoff  approximation, 
the  contribution  to  the  field  coupled  into  the  cavity  via 
diffraction  by  the  edges  at  the  open  end.  The  method 
described  in  this  paper  has  been  discussed  briefly  in  [I],  and 
is  based  on  the  woih  reported  in  [2];  these  two  references 
also  describe  some  other  useful  approaches  for  analyzing 
this  type  of  EM  scattering/penetration  problem. 

As  illustrated  in  Fig.  1,  the  high  frequency  field 
scattered  by  an  open  cavity  is  composed  basically  of  three 
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Fig.  1.  Open-ended  waveguide  cavity  and  the  scattering  mechanisms  associated  with  plane  wave 
illumination. 


terms: 

g,  _  grim  ^  gext  ^  gcav 

where  S'"'”'  is  due  to  the  scattering  from  the  rim  at  the 
open  end,  S***  is  due  to  the  scattering  from  all  external 
features  of  the  cavity  configuration  other  than  the  rim  at 
the  open  end,  and  E‘“'’  denotes  the  scattering  arising  from 
the  incident  EM  energy  which  couples  into  and  propagates 
within  the  interior  of  the  cavity  before  radiating  out  via  the 
open  end.  The  contribution  E***  is  not  considered  here  as 
it  depends  on  the  specific  geometrical  configuration  which 
houses  the  cavity;  however,  it  could  in  general  be  found 
via  high  frequency  techniques  such  as  the  GTD  [3]  (or 
its  uniform  version,  the  UTD  [4],  (5))  or  by  the  PTD  [6], 
[7],  (5].  may  be  found  using  the  equivalent  current 
method  [S]  combined  with  the  GTD.  Since  the  technique 
for  finding  has  been  described  previously  in  some 
detail  (1],  [2],  it  will  not  be  repeated  here.  is  found 
using  the  GB  shooting  technique  presented  here.  In  general, 
can  be  further  decomposed  as; 

cav  _  (2) 

where  is  usually  the  dominant  contribution  to 
and  is  due  to  the  incident  EM  energy  which  is  coupled 
into  the  cavity  and  then  propagates  to  the  termination  from 
where  it  is  reflected  to  radiate  out  from  the  open  end. 

is  due  to  the  incident  EM  energy  coupled  into  the 
cavity  and  which  is  reflected  back  without  reaching  the 
termination  to  then  radiate  out  from  the  open  end. 
describes  all  the  higher  order  multiple  wave  interactions 
within  the  cavity  not  included  in  and 
is  generally  negligible  compared  with  and/or 
for  electrically  large  cavities  and  hence  will  be  neglected 
here.'  can  be  found  by  tracking  the  fields  coupled  into 
the  cavity  using  the  GB  shooting  method  presented  here, 
and  allowing  those  beams  which  return  to  the  open  end 
before  reaching  the  termination  to  radiate  into  the  exterior 
region  via  the  open  end.  may  then  be  calculated 

'The  multiple  wave  intenctioai  acrow  the  electrically  large  apeiture 
an  weak  in  compariaon  to  the  lint  order  effects  being  considered  here; 
likewise  the  multiple  wave  interactions  between  the  open  end  and  the 
termination  arc  negligible  if  the  interior  reflection  from  the  termination 
is  signifleant  since  the  interior  reflection  from  the  open  end  is  generally 
much  weaker  for  electrically  large  openings. 


via  an  aperture  integration  based  again  on  the  Kirchhoff 
approximation,  wherein  one  employs  the  fields  associated 
with  the  beams  which  are  reflected  back  to  the  open 
end  before  reaching  the  termination  to  define  equivalent 
sources  in  the  aperture  at  the  open  end.  It  is  noted  that  the 
cavity  scattering  contribution  usually  arises  from  the 
presence  of  tapers  in  the  waveguide  cavity  cross  section. 
£rtfi  considered  further  in  this  paper  because 

of  space  limitations,  and  emphasis  will  be  placed  on  the 
dominant  term 

In  the  present  approach,  the  fields  in  the  aperture  at 
the  open  end  which  are  excited  by  the  incident  wave,  are 
expanded  into  a  set  of  identical,  angularly  shifted  GB’s 
whose  initial  beam  directions  at  launch  have  a  constant 
angular  interbeam  spacing.  Thus  a  set  of  GB’s  are  launched 
radially  into  the  cavity  from  each  point  in  an  array  of 
preselected  points  in  the  aperture;  i.e.,  all  GB’s  in  a  given 
set  have  their  waists  centered  at  the  point  located  in  the 
array  which  defines  that  particular  set.  Therefore,  each  set 
of  angularly  tilted  GB’s  are  launched  from  points  in  the 
aperture  which  are  spatially  shifted  with  respect  to  the 
launching  points  of  its  neighboring  or  adjacent  sets  of 
GB’s  as  illustrated  in  Fig.  2(a).  This  manner  of  launching 
GB’s  is  in  contrast  to  the  method  of  launching  a  grid  of 
parallel  geometrical  optics  (GO)  incident  ray  tubes  into  a 
cavity  illuminated  by  a  plane  wave  as  in  the  shooting  and 
bouncing  ray  (SBR)  method  [8],  [1],  [2]  for  analyzing  the 
same  problem.  As  Fig.  2(b)  illustrates,  the  SBR  method 
which  tracks  only  GO  rays  therefore  produces  regions 
of  geometrical  shadows  within  the  cavity  which  would 
otherwise  have  been  penetrated  by  the  fields  diffracted  from 
the  edges  at  the  open  end,  and  this  GO  approach  also  fails 
near  ray  caustics  which  may  be  present  within  the  cavity. 
On  the  other  hand,  the  GB  shooting  method  overcomes 
both  of  these  difficulties  present  in  the  GO  based  SBR 
solution.  Also,  far  fewer  GB’s  need  to  be  tracked  within 
the  cavity  than  ray  tubes,  in  general,  because  a  new  grid  of 
ray  tubes  needs  to  be  tracked  in  the  SBR  method  for  each 
new  direction  of  the  incident  plane  wave.  Nevertheless,  it 
may  be  mentioned  that  the  SBR  method  is  useful  in  that 
it  predicts  the  dominant  scattering  effects  of  open-ended 
cavities  (Fig.  1)  quite  well  at  high  frequencies. 

White  there  is  some  aibitrariness  in  choosing  the  spatial 
shifts  or  locations  of  the  array  of  points  from  which  to 
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Fig.  2.  GB  and  GO  ray  launching  schemes  for  cavities,  (a)  The 
GB  shooting  method.  The  geometrical  optics  ray  shooting 
method. 

launch  the  different  sets  of  GB’s,  as  well  as  in  choosing 
the  constant  angular  interbeam  spacing  between  the  GB’s 
in  each  set,  there  are  physical  considerations  which  must 
be  invoiced  in  order  to  accurately  and  efficiently  track 
the  GB  basis  functions  as  they  evolve  within  the  cavity 
after  being  launched  from  the  aperture  at  the  open  end. 
These  physical  considerations  provide  information  on  the 
choice  of  the  initial  beam  parameters  at  launch.  The  initial 
beam  parameters  are  obtained  in  a  quite  straight  forward 
manner  and  they  will  be  discussed  briefly  when  references 
to  previous  related  work  are  cited  below  in  this  section;  they 
will  also  be  alluded  to  in  some  detail  in  the  next  section 
which  deals  with  this  aspect  of  beam  launching  (or  beam 
shooting).  Furthermore,  it  is  noted  that  the  physical  con¬ 
siderations  which  provide  the  conditions  and  guidelines  for 
a  reasonable  choice  of  the  initial  GB  launching  parameters 
remove  most  of  the  arbitrariness  in  the  selection  of  these 
parameters. 

Once  launched,  the  GB’s  are  tracked  axially  from  the 
open  end  to  the  termination  region  in  the  back  of  the 
cavity  via  multiple  reflections  at  the  interior  cavity  walls. 
It  is  assumed  that  interior  diffraction  effects  are  small 
so  that  only  the  beam  reflection  effects  are  dominant. 
This  assumption  requires  that  the  interior  walls  of  the 
cavity  be  slowly  varying  and  smoothly  continuous  with  no 
abrupt  discontinuities  in  the  region  between  the  qwn  end 
and  the  termination  in  which  the  GB’s  are  to  be  tracked 
(QO**  interior  comers  are  allowed  because  they  introduce 
no  diffraction  effects,  as  in  the  case  of  a  cavity  with  a 
rectangular  cross  section).  In  the  present  approach,  each 
individual  GB  is  tracked  as  a  whole  only  along  it’s  beam 
axis  which  has  a  real  ray  direction  in  space.  This  axial 
GB  traddng  approximation  is  employed  here  because  of  its 
simplicity  and  because  it  provides  a  physical  insight  into 


the  wave  propagation  phenomena  within  the  cavity.  Such 
an  approximation  allows  one  to  employ  the  simpler  rules 
of  beam  optics  which  provide  information  on  transforming 
an  incident  GB  into  a  reflected  GB  upon  reflection  at 
the  interior  cavity  wall.  This  real  (or  axial)  ray  tracking 
approximation  is  valid  only  if  the  GB’s  do  not  suffer 
appreciable  distortion  upon  reflection.  If  an  appreciable 
beam  distortion  occurs  upon  each  successive  reflection 
so  that  the  reflected  beams  no  longer  remain  Gaussian 
about  their  beam  axis,  then  one  must  resort  to  higher 
order  approximations  to  calculate  beam  reflections,  or  even 
require  that  the  beams  be  tracked  as  complex  rays  [9]-[15]. 
The  complex  ray  tracking  procedure  is  of  course  more 
cumbersome  than  real  ray  tracking.  In  order  for  the  real 
(axial)  ray  tracking  approximation  to  be  valid,  the  initial 
GB  parameters  must  be  chosen  such  that  the  GB’s  remain 
reasonably  well  focused  as  they  propagate  from  the  open 
end  to  the  region  near  the  termination.  Consequently,  the 
initial  GB  waists  should  be  chosen  to  be  reasonably  wide 
so  that  the  GB’s  remain  sufficiently  well  focused  as  they 
propagate  or  evolve  within  the  cavity;  however,  the  initial 
waists  cannot  be  chosen  to  be  too  wide  as  the  GB’s  must 
adequately  fit  within  the  waveguide  as  they  propagate  via 
interior  reflections,  and  maintain  a  sufficient  degree  of 
resolution.  Furthermore,  the  spot  size  of  the  GB’s  must 
not  be  too  large  as  compared  to  the  dimensions  over  which 
the  surface  curvature  changes  or  else  beam  distortion  effects 
can  become  significant  and  the  axial  tracking  approximation 
then  tends  to  become  less  accurate.  It  is  noted  that  the  GB 
expansion  coefficients  and  the  interbeam  angular  spacing 
are  based  on  far  field  patterns  arising  from  subaperture 
domains  or  windows  defined  naturally  around  the  array  of 
points  from  which  sets  of  GB’s  are  launched  as  in  Fig. 
2(a).  Hie  initial  waist  size  determines  the  width  of  a  beam 
in  the  far  field;  this  also  then  determines  the  array  point 
spacing  and  hence  the  subaperture  domains  from  which 
the  beams  are  launched.  Thus  the  size  of  the  subaperture 
domains  is  related  to  the  initial  beam  waist  size.  In  the 
course  of  this  investigation,  it  has  been  found  that  the 
initial  waist  size  should  be  about  one-third  to  one-half  the 
width  of  the  qiei.  end  of  the  cavity  so  that  the  beams  fit 
into  the  cavity  and  stay  relatively  well  focused  as  they 
evolve  within  the  cavity  via  beam  reflections  at  the  slowly 
varying  cavity  walls.  Tlie  number  of  GB’s  launched  (and 
hence  the  interbeam  spacing  at  launch)  depends  on  how 
well  one  can  reproduce  the  subaperture  far  field  pattern 
with  the  cavity  walls  absent  (Kirchhoff  approximation). 
Typically,  one  needs  to  match  about  3-4  GB’s  per  lobe 
of  the  subaperture  far  field  pattern;  this  in  a  sense  provides 
completeness  of  the  initial  GB  expansion  at  launch  based 
purely  on  physical  considerations.  This  choice  of  initial 
beam  waist  size  and  the  number  of  beams  launched  has 
been  found  to  be  adequate  for  waveguide  cavities  which  are 
about  4  times  as  long  as  they  are  wide;  for  longer  cavities 
it  may  become  necessary  to  track  the  GB’s  via  complex 
rays,  or  alternatively,  one  could  restart  and  again  axially 
track  a  new  set  of  GB’s  after  the  initial  set  has  propagated 
a  certain  distance  within  the  cavity,  so  as  to  minimize 
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the  effects  of  beam  distortion  upon  successive  reflections. 
However,  both  of  the  latter  corrective  measures,  which  have 
not  been  incorporated  into  the  present  analysis,  will  add 
significantly  to  the  computational  time  [16],  [17].  Also,  a 
self-consistent  expansion  of  the  fields  in  finite  apertures 
which  is  based  on  the  Gabor  representation  [18],  [19] 
has  been  developed  recently  by  Felsen  and  his  coworkers 
[20],  [IS];  this  can  certainly  be  used  as  an  alternative 
procedure  for  beam  launching.  The  coefficients  of  this 
expansion  can  found  rigorously  using  a  biorthogonality 
property,  but  in  certain  cases  they  can  be  found  by  sampling 
the  aperture  fields  or  the  far  field  radiation  pattern  of  the 
entire  aperture,  depending  on  the  initial  choice  of  array 
or  lattice  spacing  in  the  expansion.  An  advantage  of  the 
Gabor  type  expansion  is  that  it  guarantees  completeness 
a  priori  and  essentially  removes  any  arbitrariness  in  the 
choice  of  initial  beam  parameters  once  the  lattice  spacing 
is  chosen.  Since  this  Gabor  based  expansion  gives  rise  to 
nonidentical  GB’s  with  nonuniform  angular  or  interbeam 
spacing,  the  GB’s  resulting  from  this  expansion  cannot 
in  general  satisfy  the  assumptions  required  to  track  the 
GB’s  inside  the  cavity  via  the  axial  approximation  thereby 
necessitating  that  these  beams  be  tracked  as  complex  rays. 
Clearly,  this  Gabor  based  method  for  beam  launching,  as 
well  as  complex  ray  tracking  of  these  beams  within  the 
cavity,  merit  further  attention  and  will  form  a  part  of  the 
ongoing  and  future  work  on  this  important  topic  of  wave 
propagation  in  nonuniform  waveguides;  however,  it  would 
be  extremely  important  to  develop  more  efficient  ways, 
if  possible,  to  track  GB’s  via  complex  rays  to  make  this 
method  more  practical.  It  is  hoped  that  this  proposed  work 
along  with  the  information  available  from  the  methodology 
developed  in  the  present  paper  would  provide  ways  to 
develop  approximate  but  even  more  efficient,  accurate  and 
useful  techniques  for  beam  launching  and  tracking. 

In  the  present  analysis,  the  termination  is  assumed  to 
be  a  planar,  perfectly  conducting  surface  for  simplicity; 
whereas,  it  is  indicated  later  on  as  to  how  one  may 
handle  a  more  complex  termination.  A  generalized  reci¬ 
procity  integral  defined  over  a  conveniently  chosen  plane 
(or  waveguide  cavity  cross-section)  located  sufficiently  near 
the  termination,  which  requires  a  knowledge  of  the  fields 
tracked  down  to  this  termination  plane  from  the  open  front 
end,  then  directly  furnishes  the  contribution  to  the  external 
scattered  fields  arising  from  the  waves  reflected  out  of  the 
cavity  by  the  interior  termination  (as  provided  the 

termination  scattering  characteristics  are  known  only  over 
that  plane.  In  the  case  of  a  planar  termination  considered 
here,  the  reciprocity  integral  is  simply  defined  over  the 
termination  plane  itself,  and  the  scattering  characteristics 
of  this  termination  are  also  known  on  that  plane.  A  useful 
property  of  this  reciprocity  integral  method  for  calculating 
the  fields  scattered  by  the  interior  termination  is  that  the 
beams  need  to  be  tracked  only  “one  way”  from  the  open 
end  to  the  termination.  Thus  one  can  enhance  the  efficiency 
of  the  axial  GB  tracking  approximation  by  not  requiring  the 
beams  to  be  tracked  an  additional  distance  back  again  to 
the  aperture  at  the  open  end  from  where  they  radiate  into 
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the  exterior.  It  is  noted  that  the  GB’s  contributing  to 
mentioned  earlier  are  reflected  back  to  the  open  end  without 
ever  reaching  the  plane  near  the  termination,  and  therefore 
do  not  contribute  to  this  reciprocity  integral. 

The  analysis  in  this  paper  will  be  restricted  to  two- 
dimensional  (2-D)  geometries  to  illustrate  the  method  as 
indicated  earlier;  however,  the  ideas  developed  here  can 
be  extended  to  deal  with  the  (three-dimensional)  3-D  case. 
The  GB’s  launched  in  the  3-D  case  may  be  assumed  to  be 
initially  rotationally  symmetric  and  the  beam  polarization 
can  be  selected  to  match  the  subaperture  far  field  patterns 
as  in  the  2-D  case.  The  GB’s  will  become  astigmatic  upon 
reflection  from  an  arbitrarily  curved  cavity  wall  and  the 
subsequent  axial  tracking  of  such  beams  within  the  cavity 
will  have  to  be  found  via  rules  for  reflecting  astigmatic 
GB’s  within  the  axial  approximation.  Fortunately,  these 
rules  of  beam  reflection  (i.e.,  beam  optics)  are  closely 
analogous  to  the  laws  of  GO  ray  optics  which  govern  the 
reflection  of  astigmatic  GO  ray  tubes.  In  the  present  2-D 
analysis,  the  geometry  lies  in  the  x-z  plane  and  TMy  refers 
to  the  case  where  the  magnetic  field  is  transverse  to  the  y 
direction  so  that  the  electric  field  {E)  is  polarized  in  the 
y  direction.  Likewise,  TEy  refers  to  the  case  where  the 
electric  field  is  transverse  to  y  so  the  magnetic  field  (H) 
is  polarized  in  the  y  direction.  Also,  U  =  yll  denotes  a 
^/-directed  field  quantity,  such  that  U  =  E  for  TMy  and 
U  =  a  foT  TEy.  An  time  dependence  for  the  fields  is 
assumed  and  suppressed  throughout  the  following  analysis. 

II.  Gaussian  Beam  Launching  Formulation 

Consider  the  2-D  open  cavity  geometry  of  Fig.  3  which 
is  excited  by  a  plane  wave.  The  plane  wave  field  in  the 
aperture  at  the  open  end  of  this  cavity  can  be  represented  via 
the  Kirchhoff  approximation  by  the  unperturbed  incident 
field  U'.  This  aperture  field  U'  can  be  represented  as  a 
sum  of  spatially  and  angularly  shifted  GB’s  by 

mn(^i)^(^mni  ^mni  f>)|*=0  (3) 

m  n 

where  Amni^i)  are  the  expansion  coefficients  and  9i  is 
the  plane  wave  incidence  angle.  B{xmn,Zmn',  f>)  is  the  2-D 
GB  basis  function  for  a  beam  along  the  Zmn  axis  whose 
waist  is  located  at  Zmn  =  0.  Xmn  and  Zmn  are  the  relative 
coordinates  of  the  mnth  shifted,  rotated  beam  given  by  the 
coordinate  transformation 

Xmn  =  {x-  mZ-x)  COS -  2  sin  9n 

Zmn  =  {x-  mix )  sin  -I-  2  cos  (4) 

which  shifts  the  mnth  beam  spatially  by  mLx  in  the  x 
direction  and  rotates  it  angularly  by  from  the  2  axis. 

The  2-D  GB  basis  function  used  in  this  formulation  (for 
a  typical  beam  propagating  along  the  2  axis)  is  a  slightly 
modified  form  of  that  used  in  [22]  and  is  given  by 


B(i,2;6)  =  y  (5) 
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Upon  replacing  i  and  2  in  (5)  by  Xm„  and  Zmn  of  (4),  one 
obtains  B(imn. 2mn; b)  in  the  expansion  of  (3).  R{z)  in  (5) 
is  the  usual  phase  front  radius  of  curvature  given  by 


i2(2)  =  i(z2  +  62)  (6) 


and  w{z)  is  one-half  the  1/e  beam  width  or  “spot  size” 
given  by 

where  6  is  a  positive  real  constant  which  will  be  referred 
to  here  as  the  beam  parameter,  k  is  the  free  space  wave- 
number  (k  =  2ir/\),  and  the  beam  basis  function  of  (S)  is 
normalized  such  that  B{0, 0;  6)  =:  1.  It  is  seen  from  (5)  that 
a  GB  has  a  Gaussian  amplitude  transverse  to  the  beam  axis 
(z  axis)  for  a  given  z,  with  the  1/e  boundaries  occurring 
at  X  =  ±w(z).  The  beam  waist  is  defined  as  the  1/e  width 
or  “spot  size”  of  the  beam  at  its  narrowest  point,  i.e.,  at 
2  =  0,  and  is  given  by 


Wx  =  2v}(0)  =  2yJ^-  (8) 

It  is  noted  that  this  2-D  GB  basis  function  can  also  be  de¬ 
rived  as  the  paraxial  solution  of  the  wave  equation  for  a  line 
source  located  at  the  complex  location  {x\  z')  =  (0,  -jb) 
[9].  Therefore,  a  GB  independently  satisfies  Maxwell’s 
equations  in  the  paraxial  region,  and  for  a  well-focused 
beam  the  fields  are  confined  primarily  to  this  region. 

The  far  field  form  of  the  GB  basis  fimction  is  obtained 
by  making  the  transformation  to  polar  coordinates 


x  =  psin9,2  =  pcosO  (9) 


and  letting  p  approach  infinity.  In  the  paraxial  region  (i.e., 
for  small  values  of  $)  this  yields 

B{p,0-,b)  =  (10) 

VP 

Notice  from  this  result  that  in  the  far  field  a  GB  is  also 
Gaussian  in  angle  (in  the  paraxial  region),  and  that  it 
propagates  with  a  cylindrical  spread  factor.  The  angular 
beam  width  is  defined  as  the  1/e  beam  width  of  the  far 
field  basis  function  and  is  given  by 

on 


Fig.  4.  TWo  GB's  shaded  within  their  1  /e  amplitude  boundaries, 
(a)  6  =  irA,  narrow  waist,  wide  angular  beam  width  (divergent),  (b) 
6  =  4irA,  wide  waist,  narrow  angular  beam  width  (well  focussed). 


Hiis  quantity  is  sometimes  referred  to  as  the  beam  diver¬ 
gence  angle,  as  in  [22], 

Figure  4  shows  two  typical  GB’s  with  different  beam 
parameters  illustrating  the  effect  of  b  on  the  beam  waist 
and  the  angular  beam  width.  The  GB  depicted  in  Fig.  4(a) 
is  not  well  focused  as  compared  to  the  one  in  Fig.  4(b) 
which  is  relatively  well  focused.  The  reader  is  referred  to 
the  introduction  for  the  physical  reasons  that  influence  the 
choice  of  initial  launch  parameters  for  the  well-focused 
beams  used  in  the  axial  tracking  approximation,  and  the 
various  trade-offs  that  must  be  considered  when  using  this 
approximation. 

The  beam  expansion  coefficients  Aj„n{0i)  in  (3)  are 
found  by  discretizing  the  aperture  into  subapertures  of 
width  Lx  which  are  centered  at  the  anay  points  mLx, 
and  requiring  that  the  set  of  angularly  shifted  (i.e.,  rotated) 
GB’s  launched  radially  from  the  center  of  each  subaperture 
reproduce  the  far  fields  of  that  subaperture.  The  expansion 
coefficients  of  the  GB’s  for  a  given  subaperture,  as  well  as 
the  constant  interbeam  qncing  A9,  are  then  found  by  point 
matching  the  rotated  GB’s  to  the  far  field  radiation  pattern 
of  the  subaperture  from  which  the  GB’s  a.e  launched  so  that 
the  subaperture  pattern  can  be  adequately  reproduced  by  the 
beam  expansion.  Such  a  procedure  for  finding  the  expansion 
coefficients  from  the  far  field  information  appears  to  be  far 
simpler  than  finding  them  directly  from  the  field  distribution 
in  the  aperture  because  the  rotated  beams  of  a  particular 
Bubaperture  are  distinctly  separated  in  angle  in  the  far  field, 
whereas  they  ate  superimposed  on  top  of  each  other  in  the 
spatial  subaperture  interval. 

The  field  radiated  in  the  far  zone  of  the  mth  subaperture 
is  expressed  as  a  sum  of  the  angularly  rotated  GB’s  of  the 
mth  subaperture  using  the  far  field  beam  function  of  (10), 
i.e.. 
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Un.{p,e)  =  5]  (12) 

n  »  " 

where  (p,  6)  are  the  polar  coordinates  of  the  mth  subaper¬ 
ture,  with  p  being  the  distance  from  the  phase  center  of 
the  mth  subaperture  to  the  far  field  and  6  measured  from 
the  +i  axis.  =  nA0  is  the  direction  in  which  the 
nth  GB  is  launched.  The  expansion  of  (12)  is  truncated 
at  some  angle  ±0max  which  is  close  to  but  less  than  90°, 
so  that  -9max  <9„  <  Bmax-  The  field  radiated  by  the  mth 
subaperture  which  is  illuminated  by  a  plane  wave  incident 
from  the  direction  6i  with  amplitude  f/'  is  found  via  the 
Kirchhoff  approximation  as  follows: 


Um{p,0)  =  fmiOA)' 


If 


•sine 


-kLx{sm  6  —  sin  di) 


(13) 


where  sinc(u)  =  (sinu)/u.  Amn,  Lx,  b,  and  A6  should  be 
chosen  so  that  the  expansion  of  (12)  adequately  reproduces 
(13)  using  beams  which  satisfy  the  physical  constraints  of 
the  problem  considered  here.  While  there  is  considerable 
freedom  in  making  these  choices,  the  following  procedure 
has  been  found  through  experience  to  yield  accurate  results 
with  good  efficiency. 

For  the  expansion  of  (12)  to  adequately  reproduce  (13) 
via  a  point  matching  or  “sampling”  procedure,  the  function 
f{9,9i)  of  (13)  is  assumed  to  be  slowly  varying  with 
respect  to  A9  and  that  in  the  direction  0„,  only  the  nth  and 
(n  ±  1th  beams  of  the  mth  subaperture  are  significant;  all 
other  beams  of  the  mth  subaperture  are  negligible  because 
of  their  Gaussian  amplitude  taper.  Then  it  is  reasonable 
to  make  Amn{9i)  proportional  to  fm{9n,9i).  It  has  been 
found  using  these  assumptions,  and  through  numerical 
experiment,  that  the  following  relationships  used  in  the 
expansion  of  (12)  adequately  reproduce  (13): 


(14) 

A„„(9,)  -  i^g4^M9„,9,) 

(15) 

(16) 

The  inequality  in  (16)  guarantees  that  at  least  3.S  GB’s  will 
make  up  each  lobe  of  the  far  field  pattern  fm(9,9i). 

It  still  remains  to  find  the  beam  parameter  b,  which  then 
determines  A9,  Am„(9i)  and  the  subaperture  size  Lx  via 
(14),  (IS),  and  (16),  respectively.  In  practice,  the  beam 
waist  Wx  is  chosen  first  to  produce  GB’s  which  best  fit  the 
particular  geometry  under  consideration.  The  initial  beam 
waist  size  then  determines  b  through  (8).  In  choosing  Wx 
it  is  best  to  require  that  the  initial  beam  waist  be  less 
than  one-half  the  width  d  of  the  aperture.  However,  to 
have  beams  which  are  initially  relatively  well  focused,  it  is 


necessary  to  require  that  the  initial  beam  waist  is  larger  than 
approximately  four  wavelengths.  The  limits  on  the  beam 
waist  are  then  expressed  by 

4X<Wx<  ^d.  (17) 

If  the  inequality  of  (17)  allows,  a  good  choice  of  Wx  is 
between  one-third  and  one-half  the  aperture  width  d. 

If  the  far  field  expansion  of  (12)  adequately  reproduces 
the  far  field  patterns  of  each  subaperture  given  by  (13),  then 
the  superposition  of  all  the  GB’s  of  all  the  subapertures 
should  adequately  reconstruct  the  incident  plane  wave  field 
in  the  aperture.  Figure  S  compares  the  incident  plane  wave 
field  in  the  aperture  of  a  cavity  with  its  GB  expansion  of 
(3),  using  the  guidelines  of  (14)  thru  (17).  As  the  figure 
shows,  the  GB’s  reproduce  the  aperture  field  quite  well, 
considering  that  these  fields  are  abruptly  truncated  by  the 
Kirchhoff  approximation. 


III.  Gaussian  Beam  Axial  Tracking  Approximation 

The  GB’s  in  the  expansion  of  (3)  are  tracked  within  the 
cavity  to  the  termination  via  multiple  reflections  from  the 
interior  walls  using  an  axial  approximation  for  the  reflection 
of  a  beam  from  a  curved  surface.  In  this  approximation  it 
is  assumed  that  a  GB  incident  on  a  curved  surface  gives 
rise  to  a  new  reflected  GB  whose  beam  axis  intersects  the 
surface  at  the  same  point  as  the  incident  beam  axis.  The 
parameters  of  the  reflected  beam  are  related  to  those  of  the 
incident  beam  by  matching  of  the  fields  on  the  reflecting 
surface  in  the  vicinity  of  the  point  where  the  beam  axes 
intersect.  Referring  to  Fig.  6,  the  z'  axis  denotes  the  axis 
of  the  incident  beam  and  the  z  axis  denotes  the  axis  of  the 
reflected  beam;  let  the  incident  GB  field  U'  in  Fig.  6  be 
represented  as 

U\x',z')  =  U',B{x',z'-,b')  (18) 

and  the  reflected  GB  field  f/’'  be  represented  as 

U^{x,z)  =  UoB{x,z-,b)  (19) 


where  ff'  and  Uo  are  constants  and  3  is  the  GB  basis 
function  of  (S)  (note  that  the  primed  quantities  refer  to  the 
incident  beam).  In  Fig.  6,  p'^  and  Pc  are  the  distances  from 
the  waists  of  the  incident  and  reflected  GB’s,  respectively, 
to  the  point  where  the  beam  axes  intersect  the  surface; 
either  quantity  may  be  positive  or  negative  depending  on 
whether  the  beam  is  diverging  or  converging,  respectively, 
at  the  reflecting  surface.  Rc  is  the  radius  of  curvature 
of  the  surface,  and  9i  and  9r  are  the  angles  the  incident 
and  reflected  beam  axes,  respectively,  measured  from  the 
surface  normal;  all  of  these  quantities  are  defined  at  the 
point  of  reflection  of  the  incident  beam  axis  on  the  surface. 

First,  the  incident  and  reflected  GB’s  are  matched  exactly 
at  the  point  where  the  beam  axes  intersect  the  surface.  This 
yields  the  relationship 


Uc 


ViPc  +  jb) 
b{p'c  +  jb') 


(20) 
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(b) 

Fl«.5.  GB  reconstruction  of  the  aperture  field  due  to  plane  wave  incidence.  u>  =  7.5A,  5 
subapertures,  Lt  =  2.96X,S0  =  6.0°,  6m«x  =  60°.  —  incident  plane  wave  field,  -  -  -  -  GB 
recontruction.  (a)  Phase  of  the  aperture  field,  (b)  Magnitude  of  the  aperture  field. 


where  r(0i)  is  the  appropriate  Fresnel  plane  wave  reflection 
coefficient  of  the  surface,  evaluated  for  the  axial  incident 
angle  ffi.  Next,  the  exponential  portions  of  both  the  incident 
and  reflected  beam  basis  functions  are  expanded  in  Taylor 
series  as  a  function  of  the  distance  along  the  surface  from 
the  point  where  the  beam  axes  intersect.  Matching  the  linear 
and  quadratic  terms  of  these  two  expansions  yields 

ffr  =  (21) 

Pc  +  jb  ~  Pi  +  Rc cosBi ' 

Notice  that  these  expressions  are  similar  to  the  laws  of 
geometrical  optics  governing  ray  reflection  from  a  curved 
surface,  but  with  complex  caustic  locations.  This  is  not 
surprising  considering  that  the  incident  2-D  GB  can  be 
thought  of  as  the  paraxial  field  of  a  line  source  moved  into 
complex  space  by  an  amount  V.  Similar  expressions  can  be 


derived  for  the  3-D  case  which  are  also  closely  analogous 
to  the  laws  of  GO. 

It  is  noted  that  matching  higher  order  terms  in  the  Taylor 
expansions  gives  results  inconsistent  with  our  prior  assump¬ 
tion  that  an  incident  GB  gives  rise  to  a  reflected  GB  at  the 
point  where  the  axes  intersect  the  surface.  This  is  because 
realistically,  an  incident  GB  gives  rise  to  a  nonsymmetric 
reflected  field  which  is  only  approximately  a  GB  [14]. 
However,  for  cases  when  the  incident  beam  illuminates  an 
area  on  the  surface  which  is  small  with  respect  to  the  radius 
of  curvature  at  that  point,  our  approximation  is  reasonable. 
Therefore,  the  above  expressions  are  valid  as  long  as  Rc 
is  much  larger  than  the  width  of  the  incident  beam  where 
it  intersects  the  curved  surface  and  as  long  as  the  beam 
does  not  come  close  to  grazing  the  surface  (i.e.,  for  not 
close  to  90°). 

In  general,  the  farther  a  GB  propagates  inside  a  cavity  the 
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Fig.  6.  Axial  reflection  of  a  GB  from  a  curved  surface. 

more  it  diverges  until  it  becomes  too  wide  to  fit  inside  the 
cavity,  or  too  wide  to  satisfy  the  beam  axial  approximation. 
This  tends  to  restrict  the  overall  length  of  cavities  for 
which  the  GB  shooting  method  can  be  applied  within 
the  axial  tracking  approximation.  The  method  works  best 
for  electrically  large  cavities  because  the  beams  stay  well 
focused.  An  approximate  limit  on  the  length  £.  of  a  cavity 
of  width  d  for  which  the  GB  shooting  method  with  axial 
tracking  can  be  applied  has  been  obtained  through  analysis 
and  numerical  experimentation  ^ 

L  <  0.2d^/X.  (23) 

IV.  Termination  Reciprocity  Integral  Formulation 

Once  the  fields  inside  a  duct  have  been  tracked  to  the 
vicinity  of  the  termination  via  GB  shooting  or  some  other 
appropriate  method,  the  termination  reciprocity  integral  can 
be  used  to  find  the  cavity  scattered  fields.  This  integral  is 
derived  in  [21]  and  [2]  and  will  be  described  briefly  in  this 
section. 

Consider  the  3-D  cavity  geometry  with  an  arbitrary 
termination  as  shown  in  Fig.  7.  This  cavity  is  illuminated  by 
two  infinitesimal  dipole  sources  dpa  and  dpi,  located  at  Qa 
and  Qk,  respectively.  Let  the  total  fields  due  to  dpa  and  dpt, 
radiating  in  the  presence  of  the  cavity  and  its  termination  be 
denoted  by  and  Eb,  ffb,  respectively.  These  fields 

can  be  decomposed  as 

(24) 

Sb  =  ei+Si;i}b  =  ai+s;  (25) 

where  {Si,3'a)  and  {Si  ifb)  are  the  fields  due  to  dpa  and 
dfb,  respectively,  in  the  presence  of  the  cavity  but  with  the 
termination  removed  (or  absent),  so  {E*,  ft*)  and 
are  the  fields  due  to  dpa  and  dpb,  respectively,  which  are 
scattered  by  the  termination.  Hie  termination  recipr  Kity 
integral  is  then  stated  as  follows: 

StiQa)  =  xffi-Eix  iis)  .  MS  (26) 


Fig.  7.  3-D  cavity  illuminated  by  two  infinitesimal  dipole  sources. 


where  St  is  a  conveniently  located  cross  section  inside  the 
cavity  near  the  termination,  as  shown  in  Fig.  7,  and  n 
is  the  unit  surface  normal  of  St  pointing  away  from  the 
termination.  To  use  (26),  it  is  assumed  that  and  are 
known  by  tracking  the  fields  from  dpa  through  the  interior 
of  the  cavity  to  St  in  the  absence  of  the  termination,  and 
that  and  are  known  by  tracking  the  fields  El,  HI 
from  dpb  through  the  interior  of  the  cavity  to  the  termination 
and  tracking  them  back  to  St  after  being  scattered  by  the 
termination. 

Finding  the  interior  scattered  field  at  St  can  be  very 
difficult  for  an  arbitrary  termination;  some  procedures  for 
accomplishing  this  are  currently  under  study  and  will 
be  reported  separately  in  the  future.  In  the  numerical 
results  presented  in  this  paper,  a  simple  planar  perfectly 
conducting  termination  is  employed.  It  is  noted  that  (26) 
intrinsically  includes  all  the  multiple  interactions  between 
the  termination  and  the  open  end  of  the  cavity.  However, 
these  multiple  wave  interactions  are  ignored  for  the  reasons 
given  earlier  in  the  introduction. 

For  the  case  of  plane  wave  illumination,  far  field  scatter¬ 
ing,  and  a  planar  termination  of  width  I  which  is  normal  to 
the  z  axis,  it  is  straightforward  to  show  that  (26)  reduces 
to  the  following  expression  for  the  2-D  case: 


U’b{Qa)  =  - 


1 

U'  v'jSirfc  y/p 


(27) 

where  Ug{Qa)  is  the  bistatic  scattered  field  in  the  direction 
of  Qa  at  a  far  field  distance  of  p  from  the  open  end  of 
the  cavity,  due  to  a  plane  wave  of  amplitude  U*  incident 
from  the  direction  of  Qb-  The  integration  in  (27)  is  over  the 
termination  boundary.  Ul  in  the  integrand  of  (27)  is  found 
by  launching  GB’s  which  are  excited  by  the  field  incident  at 
the  open  end  from  Qa,  and  tracking  them  through  the  cavity 
interior  to  5(.  The  GB  launching  expansion  is  given  in  (3). 
Similarly,  Ug  in  the  integrand  of  (27)  is  found  by  launching 
the  GB’s  excited  by  the  field  incident  at  the  open  end  from 
Qb,  and  tracking  them  through  the  cavity  to  the  termination 
and  reflecting  them  back  to  the  termination  boundary  Sf 
For  the  case  when  St  lies  directly  on  a  planar  termination, 
l/^  can  be  easily  found  from  Ul  by  using  the  boundary 
conditions  on  the  termination  surface. 
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V.  Results  and  Conclusions 

The  numerical  results  presented  here  are  for  the  case  of 
backscatter  from  2-D  open  waveguide  cavity  geometries 
which  are  made  up  of  straight  and  annular  perfectly  con* 
ducting  waveguide  sections  and  are  terminated  by  a  planar 
perfect  conductor.  An  independent  hybrid  modal  reference 
solution  as  well  as  a  ray  shooting  (SBR)  solution  [1],  [2] 
is  available  for  these  types  of  geometries.  The  numerical 
results  include  the  external  scattering  by  the  edges  at  the 
open  end  along  with  the  internal  cavity  scattering.  No  other 
external  scattering  effects  are  considered.  Furthermore,  the 
multiple  interactions  between  the  open  end  and  the  ter¬ 
mination  are  neglected  for  reasons  mentioned  earlier.  The 
numerical  results  are  presented  as  echo  width  in  decibels 
(dB)  relative  to  a  wavelength  versus  incidence  angle.  The 
2-D  echo  width  is  defined  by 


c  =  lim  27rp 

P— *00 


\U'? 


(28) 


(a) 


where  U£{Qa)  is  calculated  from  (27)  for  the  case  of  a 
perfectly  conducting  planar  termination  coinciding  with  the 
plane  of  integration,  and  for  scattering  in  the  direction  of  the 
incident  plane  wave  (backscatter).  For  the  results  obtained 
here  via  GB  shooting,  the  initial  beam  waist  tUf  is  specified 
first  to  launch  GB’s  which  fit  well  within  the  open  end  of  the 
cavity,  and  the  initial  beam  parameter  6  is  found  from  (8) 
which  then  determines  A0  from  (14).  The  subaperture  size 
Lx  is  chosen  to  be  as  large  as  possible  under  the  constraint 
of  (16). 

Figure  8  compares  the  backscatter  patterns  of  a  straight 
cavity  calculated  using  three  different  methods.  The  GB 
result  compares  quite  well  with  the  hybrid  modal  reference 
solution,  whereas  the  ray  shooting  (SBR)  result  predicts  the 
overall  trends  in  the  pattern  but  misses  some  of  the  details. 
The  inaccuracy  of  the  SBR  result  is  due  to  exclusion  of  the 
fields  coupled  into  the  cavity  via  diffraction  of  the  incident 
plane  wave  by  the  leading  edges;  on  the  other  hand,  the 
subaperture  expansion  used  in  the  GB  shooting  method 
implicitly  includes  the  effects  of  these  fields  to  within  the 
Kirchhoff  approximation.  A  total  of  125  GB’s  were  tracked 
just  once,  independent  of  incidence  angle,  to  obtain  the 
results  of  Fig.  8.  In  contrast,  the  SBR  method  required  one 
to  track  200  rays  for  each  incidence  angle  at  one  degree  in- 
aements,  so  a  total  of  12  (X)0  rays  were  tracked!  Of  course, 
the  number  of  GO  rays  tracked  would  be  reduced  if  the 
backscatter  was  calculated  at  larger  inaements  of  the  inci¬ 
dence  angle,  thus  sacrificing  some  continuity  in  the  pattern. 

Figure  9  shows  the  backscatter  patterns  of  a  relatively 
short  double-bend  S-shaped  cavity.  The  two  GB  shooting 
solutions,  which  use  different  initial  beam  parameters,  agree 
well  with  each  other  as  well  as  with  the  reference  solution. 
It  should  be  mentioned  here  that  in  realistic  scattered 
field  calculations,  a  result  which  is  accurate  to  within  3-5 
dB  is  usually  considered  a  good  approximation  for  most 
practical  purposes,  particularly  in  the  vicinity  of  the  peaks 
of  the  scattering  pattern.  The  results  of  Fig.  9  support  the 
capabilities  of  the  GB  method  for  practical  applications. 


0>) 

Fig.  8.  Backscatter  panems  of  a  parallel-plate  cavity.  - 

hybrid  modal  reference  solution, . GB  shooting  method, 

ti>  =  7.5A,  =  2.98,  0maz  —  75°, - SBR  ray 

shooting  method,  200  ray-tubes/angle,  (a)  T.t/y  polarization,  (b) 

TEy  polarization. 

The  reason  that  the  GB  results  in  Fig.  8  are  somewhat 
better  than  those  in  Fig.  9  is  because  the  curved  walls  of  the 
double-bend  geometry  in  the  latter  case  cause  the  beams  to 
diverge  and  distort  after  reflection,  introducing  small  errors 
in  the  axial  beam  tracking  approximation.  The  farther  a 
beam  propagates  inside  a  cavity  with  curved  walls,  the  more 
these  errors  accumulate.  This  is  what  limits  the  length  to 
approximately  .2d^/A  as  in  (23).  For  an  aperture  width  of 
14.9A,  the  limit  on  the  length  is  approximately  45A.  Figure 
10  shows  the  backscatter  patterns  of  a  double-bend  cavity 
which  is  longer  than  this  limit.  The  agreement  is  still  good, 
but  this  may  not  always  be  the  case  as  the  pattern  of  Fig. 
11(a)  pertains  to  a  double-bend  cavity  of  the  same  axial 
length  but  with  a  somewhat  different  geometry.  However, 
as  Fig.  11(b)  shows,  the  agreement  improves  when  the 
frequency  is  doubled.  It  is  noted  that  the  straight  cavities 
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(a) 


(b) 

Fi*.  9.  Backscatter  panerns  of  a  short  double-bend  S-shaped 

cavity.  - hybrid  modal  reference  solution, . GB 

shooting  method,  u-z  =  7.5A,  L,  =  2.98,  9mai  =  60°, - 

—  GB  shooting  method,  u’l  =  S.OA,  Lx  =  1.66,  6max  =  60°. 

(a)r  My  polarization,  (b)  TEy  polarization. 

which  can  be  analyzed  using  the  GB  shooting  method  can 
be  longer  than  the  limit  given  in  (23),  as  in  the  case  of  Fig. 
8,  because  the  flat  walls  do  not  cause  errors  to  accumulate. 

It  has  been  shown  that  the  GB  shooting  method  can 
be  useful  in  predicting  the  electromagnetic  coupling  into 
and  scattering  by  large  open-ended  nonuniform  waveguide 
cavities  with  smooth,  slowly  varying  interior  walls  for 
which  the  axial  beam  tracking  approximation  employed 
here  remains  applicable.  This  method  therefore  works  well 
for  nonuniform  cavities  which  are  wider  than  approximately 
eight  wavelengths  and  have  a  length  to  width  ratio  of  less 
than  approximately  one-fifth  of  the  width  in  wavelengths. 
It  is  noted  of  course,  that  the  length  of  the  cavity  could 
be  increased  further  without  difficulty  if  the  axial  tracking 

1410 


(*) 


0» 

Fig.  19.  Backscatter  patterns  of  a  long  double-bend  S-shaped  cavity. 

- hybrid  modal  reference  solution, . GB  shooting  method, 

u>x  =  7.5A,  Lx  =  2.98,  Smor  =  60°,  —  -  —  GB  shooting  method, 
Wi  =  S.OA,  Lx  —  1.66,  Fmaz  =  60°.  (a)  TMy  polarization,  (b)  TEy 
polarization. 

approximation  is  replaced  by  the  more  accurate  procedure 
for  tracking  beams  via  complex  rays,  but  that  would  be  done 
with  much  less  efficiency.  Finally,  the  termination  reci¬ 
procity  integral  employed  here  allows  the  external  scattered 
fields  to  be  found  in  terms  of  the  fields  tracked  one-way 
from  the  open  end  of  the  cavity  to  the  interior  termination, 
and  allows  the  cavities  to  have  arbitrary  terminations  as 
long  as  the  local  internal  reflection  characteristics  of  such 
terminations  are  known. 
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Angle  Estimation  Using  a  Polarization  Sensitive 
Array 

Jian  Li  and  R.  T.  Compton,  Jr. 

Abstraet—lm  a  pnviom  paper,  tlw  aathon  described  bow  tbe 
ESPRIT  algottthai  may  be  aicd  to  estlnate  both  tbe  arrival  directioBS 
aad  the  polatlatiORf  of  iacomiat  piaae  sraves  sritb  a  oalfomi  Haear 
aitay  of  crossed  dipoles.  At  aheraatlve  approach  is  described  here  that 
■ay  be  ased  whb  tbe  saae  array  to  estbaatc  arrival  angles  oaly.  This 
new  approach  has  the  advaatage  that  H  reqalrcs  far  fewer  coapatatiou. 
The  p^oraaace  of  this  anmacb  ta  conpared  with  that  of  the  origiaal 
approach  aad  with  that  of  estiautors  asiag  coaveatioBal  ESPRIT 
arrays. 

I.  Introduction 

In  a  previous  paper  [1],  the  authors  described  how  the  ESPRIT 
algorithm  [2]  can  be  used  to  estimate  both  the  arrival  directions  and 
the  potaiizations  of  incoming  plane  waves  with  a  uniform  linear 
array  of  crossed  dipoles.  The  ESPRIT  algorithm  exploits  the  invari¬ 
ance  properties  of  such  an  array  so  that  both  angle  and  polarization 
estimates  can  be  obtained. 

In  some  applications,  however,  one  may  be  interested  in  estimat¬ 
ing  only  the  signal  directions,  but  not  the  polarizations.  The  purpose 
of  this  communication  is  to  show  how  the  approach  in  (1}  can  be 
ainqilified  wdien  polarization  estimates  are  not  needed.  The  simpli¬ 
fication  consists  of  averaging  the  two  covariance  matrices  assocuded 
with  two  ortht^onal  polarizations.  We  conqiare  die  performance  of 
Ibis  qipmach  with  thiid  of  the  earlier  approach  in  [1]  and  also  with 
that  of  a  conventional  ESPRIT  estimator  that  does  not  take  polariza¬ 
tion  into  account. 
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D.  Problem  Formulation 

Consider  a  2L-element  array  consisting  of  L  pairs  of  crossed 
dipoles,  as  shown  in  Fig.  1.  Each  dipole  in  tbe  array  is  a  short 
dipole,  so  the  output  voltage  from  each  dipole  is  proportional  to  the 
electric  field  component  along  that  dipole.  The  signal  from  each 
dipole  is  to  be  processed  separately  by  the  estimator.  The  /th  dipole 
pair,  /  *  1,  2,  ‘  Z.,  has  its  center  on  the  .>^axis  a  y  =  0  -  1)6. 

The  distance  6  between  two  adjacent  dipole  pairs  is  assumed  to  be  a 
half-wavelength  to  avoid  angle  ambiguity  problems. 

Suppose  K  (with  K  <  L)  continuous  wave  (CW)  signals  impinge 
on  the  array  from  angular  directions  in  die  >7-plane,  where  6 
denotes  the  polar  angle  in  the  yz-plane  as  shown  in  Fig.  1  and 
1,  2,' ",  X.  The  electric  field  for  signal  k  is  given  by 

E»  =  (-E.f.  +  (0 

where  and  ,  are  the  electric  field  conumnents  in  the  -x  and 
6^  directions,  resp^vely,  and  and  C(^  denote  unit  vectors  in  tbe 
X-  and  d^-directfons.  is  the  propagation  vector  for  signal  k, 
given  by  k  wl>ere  kg  is  the  ftee-space  propagation 

constant  and  is  a  unit  vector  pointing  outward  along  the  radial 
direction  defined  by  angle  (In  (1),  the  minus  sign  on  is 
included  because  and  -c,^,  in  that  order,  form  a  right- 

handed  coorditutte  system  for  an  incoming  signal.)  The  vector  r  in 
(1)  is  a  vector  from  the  coordinate  origin  to  a  poim  in  space  where 
the  field  is  measured.  Finally,  w  is  the  frequency  and  the  carrier 
phase  angle  of  signal  k.  is  assumed  to  be  a  rand^  variable 
uniformly  distributed  on  [0,  2«'),  and  the  for  differem  signals 
ate  assumed  statistically  independent  of  each  other. 

We  assume  each  signal  has  an  arbitrary  electromagnetic  polariza¬ 
tion  (3].  To  specify  the  signal  polarizations,  we  let  a,,  and  fit, 
denote  the  ellipticity  angle  and  the  oriemation  angle,  respectively,  of 
the  polarization  ellipse  produced  by  E„^  and  E,^  for  signal  k,  as 
shown  in  Fig.  2.  The  angle  is  measured  with  respect  to  die 
-x-direction.  To  eliminate  ambiguities,  fit  defined  to  be  in  the 
range  0  s  fit  <  w,  and  is  always  in  the  range  -ir/4 
»/4l31. 
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Fig.  1.  A  uniform  linear  array  of  croated  dipolea . 


Fig.  2.  PoUrizatioa  ellipte. 


In  tenns  of  and  0^,  the  field  cmnponents  and  are 
given  \T!/ 

(2) 

f*,- (3) 

where  is  the  amplitiide  and  yh  and  are  related  to  and  01, 

by 

00927^  *  cos2a«cot2/}j(,  (4) 

VUktii,^  t»a2aiiCK20^.  (S) 

(A  proof  of  die  relations  in  (3)-(S)  can  be  found  in  [4].)  By 
oonfoining  (l)-(S),  die  electric  field  for  signal  k  may  be  written 

E*  -  Etf-cosT^e,  +  sinT*e^»«,Je^“'‘‘*  (6) 


tf(f)  is  given  by 

*/(0  =  H  ■*s*(09*"' +»/(0.  /*1.2.-”.L  (10) 

a>i 


-cosy* 

'  sm  cos  6^t 


(12) 

where  X  is  the  wavelength. 

Let  i(I),  s(I),  and  b(I)  be  column  vectors  containing  the  received 
signals,  incidem  signals,  and  noise,  respectively,  i.e.. 


The  received  signal  vector  may  then  be  written 
z{t)  •=  Aa(f)  +  n(/), 
where  A  is  the  2Z.  x  A  matrix 

A-[n,  Z2---*k]> 


whose  columns  are  given  by 

•Uk  •  (16) 

We  assume  that  the  element  signals  are  sampled  at  N  distinct 
times  t„,  n  *  \,2,"  • ,  N.  The  problem  of  interest  is  to  determine 
the  angles  1,  2,**’,  A,  from  the  measurements  s(/,), 

«-  1,  2,"‘,N. 

In  a  previous  paper  [1],  the  authors  described  how  the  ESPRIT 
algorithm  may  be  ap|died  to  z(f„),  n  »  1,  2,*  ■  ■,  Af  to  estimate 
bmh  the  arrival  dire^ons  and  die  polarizations  of  die  incoming 
plane  waves.  In  this  communication,  we  consider  the  case  where  we 
are  interested  in  estimating  the  signal  directions  only.  We  describe 
below  a  simple  approach  that  may  be  used  wbra  polarizatioa 
estimates  are  not  needed. 

To  distinguish  between  diese  two  ^iproadies,  we  shall  refer  to 
the  earlier  approach  in  [1]  as  the  full  polarization  method.  The 
simplified  qiproach  described  here  will  be  called  the  angle-only 
method. 


m.  The  Simplified  Approach 


-  +  •inne^'e.Je-^* (7) 

where  s^(t)  is  the  Jtdi  incident  signal. 

s»(/)  -  (8) 

For  the  fth  dqmie  pair,  let  x^t)  be  the  signal  received  from  the 
x<axis  dipole,  and  yji.t)  die  sigmd  received  from  die  y-axis  dipole. 
Then  the  total  signal  vector  i/(f)  received  by  the  fth  dipole  pair  is 

«/(0  -  (*/(0  3'/(0l^.  (’) 

where  (*)^  denotes  the  transpose.  Assume  that,  in  additkw  to  the 
reodved  signals,  z^t)  contains  a  thermal  noise  voltage  vector 
■/<f)  *  1"m,0)  The  B/ff)  are  assumed  to  be  zero  mean, 

ooraplex  Oaussian  processes  statisdcally  independent  of  each  other, 
with  eovarianee  o^l.  where  I  denotes  the  idemity  matrix.  Then 


The  central  idea  of  the  angle-only  method  is  to  consider  the 
x-axis  dipoles  and  the  y-axis  diptdcs  as  separate  subanays.  The 
average  of  the  covariance  matrices  for  the  x-  and  y-axis  subarrays 
is  then  used  in  the  ESPRIT  algorithm  instead  of  the  hill  covariance 
matrix  of  die  crossed  dipole  array.  The  signal  directions  ate  esti¬ 
mated  from  the  averaged  x-  and  y-axis  covariance  matrices. 

Specifically,  let  x(r)  denote  die  column  vecuir  of  signals  received 
on  x-axis  dipoles,  i.e., 

*2(0  •  jraol*'-  (17) 

Note  that  x(f)  is  the  subvector  of  s(f)  consisting  of  the  odd- 
tnimbered  elemenu  of  z(t).  Let  a^d)  be  a  vector  containing  the 
corresponding  noise  voltages, 

■*(0  “  [«»,(0  ",,(0  •••  »n(0]^-  (>8) 
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■,(0  is  a  zero-mean  complex  Gaussian  process  with  covariance 
0M.  Then  %(/)  can  be  written 

*(/)  -  +  ■,(/),  (19) 

where  Aj.  is  the  direction  matrix 


1 


1 

92 


92'' 


1 

9k 


9k'' 


(20) 


and  is  defined  as 

diag{~cos7,.  -  COSY],  ".  -  cosYjr).  (21) 


The  covariance  matrix  of  x(t)  is  given  by 

R.  .  £{*(/)*«(!)}  -  A  +  0^1.  (22) 

Similarly,  let  y(()  denote  the  cdumn  vector  of  signals  received  tm 
the  y^-axis  dipoles,  i.e.. 


y(0  -  I  j-iCO  >2(0  •  •  •  >l(0]  (23) 


y(t)  is  the  subvector  of  z(r)  consisting  of  the  even-numbered 
elements  of  z(f).  y(t)  can  be  written 

y(0  -  Ai*,s(/)  +  n/r)  (24) 

where 

diag  {- sin  y,  cos  sinyjcosdje^,***, 


and 


-sinyj^cosfljte^*},  (25) 


■r(0  -  I«,i  «/2(0  •  "MV-  (26) 

m^O  is  also  a  zero-mean  complex  Gaussian  process  with  covari¬ 
ance  The  covariance  matrix  of  y(t)  is 


*,  -  ^{y(0y"(0}  -  Ai*,R,*,«A"  c^l.  (27) 

Next  let  R  be  the  average  of  R,  and  R, , 

S-^(*.  +  R,)  (28) 

R  can  be  written 

i  -  AtR.A^  0*1  (29) 

where  R,  is 

s.  -  ^  .  (30) 

Ijl*-"!*,"!  («) 

Since  the  incident  signals  are  uncorrelated,  R,  is  nonsingular.  As 
long  as  none  of  the  incident  signals  produces  a  zero  output  on  both 
ihe  X-  and  /-axis  dipoles  at  the  same  time,  is  of  rank  K. 

Then  S,  is  also  noMingolar.  _ 

To  apply  die  ESPRIT  algorithm  (2],  (S]  to  R,  die  direction  matrix 
Xi  oust  he  of  ftill  cohinin  rank.  The^ore  the  angles  of  arrival 
nwst  be  distinct  so  that  the  cohimns  of  A^  define  a  A-dimensional 
signal  lubapace  in  an  L-dimenskmal  space. 

Prom  fi,  the  signal  directions  may  be  odculated  as  follows  (2], 
(5J.  Let  ^  +  c*  at  Sj  +  e*  a:  •  •  •  i  Xj,  -Kr*  >  e*  -  •  •  •  - 
n*  be  die  eigenvahies  of  S,  and  C,,  6e 


die  corresponding  orthonormal  eigenvectors.  The  columns  in  « 

(i,  ij  8x]  are  referred  to  as  signal  subspace  eigenveclon. 
The^span  the  same  signal  subqiace  as  the  direction  ve^rs  in  A^. 
Let  E^,  and  E^j  be  the  (L  -  1)  x  A  submatrices  of  E,  consisting 
of  the  first  ^  the  1m  L  -  1  rows  of  E,,  reflectively.  Then  the 
columns  inj|,|  and  E^j  subfiace  as  the  columns  in 

A^_i  and  A^_,*,,  respectively,  where 

♦,  =  diag{9,,9i,".flx}-  (32) 

As  shown  in  [2],  tlw  diagonal  elements  of  are  the  eigenvalues  of 
the  unique  matrix  d',  that  satisfies 

E,2  =  (33) 


From  the  diagonal  elements  of  die  signal  directions  0^^  can  be 
computed  from  (12). 

The  approach  described  above  is  conqiutationally  sinqiler  than  the 
lull  polarization  method  in  [I],  becu^  it  requires  die  eigendecom- 
position  of  only  the  L  x  L  matrix  R  in  (28).  The  full  polarization 
method  requires  the  eigendecomposhion  of  R  £{z(f)z"(r)}, 
which  is  2L  X  2i.  [1].  Hence  the  new  approach  requires  fiproxi- 
mately  one  eighth  as  many  conqiutations  [6]. 

If  the  ideal  array  covariance  matrix  in  (28)  were  known,  the 
signal  directions  could  be  calculated  exactly  with  ESPRIT.  In 
practical  situations,  however,  only  a  finite  number  of  noisy  mea¬ 
surements  are  taken  at  the  dipole  outputs,  and  the  estimates  of  the 
signal  direcdons  must  be  made  from  the  availaUe  meaturements. 
Also,  the  number  of  incident  signals  is  unknown  and  must  be 
estimated.  The  minimum  description  length  (MDL)  criterioa  de¬ 
scribed  by  Wax  and  Kailath  (7]  can  be  used  to  estimate  the  number 
of  incident  signals,  and  the  total  least  squares  (TLS)  ESPRIT 
algorithm  [2],  [8]  can  be  used  to  estimate  The  steps  in  this 
process  are  as  follows. 

1)  Compute 

S  “  ^  l»(0*"(f J  +  y(f Jy"('»)] .  (34) 


where  N  denotes  die  number  of  measuremems. 

2)  Compute  the  eigenvalues  X,  2  ^  2  *  *  •  ^  X^  of  R. 

3)  Estimate  die  number  of  iKident  signals  A  using  the  MDL 
criterion.  The  MDL  estimate  £  of  the  number  of  signals  is  the 
value  of  £e  {0,  1,'  ‘  ,  L  -  1}  that  minimizes  the  following  MDL 
function  (7]: 


MDL(£)  -  -log 


L-A 


‘'/-a+i' 


(L--K)A/ 


+  ^£(2L -£)logN.  (35) 

4)  Obtain  E,  whose  columns  are  the  eigenvectors  of  R  that 
correfiond  to  the  £  largest  eigenvalues  of  S. 

5)  Form  E,,  a^  E,  in  die  same  way  that  E^,  and  E^j 

are  formed  firm  E,.  ... 

6)  Calculate  the  TLS  solution  from  1,,  and  1,2. 

7)  Cqpipute  4t<  ^  *  1,  2,*  *  ■,  £,  by  determining  the  eigenval¬ 
ues  of 

8)  Caloilate  the  direction  estimates  it  from 


ft 


I,2,--,£.  (36) 
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rv.  Simulation  Results 

We  show  below  several  examples  that  compare  the  performance 
of  this  estimator  with  that  of  the  full  polarization  method  in  [1].  We 
also  compare  this  estimator  with  ESPRIT  estimators  using  only  the 
X-  or  y-axis  dipoles  (i.e.,  a  conventional  ESPRIT  array). 

The  results  below  are  for  an  array  with  L  =  five  pairs  of  crossed 
dipoles  with  a  spacing  6  between  adjacent  dipole  pairs  of  a  half¬ 
wavelength.  All  incident  signals  are  assumed  to  have  the  same  unit 
amplitude  £«.  The  signal-to-noise  ratio  (SNR)  used  in  the  simula¬ 
tions  (-10  log,o<r^  dB)  is  20  dB.  The  number  of  data  samples 
taken  at  each  dipole  output  is  31,  and  SO  Monte  Carlo 
simulations  were  done  for  each  case. 

We  begin  with  the  case  of  a  single  linearly  polarized  signal 
(as  0*).  Fig.  3  shows  the  variance  (in  decibels  with  respect  to 
degrees  squared)  of  the  direction  estimate  0  as  a  function  of  when 
0  s  20*.  Four  curves  are  shown,  one  for  t|)e  full  polarization 
method  of  [1],  one  for  the  angle-only  method  discussed  above,  and 
two  for  conventional  ESPRIT  estimators  using  only  the  jr-dipoles  or 
y-dipoles.  Note  that  the  performance  of  the  angle-only  m^od  is 
almost  the  same  as  that  of  the  full  polarization  method  and  is  not 
sensitive  to  /3.  The  performance  of  the  conventional  ESPRIT  estima¬ 
tors  using  only  the  x-  or  y-axis  dipoles,  however,  is  sensitive  to  $. 
For  exanqile,  when  only  the  x-axis  dipoles  are  used,  the  angle 
estimates  deteriorate  rapidly  as  /3  approaches  90*  (as  the  signal 
becomes  vertically  polarized).  Of  course,  the  reason  is  that  the 
signals  on  the  x-axis  dipoles  approach  zero  as  /3  approaches  90*.  It 
is  thus  an  advantage  to  use  an  array  with  elements  responding  to 
more  than  one  polarization. 

Fig.  4  shows  another  example  of  a  single  signal  with  0  =  0*  and 
0  s  20*.  Fig.  4  shows  the  variance  of  the  direction  estimates  as  a 
function  of  the  ellipticity  angle  a.  Note  again  that  performance  of 
the  angle-only  method  is  almost  the  same  as  that  of  die  full 
polarization  method  and  is  not  sensitive  to  a.  The  performance  of  a 
conventional  ESPRIT  estimator  using  the  x-axis  dipoles  is  also  not 
very  sensitive  to  a,  because  the  signals  on  the  x-axi$  dipoles  are 
never  close  to  zero  for  any  a.  For  an  ESPRIT  estimator  using  the 
y-axis  dipoles,  however,  the  variance  blows  up  when  the  polariza¬ 
tion  ai^roaches  linear  (near  o  »  0*). 

Next  we  consider  a  case  where  two  signals  arrive  from  0,  «  20* 
and  $2  =  4-  A0,  so  A0  is  the  angular  separation  between  the 

two  signals.  We  assume  the  corresponding  ellipticity  angles  are 
a,  =  45*  and  02  =  45*  -  Aa  and  the  orienution  angles  m  0,  = 
02  s  0*,  so  Aa  is  the  only  difference  in  polarization  between  the 
two  signals.  Fig.  5  shows  the  variance  of  0,  as  a  function  of  A  a  for 
two  values  of  A0.  The  variuice  is  obtained  by  taking  the  smaller  of 
the  two  angle  estimates  as  0|. 

Note  that  the  performance  of  the  angle-only  approach  is  not 
sensitive  to  Ao,  but  the  performance  of  the  ftill  polarization  ap¬ 
proach  is.  For  small  A0  a^  large  Aa,  the  full  polarization  method 
yields  better  performance  than  the  angle-only  method.  For  large  A0 
or  small  Aa,  the  two  mediods  yield  similar  performance.  The 
poorer  performance  of  the  an^e-oidy  method  when  A0  is  small  and 
Aa  is  large  occurs  because  Ajr.  in  (20)  is  ill-conditioned  but  A  in 
(15)  is  not.  The  ill-conditioned  A^^  makes  it  hard  to  resolve  the 
columns  of  A^.  and  thus  to  resolve  the  two  closely  spaced  direc¬ 
tions. 

Note  also  from  Fig.  5  that  for  a  conventiomd  ESPRIT  estimator 
using  the  y-axis  dipoles,  the  variance  of  0|  increases  as  Aa 
approaches  45*  (linear  polarization)  even  though  Aa  affects  only 
the  polarization  of  the  signal  from  $2-  reason  is  that  as  Aa 
approaches  45*,  the  signals  on  the  y-axis  dipoles  due  to  signal  2  go 
to  zero,  so  the  estimates  of  $2  become  very  poor.  Because  the 
smaller  of  the  two  estimated  angles  is  taken  to  be  0,,  a  large  error  in 
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Fig.  3.  Variance  of  0  versus  0  for  a  linearly  polarized  signal  (o  =  0*), 
0  =  20*.  Solid  curve:  full  polarization  method  and  angle-only  method  (the 
two  curves  are  virtually  the  same  for  this  case);  dotted  curve:  x-axis  dipoles 
only;  dashdot  curve:  y-axis  dipoles  only. 
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Fig.  4.  Variance  of  0  versus  ellipticity  a  for  0  =  0*,  9  =  20*.  Solid 
curve:  full  polarization  method  tad  angle-only  method  (the  two  curves  are 
virtually  the  same  for  this  case):  doited  curve:  x-axis  dipoles  only;  dashdot 
curve:  y-axis  dipoles  only. 

the  angle  estimate  for  signal  2  can  ^se  the  two  estimated  angles  to 
be  assigned  incorrectly  to  0,  and  02.  The  result  is  a  large  increase 
in  the  computed  variance  of  0,. 

Finally,  we  remark  that  the  above  results  were  obtmned  by 
assuming  that  the  number  of  incident  signals  A  is  known.  We 
found,  however,  that  the  MDL  criterion  provided  accurate  estimates 
of  A  for  both  the  angle-only  method  and  the  full  polarization 
method  in  all  simulations.  For  a  conventional  ESPRIT  esil'nator 
using  only  the  x-  or  y-axis  dipoles,  however,  estimates  of  K  can  be 
wrong  for  certain  signal  polarizations. 

V.  CONCXUSION 

In  a  previous  paper  [1],  we  described  how  the  ESPRIT  algorithm 
can  be  used  to  estimate  both  the  arrival  directions  and  the  polariza¬ 
tions  of  incoming  plane  waves  with  a  uniform  linear  array  of 
crossed  dipoles.  In  this  communication,  we  have  described  a  sim¬ 
pler  alternative  approach  that  can  be  used  to  estimate  only  the 
arrival  directions.  Thu  new  approach  requires  approximately  one 
eighth  as  many  computations  as  die  earlier  method  (the  full  polariza¬ 
tion  method).  Simulation  resulu  show  that  the  full  polarization 
method  yields  better  direction  estimates  than  this  new  approach  if 
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Fig.  5.  Variance  ci  i  venui  Aa.  S(^  curve;  ftiU  polarizatioa  method; 
dashed  curve;  angle-only  method:  doited  curve;  x-axii  dipdea  only;  dashdot 
curve;  ynucia  dipolei  o^.  (a)  A9  >  4*.  (b)  AS  «  20*. 


the  difference  in  the  signal  directions  is  small,  but  the  difference  in 
the  polarizations  is  large.  Otherwise,  the  two  approaches  have 
similar  performance. 
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A  Microstrip  Line  on  a  Chiral  Substrate 

Michael  S.  Kluskens  and  Edward  H.  Newman 


AtahM — Rigbl  aad  left  circular  vector  potentiab  arc  developed  aad 
■acd  hi  a  spcctialHloBiain  sointioii  ftir  a  nicioetrip  traBsmissioii  line  on 
a  chiral  labetrale.  These  vector  poteatials  have  propcrtlct  similar  to 
those  of  the  asoal  aMgactic  and  electric  vector  potentials,  except  that 
they  resnlt  in  drcalar  rather  than  Hncariy  polariacd  fields,  thereby 
simplihiefi  field  expansioBs  in  chiral  media.  Ilie  chiral  microstrip  line 
docs  not  have  Mlhrcalcd  modes  like  other  chiral  gnided  wave  structures; 
hoaever,  the  chiral  substrate  causes  a  signillcant  asymmetry  in  both  the 
fields  and  currents. 


I.  Introduction 

This  paper  presents  a  spectral-domain  Galerkin  moment 
method  (MM)  solution  for  a  minostrip  transmission  line  on  a 
chiral  substrate.  A  chiral  medium  is  a  form  of  artificial  dielectric 
consisting  of  chiral  objects  randomly  embedded  in  a  dielectric  or 
other  faiedium  [1].  At  optical  frequencies,  the  chiral  objects  are 
molecules  and  the  medium  is  called  an  isotropic  optically  active 
medium.  At  microwave  frequencies,  early  research  used  con¬ 
ducting  helices  as  a  scale  model  for  optical  activity  [2j.  From  this 
and  later  work,  the  constitutive  relationships  for  chiral  media 
have  been  shown  to  be  the  same  as  those  for  isotropic  optically 
active  media;  therefore,  the  same  notation  is  used  [3,  sec.  8.3]. 

A  chiral  medium  is  distinguished  from  other  media  in  that 
right  and  left  circularly  polarized  waves  propagate  through  it 
with  different  phase  velocities,  even  though  it  is  a  reciprocal  and 
isotropic  medium.  For  most  chiral  guided  wave  structures  this 
property  results  in  bifurcated  modes  [4]-[6],  i.e.,  pairs  of  modes 
with  the  same  cutoff  frequency.  The  chiral  microstrip  line  does 
not  have  bifurcated  modes,  and  thus  the  dispersion  curves  are 
single  valued.  The  primary  effect  of  the  chiral  substrate  is  to 
generate  asymmetric  longitudinal  and  symmetric  transverse 
fields.  This  effect  could  significantly  alter  the  properties  of 
mkrowave  devices  constructed  on  a  chiral  substrate. 
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Fig.  1.  Microstrip  line  on  a  grounded  chiral  substrate. 


II.  Theory 

The  constitutive  relationships  for  a  chiral  medium  can  be 
written  as 

(1) 

B’~nH  +  (2) 

where  €,“6-1-  .  M  is  the  permeability,  e  is  the  permittivity, 

and  the  pseudoscalar  is  the  chirality  admittance  of  the 
medium  (c^"'). 

Following  the  techniques  used  in  [7],  [8],  the  right  (R)  and  left 
(L)  circular  vector  potentials  are  defined  as 

R-iHkR)  (3) 

L-iHkL)  (4) 

where  a  is  an  arbitrary  unit  vector  and  is  a  solution  of  the 
scalar  wave  equation  k^iHk)^0.  The  right  and  left 

circularly  polarized  electric  fields  are  formed  using 

\R  +  ^VxR\ 
kR 


) 


(5) 


and 

*1  -W^Jl€7±WMf,. 


where  the  wave  numbers  k^  and  are  given  by 

k. 


The  corresponding  magnetic  fields  are  given  by 


1  ^ 

(6) 


(7) 


(8) 


where  rj,  -  is  the  chiral  wave  impedance.  The  right  (or 

left)  circular  vector  potential  component  Ry  (or  Ly)  produces  a 
right  (or  left)  circular  to  y  field  RCy  (or  LCy.),  just  as  the 
magnetic  vector  potential  component  Ay  produces  a  transverse 
magnetic  to  y  field  TMy. 

The  microstrip  line  is  shown  in  Fig.  1,  where  the  substrate  has 
parameters  (M,€,f,)  and  thickness  T.  The  microstrip  line  is  W 
wide,  infinitely  thin,  and  perfectly  conducting  with  a  current 
distribution  of  /(z)e "■**•*.  The  region  y  >  T  is  free  space,  with 
parameters  (mo><o)  number  kg  “ 

region  the  fields  may  be  expanded  as  the  sum  of  TMy  field  and 
a  TEy  field  using 


•Ml 

> 

1 

4  1 

4/1 

0  y 


(9) 


•kl  +  kl-  kj. 


where  kj  > 

In  the  substrate,  the  fields  are  expanded  in  terms  of  right  and 
left  circular  vector  potentials.  Individually,  right  or  left  circularly 
polarized  fields  can  not  satisfy  the  boundary  condition  of  zero 
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tangential  electric  field  on  the  ground  plane  at  y  »  T.  However, 
this  boundary  condition  can  be  satisfied  by  a  quasi-TA/y,  field 
formed  as  the  sum  of  a  RCy  field  and  a  LCy  field  generated  by 
the  circular  vector  potentials  [8]; 

where  klK~kl  +  kl-kg  and  - ik£.  The  re¬ 
sulting  field  is  TMy  if  hence  the  name  quasi-TA/y. 

Similarly,  a  quasi-TEy  field  can  be  formed  using 

I  k„  \ 


(10) 


\^y,b}  2ir-'-. 


■  sin  kyjtv 


■sinky^y 


(11) 


The  four  unknown  spectral  functions  A,  F,  Q^f,  and  are 
determined  by  enforcing  the  boundary  conditions  at  y  »  T  [8]. 
The  fields  Ey  and  E,  at  the  interface  y~r  are  presented 
below  in  terms  of  the  even  and  odd  components  of  the  Fourier 
transforms  of  these  fields  generated  by  i  and  i  polarized 
traveling  wave  line  sources  at  x  >■  0,  y  -  T: 

(12) 

(13) 

A  ky  j  rje 


2k,ky 

Ei‘„~-Ei-„~i-^G- 

k^  —  /c^ 


S ^  cos ky  „T cos kyjT  -  G* 
U^-^sinkynTcoskyJ 


+ sin k y  lT cosky  „T 

*r. 


K-t — sinky  nT cosky  J 


generated  by  the  surface  current  JJix)  is  given  by 

eHx)  -  ^  /_“j4^(fcx) + £i:<,(fcx)] 

■j\{k^)e-^'^‘’‘*‘‘‘‘Uk,.  (22) 

In  a  conventional  achiral  microstrip  line  £/•„,  E/*,,  and 

are  zero,  causing  J/x)  and  y,(x)  to  be  even  and  odd 
functions  of  x,  respectively.  However,  this  is  not  true  for  a  chiral 
microstrip  line,  thereby  requiring  a  set  of  even  and  odd  basis 
functions. 

III.  Moment  Method  Solution 

The  and  currents  for  the  MM  solution  are  eiqianded  as 

N.. 

■^x(x)-  E/x.„/,.,(Jt)  (23) 

n-O 

(24) 

II-O 

where  4  „  and  „  are  the  unknown  coefficients.  The  basis 
functions  ^  and  „  are  Chebyshev  polynomials  weighted  by 
the  edge  conditions  [9]-[13]: 

4  UJ2X/W)  , - 7 

where  T„(x)  and  U„(x)  are  Chebyshev  polynomials  of  the  first 
and  second  kinds,  respectively.  The  Fourier  transforms  of  these 
basis  functions  are  [14,  sec.  6.671]: 

(28) 

where  J„(x)  is  an  nth-order  Bessel  function.  The  MM  can  then 
be  applied  to  enforce  the  boundary  condition  of  zero  tangential 
electric  field  on  the  microstrip  line.  In  block  matrix  form,  the 
MM  equation  is 


+yfp-t/+^— kI)  (17) 

[*yM  *2  Mo 

1  /  L  R  \ 


^xx  ^xt 

Z„  z„ 


where  /,  -  [/,.o  ’  •  •  Un/  I.  ” l^x.o •  •  •  ft.sf- 
In  the  xz  block 


-xx(N.,0) 


^xi(0,JV,) 


^xx(N.,JV.) 


■¥-^s\nky  J  cosky  nT  (21) 

^y.L 

with  kj  -  +  ki^)/2.  For  example,  the  £,  field 


Zx.<«.«)-  -/_“/x"*(*x)/..,(*x)/x.-.(-  fcx)</*x-  (31) 

Impedance  elements  in  the  remaining  blocks  are  given  similarly. 

The  propagation  constants  of  the  modes  are  found  as  the 
roots  of  the  determinant  of  the  impedance  matrix  given  in  (29). 
For  a  given  propagation  constant  the  fields  in  any  region  and 
the  current  distribution  may  be  found  using  the  equations  pre¬ 
sented  in  the  previous  section. 

IV.  Numerical  Results 

This  section  presents  numerical  results  demonstrating  the 
aomracy  of  the  MM  solution,  and  some  effects  of  chirality  on  a 
microstrip  transmission  line.  All  currents  are  normalized  to 
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Chiral  Microstrip  Line 
€r  =  4,  T=3mm,  W=3mm 

^c=»001S,  Frequency  =  500  MHz 
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Fig.  2.  Fields  and  cunents  at  y  -  T  for  a  chiral  microstrip  solved  using 
ten  J,  inodes  and  ten  J,  inodes. 

Chiral  Microstrip  Line 


Fig.  3.  Normalized  guide  wavelength  (A,  /Ag)  versus  frequency  for  the 
Aindamenial  mode  of  chiral  and  achiral  microstrip  lines,  for  a  range  of 
chiral  parameters  in  Siemens. 


7,  0  - 1,  rince  the  microstrip  current  can  only  be  found  to  within 
a  constant.  In  the  figures  the  real  part  of  the  current  and  fields 
is  shown  as  a  solid  line,  and  the  imaginaiy  part  as  a  dashed  line. 

Figr  2  shows  the  electric  fields  and  cunents  at  the  interface 
y  >  r  fbr  a  MM  solution  using  ten  longitudinal  and  ten  trans¬ 
verse  basis  functions.  Hie  left-hand  graphs  show  that  the  fields 
Mtisfy  the  boundaiy  condition  of  zero  tangential  electric  field  on 
the  microstrip  line.  The  coireqionding  cunents  are  shown  in  the 
right-hand  graphs.  The  even  transverse  current  component, 
whidi  occurs  solely  because  of  the  chirality,  is  significantly 
larger  than  the  odd  transverse  cunent  component. 

The  dispersion  curve  shown  in  Fig.  3  shows  the  normalized 
guide  wavelength  (A,  /Ag)  for  the  fundamental  mode  of  a  chiral 
microstrip  line,  for  a  range  of  chiral  parameters.  The  case 
contsponds  to  an  achiral  line.  Fig.  3  shows  that  the  propagation 


constant  is  not  significantly  affected  unless  the  chiral  parameter 
is  a  significant  percentage  of  the  maximum  value  set  in  [IS]  of 
7,  -  ^e/M ,  which  in  this  case  is  0.0053  S. 
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Scattering  by  a  Chiral  Cylinder  of  Arbitrary  Cross  Section 
ia  the  Presence  of  a  Half-Plane 
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Department  of  Beetrical  Engineerinf 
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Abatract-  An  integral  equation  and  method  of  moments/Green’s  function  solution  to  the 
proiten  of  scattering  by  a  cfair^  cylinder  of  arbitrary  cross  section  in  t^  presence  ttf  a 
perfectly  conducting  half-plane  is  presented.  The  volume  equivalence  tbeoira  for  diiral 
media  is  used  to  Emulate  a  pair  of  coupled  vector  integral  equations  for  tte  equivalent 
dectric  and  magnetic  volume  polarization  currents  representing  the  diiral  cylin^.  Tte 
pnaenoe  of  the  half-plane  is  accounted  for  including  the  half-plane  Green’s  function  in 

the  kernel  of  the  integral  equations,  and  efflcieit  tech^ues  for  accurately  evaluating  the 
integrals  in  this  Green's  function  are  presented.  Numeriiml  results  Illustrate  that  a  mini 
qrlinder  surrounding  the  half-plane  edge  can  significantly  modify  the  scattering  from  the 
edge.  The  chiral  cylinder  is  also  seen  to  produce  sigi^cant  cross-polarized  scattered 
whidi  are  a  direct  result  of  the  rotation  of  fidd  polarization  in  a  diiral 

L  INTRODUCTION 

This  paper  presents  a  pulse-basis  point-matching  method  of  moments  (MM)/ 
Green’s  function  solution  [1]  to  tlm  two-dimensional  problem  of  scattering  1^ 
an  isotropic  and  inhomogeneous  chiral  cylinder  of  arbitrary  cross  section  in  tlm 
prewnce  of  a  perfectly  conducting  half-plane.  The  solution  allows  the  efficient 
anaiyds  of  the  effects  of  a  chiral  coating  on  the  scattering  from  an  ideal  knife 
edge.  This  technique  can  be  used  to  study  the  use  of  chiral  media  to  modify  or 
control  edge  diffiaction,  which  could  have  ^>plicatk>n  to  reflector  or  to 

antennas  on  flnite  grotmd  planes.  Also,  the  MM  solution  can  serve  as  a  reference 
solution  for  a^ymptatk  or  approximate  methods. 

A  chiral  m^um  is  a  recfyrocal  medium  characterized  by  difierent  phase  ve¬ 
locities  to  ri^  and  left  circularly  polarized  waves.  In  a  lossless  chiral  medium,  a 
linearly  polarized  wave  undergoes  a  rotation  of  its  polarization  as  it  propagates. 
These  are  the  same  pixqierties  as  an  isotropic  optically  active  media;  therefore, 
the  same  constitutive  relationships  can  be  used  p,  sec.  8.3].  Fbr  chiral  cylinders, 
these  properties  result  In  a  ooiqiling  of  the  TM  and  TE  polarizations.  A  partial 
list  of  references  describing  chiral  media  is  i^ven  by  (3-0). 

Fallowing  the  authors*  previous  work  [10,11,12],  the  present  solution  uses  the 
chiral  volume  equivalence  theorem  [10]  to  replace  the  chiral  cylinder  by  free  qiace 
and  equivalent  electric  and  magnetic  volume  polarisation  currents  (7,M)  .  These 


733 


Kluakena  and  Nawman 


polarization  currentt  are  formulated  as  the  solution  to  a  pair  of  coupled  vector 
integral  equations.  The  electric  surface  currents  on  the  half-plane  are  not  explic¬ 
itly  included  as  unknowns  in  the  MM  solutioa  Instead,  thc^  effects  are  exactly 
accounted  for  by  including  the  half-plane  Green’s  function  in  the  kernel  of  the 
integral  equation  [13,  sec.  8.3].  Efficient  techniques  for  accurately  evaluating  the 
integrals  in  this  Green's  function  are  presented  in  the  appendix.  These  coupled 
vector  integral  equations  for  (7,K7)  are  equivalent  to  six  coupled  scalar  inte¬ 
gral  equations  for  (Jx,  Jy,  J«)  and  (Mx,  My,  M,),  which  are  solved  using  a 
pulse-basis  point-matching  MM  solution.  It  is  noted  that  this  problem  could  be 
formulated  in  terms  of  surface  currents  or  the  chiral  cylinder  (5,14).  The  main  ad¬ 
vantage  of  the  volume  formulation  is  that  it  can  more  easily  treat  inhomogeneous 
media. 

Numerical  results,  including  echo  width  and  internal  fields,  are  presented  for 
the  scattering  by  two  geometries,  a  chiral  slab  and  a  double-wedge  at  the  tip  of 
the  perfectly  conducting  half-plane  These  results  are  compared  with  the  fields 
produced  by  similar  achiral  b<^ies  in  the  presence  of  the  half-plane  and  the  bare 
half-plane.  In  addition,  the  cross-polarized  fields,  produced  the  coupling  be¬ 
tween  the  TM  and  TE  polarizations  in  a  chiral  medium,  are  shown  to  be  of 
comparable  magnitude  to  the  co-polarized  fields. 


n.  DERIVATION  OF  THE  INTEGRAL  EQUATIONS 

Hus  section  develops  a  set  of  coupled  integral  equations  for  the  equivalent  electric 
and  magnetic  ctirrents  representing  a  chiral  cylinder  in  the  presence  of  a  perfectly 
conducting  half-plane.  In  this  paper,  all  fields  and  currents  are  considered  to 
be  time  harmonic  with  the  time  dependence  suppressed.  The  constitutive 
rdationsldps  for  a  chiral  medium  [2,  sec  8.3]  can  be  written  as 

'D=t'E-j^c'B  (1) 

(2) 

where  ^  is  the  permeability,  e  is  the  permittivity,  and  the  pseudoscalar  (e  [2, 
p.  178]  is  the  chirality  admittance  of  the  medium.  If  /« ,  e ,  or  (c  are  complex  the 
wwfiU  is  lossy.  In  aq  inhomogeneous  chiral  medium  ft,  e,  and  (e  ve  fimctions 
of  pontion.  If  {e  *  0,  then  (1)  and  (2)  reduce  to  the  constitutive  relations  for 
an  achiral  medium,  lb  simplify  the  following  developments,  (1)  and  (2)  can  be 
written  as 

(3) 

(4) 

where  the  effective  permittivity,  te,  of  the  chiral  medium  is  defined  by 

ec-e  +  pCi  (5) 

In  the  original  problem  of  Fig.  la,  the  impressed  currents  ^7,  "H* ^  radiate  the 

total  fields  in  a  medium  which  is  &ee  space  except  for  the  perfectly 

conducting  half-plane  and  a  chiral  cylinder  with  constitutive  parameters  (p,e,(c) 
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confined  to  the  region  R.  The  chiral  cylinder  may  be  lossy  and/or  inhomogeneous. 
As  shown  in  Fig  lb.,  the  chiral  volume  equivalence  theorem  [10]  is  used  to  replace 
the  chiral  cylinder  by  fiee  space  and  the  dectric  and  magnetic  volume  polarization 
currents 

7  =iw(cc  -  (6) 

Tl  =‘ju{n  -  po)  TF  —  (7) 

confined  to  the  region  R,  where  (potCo)  ^  the  constitutive  parameters  of  free 
space. 

In  the  equivalent  problem  of  Fig.  lb,  the  total  fields  at  any  point 

in  space  are  given  by 

+  +  (8) 


jjr 


Tf=Tr  +  W+'R"’  (9) 

where  and  are  the  fields  radiated  by 

(T*,:^),  7,  and  Jf,  respectively,  in  the  presence  of  the  half-plane.  Then, 
substituting  (8)  and  (9)  into  (6)  and  (7)  yields 

-I?  -  E"  -  CE  +  OE?  -r  +  es^ 


-  V®’  -  eu  +  “mTH  +cmF 


in  R 
in  R 


where  eg,  ag,  and  aj^f  arc  defined  by 

ju{€c  -  eo) 
wp^c 

CM  =  -  - 


ju)(n  -  po) 

1 

jt.;(ec  -  «o) 

1 

«M 


(10) 

(11) 

(12) 

(13) 

(14) 

(15) 


Equations  (10)  and  (11)  can  be  oonndered  to  be  ooiq>led  integral  equations  for 

(7,77)  since  the  fields  and  can  be  written  as  integrals, 

over  the  lei^n  R  containing  the  chiral  cylinder,  of  7  and  77,  req>ectively, 
dotted  into  the  appropriate  half-plane  dyadic  Green’a  function  [13,  see  8.3).  For 

example,  could  be  written  as 

1^00  -  ^  77(1^)  •  S(F,P')  d/  (16) 

where  ^  is  the  source  point,  F  is  the  field  point,  and  ^  is  the  electric  field  dyadic 
Green's  function  for  a  magnetic  line  soiurce  radiating  in  the  presence  of  a  perfectly 
conducting  half-plane. 
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Figure  1. 


(a)  Original  problem:  Jit'j ,  half-plane  and  chiral  scat* 

terer.^)  Equivalent  problem:  scatterer  replaced  by  free  space 
and  (7,  IT) . 


Equations  (10)  and  (11)  are  then  solved  using  a  pulse-basis  point-matching  MM 
solution.  The  MM  solution  is  notational(y  identi^  to  that  presented  in  [10]  for 
a  chiral  cylinder  in  free  space,  except  that  all  fields  are  evaluated  in  the  presence 
of  the  half-plane  instead  of  free  spaM.  Since  the  half-plane  Green’s  function  can 
be  written  as  the  sum  of  the  free  space  Green’s  function  plus  a  correction  term 
which  accounts  for  energy  scattered  by  the  half-plane  [12,15],  the  elements  in  the 
MM  matrix  equation  can  be  written  as  those  for  the  chiral  cylinder  in  free  q>aoe 
plus  a  correction  term  which  accounts  for  the  presence  of  the  half-plane  The  free 
space  components  can  be  evaluated  using  the  methods  described  in  [10,11].  The 
evaluation  of  the  correction  term  requires  the  numerical  evaluation  of  a  dass  of 
integrals.  The  efficient  evaluation  of  these  integrals  is  discussed  in  the  appendbt. 


m.  NUMERICAL  RESULTS 

This  section  presents  numerical  results  for  TM  z  and  TE  g  scattering  by  two 
geometries,  a  chiral  slab  on  a  half-plane  and  a  double-wedge  covering  the  tip  of  a 
half-plane.  All  data  is  at  a  frequency  of  300MHz.  The  chiral  parameters  used  in 
this  section  obey  the  limit  set  in  [16]  of  The  literature  contains  a 
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lixnited  amount  of  numerical  data  for  scattering  by  chiral  objects.  Some  numerical 
data  is  available  for  chiral  spheres  [17,18]  and  q;>heroids  [19].  In  a  recent  papier, 
the  authors  presented  an  eigenfunction  solution  for  multilayer  chiral  cylinders  [20]. 
Figure  2  shows  the  badcscatter  echo  width  piattem  for  a  TMg  plane  wave 

incident  upion  a  lossless  chiral  slab  at  the  tip  of  a 
pierfectly  conducting  half-plane.  The  slab  is  1  meter  wide  and  0.2  meters  thick, 
with  piarameters  of  Cr  «  4.0,  /ir  1-5,  and  (e  0.002 A/V.  For  compiarison, 
the  widths  of  the  achird  slab  and  of  the  bare  half-plane  are  also  shown. 
Although  the  half-plane  is  the  dominant  scatterer,  the  presence  of  the  chiral  slab 
does  produce  a  sipiificant  change  to  the  echo  width.  In  piarticular,  the  chirality 
produces  a  cross-polarized  compionent  to  the  echo  width  which,  in  the  region 
<  120°,  is  of  compwrable  magnitude  to  the  co-p>olarized  echo  width.  This 
aoss-p>olarized  field  is  a  direct  result  of  the  rotation  of  polarization  which  occurs 
in  a  (^al  medium.  The  magnitude  of  the  internal  fields  along  the  center  line 
{y  «=  0.1m)  of  the  slab  are  shown  in  Fig.  3  for  60°.  Again,  the  cross- 
polarized  fidds  (Eg,  Ey,  Hz)  are  a  result  of  the  rotation  of  field  polarization  in 
the  chiral  medium,  and  are  of  compiarable  magnitude  to  the  co-polarized  fields 
{Ez,H^,Hy). 

Chiral  Slab  &  Half-Plane 


(deg) 

Figure  2.  The  oo-polarized  and  cross-polarized  badcscatter  ^*)  echo 
width  of  a  lossless  chiral  slab  at  the  tip  of  a  perfectly  conducting 
half-plane. 
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Chiral  Slab  &  Half-Plane 


X  (m) 


Figure  S.  Intental  fields  along  y  =  0.1  meters  for  the  chiral  slab  and  half¬ 
plane  geometry  show  in  Fig.  2  with  a  TM  z  incident  wave  from 
60®. 

Figure  4  shows  the  bistatic  scattering  from  a  perfectly  conducting  half-plane 
with  a  lossy  chiral  double-wedge  covering  the  tip.  The  double-wedge  is  2  meters 
wide  and  hu  a  maximum  thickness  of  0.08  meters  at  the  center.  The  upper  graph 
shows  the  co-polarized  and  cross-polarized  bistatic  echo  widths  for  a  z 
incident  from  180®  {E^g  —  e~'^^).  The  bistatic  echo  width  for  an  identical  achiral 
K  0)  double-wedge  and  for  the  bare  half-plane  is  also  shown  for  comparisoa 
The  lower  graph  displays  the  same  data  for  a  TE^  wave  incident  from  0®  » 

•ffo*).  In  each  case,  t^  chiral  double  wedge  causes  a  significant  modification  to 
the  scattering  from  the  half-plane.  For  example,  for  the  TM;;  case,  the  diiral 
wedge  reduces  the  edge  on  backscatter  »  180®)  echo  width  from  -8dB/m  to 
about  -60dB/m,  while  the  achiral  value  is  about  -16dB/m.  The  chirality  also 
produces  a  sipiificant  cross-polarized  component  for  both  the  TM^  and  TE^ 
cases.  Again,  these  cross-polarized  fields  are  a  direct  result  of  the  rotation  of 
polarization  in  chiral  medium. 
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Figure  4.  The  co-polarisKd  and  cross-polarized  bistatic  echo  width  of  a 
perfectly  conducting  half-plwe  with  a  chiral  double-wedge  at 
the  tip. 


IV.  SUMMARY 

This  paper  has  presented  an  integral  equation  MM/Green’s  function  solution  to 
the  problem  of  TMg  and  TEg  scattering  by  an  i^mogeneous  chiral  cylinder 
of  arbitrary  cross  section  in  the  presence  of  a  perfectly  conducting  half-plane. 
The  volume  equivalence  theorem  for  chiral  media  was  used  to  formulate  a  pair  of 
coupled  vectOT  integral  equatiom  for  the  equivalent  electric  and  magnetic  volume 
polarization  currents  representing  the  chiral  blinder.  These  equations  were  solved 
using  the  MM.  The  numerical  data  showed  that  the  chirality  of  a  simple  slab  at 
the  tip  of  a  perfectly  conducting  half-plane  can  significantly  modify  the  scattering 
from  the  half-plaae  and  also  generate  cross-polarized  scattered  and  internal  fields 
as  large  or  larger  than  the  co-polarized  fields. 
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APPENDEC:  EVALUATION  OF  THE  INTEGRALS  IN  THE  HALF-PLANE 
GREEN’S  FUNCTION 

The  Green’s  function  for  a  z  polarised  line  source  in  the  presence  of  a  perfectly 
conducting  half-plane  involves  the  integrals  [13, 8.3] 

Si(a,  j  (17) 

01 

for  t  ■■  1, 2.  This  appendix  will  present  new  and  efiBcient  techniques  for  accurately 
evaluatfog  these  integrals.  For  a  lossless  ambient  medium  a  and  P  are  real 
nuxnbers.  The  range  of  a  that  needs  to  be  explicitly  considered  can  be  restricted 
to  a  >  0  using  [12] 


Si{a,p)=^Sio{P)-Si{-a,p) 

(18) 

»  1,2  and  the  SiQ(P)  are  defined  by 

SwiP)  -  5i(-00,^)  = 

(19) 

SxiP)  =  S2(-oo,P)  -  -y|e#^*/2  |^(2) 

(20) 

Method  I:  Numerical  Integration  ( jaj  >  1.6,  all  P) 


This  section  presents  a  numerical  integration  technique  for  S\  and  re¬ 
quiring  for  fewer  points  then  previous  approaches  [11,12,15].  Using  the  change 
of  variables  ^  ^  x  and  x  »  o?  ^  jt,  where  the  second  change  of  variables 
corresponds  to  changing  the  integration  path  for  x  to  the  contour  z  »  to 
— yoo  -f  to  00 ,  (17)  can  be  rewritten  as 


Siia,P)^-j 


00 


(at*  -  jt  +  -jt 


where  the  portion  of  the  path  at  infinity  does  not  contribute  to  the  integral 
These  integrals  are  now  in  a  form  suitable  for  Gauss-Laguerre  Quadrature  [21, 
sec.  25.4.45],  which  is  very  eflicient  and  requires  only  two  intention  points  for 
jaj  >  8  to  achieve  six-digit  accuracy. 


Method  II:  Snull  Argument  Appreedmations  (  jaj  <  1.6,  0  <  <  7  ) 

This  section  presents  efficient  small  argument  approximations  for  the  Si  inte¬ 
grals  when  a  and  p  are  small.  The  «  0  case  can  be  done  analytically  and  is 
not  discussed  here.  In  this  region  the  integrals  are  evaluated  using 

5i(a,/3)-|5«,(«-sign(a)A5<(0,|Q|,/?)  (22) 

where  t  1,2,  the  5|o  ue  defined  in  equatbns  (19)  and  (20),  and  the  A5i  are 
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defined  by 


du 


(23) 


The  ASi  can  be  evaluated  using  the  Ihylor  series  e:q>ansion  for  and 

integration  by  parts,  which  produces 


ASi 


4(0,  |o|.«  fill  +  /(|)*+>j 

+  +  (24) 

where  aj,i  and  computed  using  reverse  recursion  and  the  relations 

*i.n  -«•>  -  ininSi  +  i)  Wl.  fcf  n  >  1  (26) 

i  J  a*  ^.2  (27) 

which  are  valid  only  fiir  «  »  1,2 . 

Method  III:  Small/Large  Argument  Apprcocimations  (  |a|  <  1.6, >7  ) 

This  section  presents  efficient  small/latge  argument  ^>proadmations  for  the  Si 
integrals  when  a  <  fi  and  0  is  large.  Using  (22)  ASi  is  evaluated  using  the 
trfnnmUl  enpamrion  Car  (v2+ and  integration  by  parts,  whidt  produces 


ASi(O,o,0)  '■ 


Ci.l^(oi) 


^  A 


2 


(/j2)<-l/2  ^ 

where  c^‘,i  and  dj^  are  computed  using  reverse  recursion  and  the  relations 


4i,n“^n~ 


n 


n-^  +  *£»2 
n  ^ 


F(a)  is  the  Fbesnel  inteiyal  ^ven  by 

F(q)- 


(29) 

(30) 

(31) 

f 

(32) 
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A  summary  of  various  high-frequency  techniques  is  presented 
for  analyzing  the  electromagnetic  (EM)  radiation  from  antennas 
in  the  presence  of  their  host  environment.  These  techniques  not 
only  provide  physical  insight  into  antenna  radiation  mechanisms, 
but  they  are  found  to  be  highly  efficient  and  accurate  for  treating 
a  variety  of  practical  antenna  configurations.  Examples  to  which 
these  techniques  have  been  applied  include  open-ended  waveguide 
antennas,  horn  and  reflector  antennas,  antennas  on  aircraft  and 
spacecraft,  etc.  The  accuracy  of  these  techniques  is  established  via 
numerical  results  which  are  compared  with  those  based  on  other 
independent  methods  or  with  measurements.  Furthermore,  these 
high-frequency  methods  can  be  combined  with  other  techniques, 
through  a  hybrid  scheme,  to  solve  an  even  greater  class  of  problems 
than  those  which  can  be  solved  in  an  efficient  and  tractable  manner 
by  any  one  technique  alone. 

I.  I?<TRODUCnON 

A  summary  of  some  high-frequency  techniques  is  pre¬ 
sented  for  efficiently  and  accurately  analyzing  the  elec¬ 
tromagnetic  (EM)  radiation  from  antennas  in  the  presence 
of  their  host  environment.  Such  high-frequency  techniques 
also  provide  a  physical  insight  into  the  antenna  radiation 
mechanisms  involved;  this  property  is  useful  for  both 
analysis  and  design  purposes. 

At  sufficiently  high  frequencies  (or  short  wavelengths), 
EM  wave  radiation,  propagation,  scattering  and  diffraction, 
exhibit  a  highly  localized  behavior.  Such  a  local  description 
of  high-frequency  EM  waves  is  given  in  terms  of  rays 
and  their  associated  fields.  Thus  the  total  high-frequency 
field  at  an  observation  point  is  given  by  the  superposition 
of  the  fields  of  all  the  rays  that  arrive  there,  such  as 
via  a  direct  (incident)  ray  path  from  the  primary  antenna 
excitation  (source),  and  via  rays  which  experience  reflection 
and  diffraction  from  generally  different  but  highly  localized 
regions  or  “flashpoints”  on  the  antenna  and  its  host  struc¬ 
ture,  as  shown  for  example  in  Fig.  1.  In  particular,  the 

Manucript  leceived  Januuy  S,  1991;  revised  June  15, 1991.  This  paper 
was  supported  in  part  by  the  Joint  Services  Electronics  program  under 
Contract  N00014-88-K-004  with  the  Ohio  State  University  during  the 
preparatkm  of  this  paper. 

The  author  is  with  the  Department  of  Electrical  Engineering,  Electro- 
Science  Laboratory,  Ohio  State  University,  Columbus,  OH  43212. 

IEEE  Log  Number  9105507. 


incident  and  reflected  rays  obey  Fermat’s  principle,  and  are 
associated  with  the  usual  geometrical  optics  (GO)  incident 
and  reflected  fields.  In  the  case  of  penetrable  objects, 
there  also  exist  GO  transmitted  rays.  On  the  other  hand, 
the  diffracted  rays  are  generally  found  to  originate  from 
geometrical  and  electrical  discontinuities,  and  from  points 
of  grazing  incidence  on  smooth  convex  portions  of  the 
radiating  object.  The  existence  of  these  types  of  diffracted 
rays  has  been  postulated  by  Keller,  via  an  extension  of 
Fermat’s  principle,  in  his  development  of  the  geometrical 
theory  of  diffraction  (GTD)  [1];  this  ray  method  will  be 
summarized  later  in  more  detail.  Such  a  rather  simplified 
and  physically  appealing  picture  for  the  transport  of  high- 
frequency  EM  energy,  locally  along  incident,  reflected,  and 
diffracted  rays,  is  in  sharp  contrast  to  the  description  of  EM 
wave  radiation  at  low  frequencies  that  is  generally  given 
in  terms  of  the  radiation  integral  on  the  currents  induced 
globally  over  the  antenna  and  its  entire  host  structure 
by  the  primary  antenna  excitation.  At  lower  frequencies, 
one  can  either  employ  numerical  methods  (e.g.,  moment 
method,  conjugate  gradient  method,  etc.)  to  solve  integral 
equations  for  these  induced  currents,  or  numerically  solve 
(using  finite  element  or  finite  difference  schemes)  the  partial 
differential  equations  governing  the  total  field  behavior. 
One  could  also  employ  a  numerical  modal  (eigenfunction) 
matching  technique  for  obtaining  the  relevant  field  solu¬ 
tions.  However,  at  moderate  to  high  frequencies  all  of  these 
numerical  techniques  [64]  become  very  poorly  convergent 
and  inefficient  because  numerical  solutions  are  generally 
based  on  exact  formulations  that  must  satisfy  field  self- 
consistency  in  a  global  sense,  i.e.,  over  the  entire  radiating 
object,  rather  than  requiring  a  knowledge  of  the  fields  in  a 
local  sense  as  done  in  the  high-frequency  approximations. 
It  therefore  becomes  necessary  to  employ  high-frequency 
techniques  for  analyzing  electrically  large  radiating  objects 
in  a  tractable  fashion. 

One  could  demonstrate  the  local  nature  of  high-frequency 
radiation  if  one  begins  by  considering  the  radiation  integral 
over  the  spatial  current  distribution  induced  on  a  radiating 
object  by  the  primary  excitation.  At  high  frequencies,  the 
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Fig.  1.  Rays  launched  from  an  infinitesimal  antenna  element  on 
an  aircraft. 


phase  of  the  corresponding  integrand  oscillates  rapidly 
and  produces  a  destructive  interference,  or  cancellation, 
between  the  various  spherical  wave  contributions  which 
arrive  to  a  given  observation  point  from  the  region  of  inte¬ 
gration  over  the  radiating  object  that  excludes  any  stationary 
phase  points  in  the  integrand.  The  dominant  contribution 
to  the  radiation  integral  then  arises  from  the  constructive 
interference  between  the  spherical  waves  which  emanate 
from  the  local  neighborhood  of  any  stationary  phase  points 
in  the  region  of  integration,  and  also  from  the  end  or 
boundary  points  of  the  integral,  etc.  A  similar  situation 
occurs  when  employing  a  spectral  rather  than  the  spatial 
representation  of  the  radiation  integral;  in  this  case  the 
dominant  contribution  to  the  spectral  integral  for  the  high- 
frequency  case  again  arises  from  the  local  neighborhood 
of  certain  critical  points  in  the  spectral  integrand,  such  as 
saddle  points,  poles,  etc.,  while  a  destructive  interference 
generally  exists  between  contributions  from  the  remaining 
portion  of  the  spectrum.  The  critical  points  within  the 
qtatial  representation  of  the  radiation  integral  physically 
correspond  to  the  “flashpoints”  or  points  of  reflection,  trans¬ 
mission  and  diffraction  on  the  radiating  object.  On  the  other 
hand,  the  critical  points  within  the  spectral  representation 
for  the  radiation  integral  correspond  to  specific  directions, 
or  rays,  along  wfiich  the  high-frequency  field  propagates 
to  the  observer.  Furthermore,  these  rays  originate  from 
the  flashpoints  alluded  to  earlier;  consequently,  both  the 
spatial  and  spectral  forms  of  the  radiation  integral  yield 
the  same  local  picture  for  the  radiation  of  high-frequency 
flelds.  Indeed,  a  critical  point  within  the  radiation  integrand 


of  either  the  spatial  or  the  spectral  type  leads  to  the  de¬ 
scription  of  a  particular  ray  mechanism  (e.g.,  ray  reflection, 
ray  diffraction,  etc.)  thereby  analytically  demonstrating  the 
principal  of  localization  of  high-frequency  fields.  Such 
an  evaluation  of  the  radiation  integrals  in  terms  of  a 
superposition  of  the  contributions  from  just  the  isolated 
critical  points  in  the  integrand  constitutes  an  asymptotic 
high-frequency  approximation  for  the  integrals.  Typically, 
the  asymptotic  evaluation  is  performed  with  respect  to  a 
large  parameter,  e.g.,  the  product  of  the  wavenumber  (27r/A, 
where  A  =  wavelength)  and  some  characteristic  distance, 
and  the  asymptotic  approximation  becomes  increasingly 
accurate  with  increase  in  the  large  parameter. 

It  can  be  verified  from  an  asymptotic  evaluation  of  the 
radiation  integrals,  as  discussed  above,  that  the  ray  fields 
exhibit  a  “local  plane  wave”  behavior;  i.e.,  the  rays  are 
perpendicular  to  the  wavefront  (or  equiphase)  surface  in 
an  isotropic  medium  as  shown  in  Fig.  2;  in  particular,  the 
wavefront  is  locally  plane  in  this  high-frequency  approxi¬ 
mation,  and  the  ray  field  is  polarized  transverse  to  the  ray. 
The  rays  are  straight  lines  in  a  homogeneous  medium.  The 
concept  of  wavefronts  and  rays  is  not  new;  indeed,  it  has 
been  central  to  the  development  of  classical  geometrical 
optics  (GO).  One  recalls  that  GO  includes  only  the  incident, 
reflected  and  transmitted  ray  fields.  Limiting  the  present 
discussion  for  the  sake  of  convenience  to  antennas  and 
their  host  structures  that  are  impenetrable,  it  then  follows 
that  only  the  GO  incident  (or  direct)  ray  from  the  primary 
excitation  and  the  GO  reflected  rays  can  exist  in  this  case. 
An  example  of  this  situation  is  shown  in  Fig.  3  where 
the  line  source  excites  an  impenetrable  structure;  the  GO 
incident  and  reflected  rays  exist  only  in  certain  portions 
of  the  space  surrounding  this  structure.  The  incident  rays 
(directly  radiated  from  the  line  source)  do  not  exist  beyond 
the  edge  induced  incident  shadow  boundary  OSB)  and  the 
smooth  surface  induced  surface  shadow  boundary  (SSB), 
respectively.  Also,  the  reflected  rays  disappear  beyond  the 
edge  induced  reflection  shadow  boundary  (RSB).  Therefore, 
GO  fails  to  predict  a  nonzero  field  within  the  shadow 
regions  of  the  incident  and  reflected  rays  where  such 
rays  cease  to  exist,  and  consequently  GO  cannot  describe 
the  diffraction  effects  behind  an  impenetrable  structure; 
this  may  be  visualized  in  Fig.  3.  The  failure  of  GO 
in  geometric  shadow  regions,  where  the  source  and  its 
image  are  not  directly  visible,  was  overcome  by  Keller’s 
GTD  [1].  The  existence  of  these  diffracted  rays  in  the 
GTD  can  be  readily  verified  via  the  asymptotic  reduction 
of  the  radiation  integrals  pertaining  to  various  canonical 
diffraction  problems.  Thus  according  to  GTD,  the  field  at 
the  edge  Qe,  which  is  incident  from  the  line  source  at  Q', 
gives  rise  to  edge  diffracted  rays  emanating  from  Qe  as 
in  Fig.  4.  Likewise  the  incident  ray  from  Q'  which  grazes 
the  surface  at  Qs  launches  a  surface  ray  which  propagates 
around  the  smooth  convex  boundary  transporting  energy 
into  the  shadow  region.  Surface  diffracted  rays  are  shed 
along  the  forward  tangent  to  the  surface  rays  as  shown  in 
Fig.  4.  The  field  at  Pi  in  Fig.  3  consists  of  simply  the  GO 
incident  and  reflected  fields,  whereas  according  to  GTD 
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Fig.  2.  Wavefront  surface  and  associated  family  of  rays. 
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Fig.  3.  Geometrical  optics  (GO)  incident  and  reflected  rays  pro¬ 
duced  by  a  line  source  radiating  in  the  presence  of  an  impenetrable 
structure. 
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Fig.  4.  Edge  di&acted  rays  originating  from  the  edge  Qe  snd 
rays  diffracted  tangentially  from  the  surface  ray  excited  at  the  point 
of  grazing  incidence  Qs- 


the  field  at  Pj  in  Fig.  4  also  contains  the  additional  edge 
difiiracted  ray  field.  The  field  at  Pg  in  Fig.  3  is  due  only  to 
the  GO  incident  field,  but  GTD  again  requires  that  the  edge 
diffracted  field  be  included  at  Pg  as  in  Fig.  4.  The  field  at 
P4  in  Fig.  3  vanishes  as  predicted  by  GO;  in  contrast,  the 
GTD  predicts  a  nonzero  field  at  P4  which  is  a  superposition 
of  the  edge  and  surface  diffracted  ray  fields  as  in  Fig.  4. 

The  GTD  field  is  clearly  a  superposition  of  GO  and 
diffracted  ray  fields.  Just  as  the  initial  amplitudes  of  the 
GO  refiected  and  transmitted  ray  fields  are  given  in  terms 
of  the  reflection  and  transmission  coefiRcients,  the  initial 
value  of  a  diffracted  ray  field  is  likewise  given  in  terms 
of  a  diffiraction  ooefikient.  The  relevant  diffraction  co¬ 


efficients  may  be  deduced  from  asymptotic  solutions  to 
simpler  canonical  problems  that  model  the  geometrical  and 
electrical  properties  of  the  original  problem  in  the  local 
neighborhood  of  the  point  of  diffraction.  As  a  result  of 
the  extended  Fermat’s  principle,  the  rays  diffracted  by  an 
edge  lie  on  a  cone  about  the  edge  with  the  cone  half  angle 
equal  to  the  angle  that  the  incident  ray  makes  with  the  edge 
tangent  at  the  point  of  diffraction  as  in  Fig.  9.  In  the  case 
of  a  two-dimensional  problem,  the  cone  of  diffracted  rays 
collapses  to  a  disk  as  in  Fig.  4.  Furthermore,  the  surface 
ray  initiated  at  Qs  in  Fig.  4  follows  a  geodesic  path  on  the 
convex  boundary;  also  once  launched,  the  surface  ray  field 
attenuates  as  it  propagates,  because  energy  is  continually 
shed  via  rays  diffracted  tangentially  from  the  surface  ray. 

Away  from  the  point  of  diffraction,  the  GTD  diffracted 
ray  field  behaves  just  like  a  GO  ray  field.  However, 
such  a  purely  ray  optical  field  description  of  the  GTD 
fails  within  the  transition  regions  adjacent  to  the  shadow 
boundaries  (e.g.,  ISB,  RSB,  and  SSB  in  Fig.  3)  where 
the  GTD  diffracted  fields  generally  become  singular.  The 
angular  extent  of  the  transition  region  varies  inversely 
with  frequency  and  it  also  depends  on  some  characteristic 
distances  as  will  be  discussed  briefly  in  Section  II.  Such  a 
transition  region  may  be  viewed  as  one  through  which  the 
GTD  field  changes  its  ray  optical  behavior,  e.g.,  as  from 
an  incident  ray  optical  type  to  a  diffracted  ray  optical  type 
across  an  ISB.  This  failure  of  the  GTD  within  the  shadow 
boundary  transition  regions  can  be  patched  up  via  uniform 
versions  of  the  GTD  such  as  the  uniform  geometrical  theory 
of  diffraction  (UTD)  [2H'^]  and  the  uniform  asymptotic 
theory  (UAT)  [5].  Addition^  references  dealing  with  the 
GTD/UTDAJAT  may  be  found  in  [6H11].  The  UTD  will 
be  used  in  this  paper  as  it  has  been  developed  for  a  variety 
of  canonical  shapes,  whereas  the  UAT  has  been  developed 
only  for  an  edge  at  the  present  time. 

It  was  indicated  earlier  that  the  asymptotic  evaluation  of 
radiation  integrals  gives  rise  to  a  total  high-frequency  field 
in  terms  of  a  superposition  of  the  contributions  from  certain 
isolated  or  critical  points  in  the  integrand  (which  can  be 
seen  to  correspond  to  the  field  of  GTD  rays).  Some  of  these 
critical  points  can  come  close  together  when  the  observation 
point  lies  within  the  shadow  boundary  transition  regions, 
and  even  coalesce  for  an  observer  on  the  shadow  boundary 
itself.  This  leads  to  a  “coupling  between  the  critical  points” 
and  the  asymptotics  must  then  be  modified;  i.e.,  it  must 
be  performed  via  a  uniform  procedure  which  accounts 
for  this  coupling  and  thus  forms  the  basis  of  the  UTD. 
In  the  UTD,  the  GTD  solution  is  modified  through  the 
use  of  uniform  asymptotic  procedures  which  systematically 
introduce  additional  factors,  referred  to  as  the  UTD  transi¬ 
tion  functions.  These  UTD  transition  functions  compensate 
the  GTD  singularities  at  shadow  boundaries  and  keep 
the  total  high-frequency  field  bounded,  and  continuous, 
across  these  boundaries,  thus  keeping  the  field  valid  within 
the  transition  regions.  Furthermore,  outside  the  shadow 
boundary  transition  layers,  the  UTD  automatically  reduces 
to  the  GTD.  These  transition  functions  are  special  functions 
characteristic  of  the  diffraction  process;  e.g.,  in  the  case  of 
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edge  diffraction  they  involve  Fresnel  integrals,  whereas  in 
the  case  of  convex  surface  diffraction  they  involve  Fock 
functions  [12]  which  contain  integrals  of  Airy  functions. 
The  latter  functions  are  named  after  V.  A.  Fock  who 
contributed  significantly  to  the  analysis  of  wave  diffraction 
by  smooth  convex  boundaries. 

It  thus  follows  from  the  preceding  paragraph  that  it  is 
the  UTD  and  not  the  GTD  which  must  be  used  in  practical 
applications  to  obtain  continuous  total  (high-frequency) 
fields  (around  the  radiating  object).  Besides  the  singularities 
of  the  GTD  at  the  GO  shadow  boundaries  discussed  above, 
the  GTD  and  its  uniform  versions  such  as  the  UTD, 
UAT,  etc.,  exhibit  singularities  at  the  caustics  of  GO  and 
diffracted  rays.  Ray  caustics  occur  whenever  a  family  of 
rays  (i.e.,  ray  congruences)  merge  or  intersect;  examples  of 
ray  caustics  are  shown  in  Figs.  S  and  6.  In  particular,  the 
diffracted  ray  caustic  at  P  in  Fig.  5  is  produced  on  the  axis 
of  a  symmetric  parabolic  reflector  illuminated  by  a  feed  at 
the  focus.  The  smooth  caustic  of  reflected  rays  in  Fig.  6 
is  produced  by  a  shaped  subreflector  which  is  a  surface  of 
revolution;  it  is  illuminated  by  a  feed  antenna  located  on 
the  subreflector  axis.  This  subreflector  surface  exhibits  an 
inflection  point  along  its  generator  giving  rise  to  the  caustic. 
Such  a  smooth  caustic  can  also  be  produced  by  a  concave 
reflector  surface.  A  curved  edge  can  likewise  generate  a 
smooth  caustic  of  diffracted  rays.  Ray  caustics  can  become 
problematic  in  the  GTD/UTD/UAT  computations  only  If 
they  occur  in  real  space  (exterior  to  the  antenna  and  its  host 
structure);  otherwise,  they  are  of  little  concern  whenever 
they  occur  in  virtual  space  e.g.,  within  the  scatterer  or  the 
antenna  host  structure,  unless  the  transition  region  adjacent 
to  the  virtual  caustic  emerges  into  external  space  where  a 
field  or  observation  point  may  be  located.  The  failure  of 
the  GTDAJTD  at  GO  or  diffracted  ray  caustics  and  their 
associated  transition  regions  can  be  patched  up  through 
a  uniformizing  procedure  which  again  introduces  special 
functions  (or  caustic  transition  functions)  to  correct  the 
pure  ray  solution.  For  a  smooth  caustic  as  in  Fig.  6, 
the  special  transition  function  involves  the  Airy  function 
and  its  derivative  [13],  [14];  if  the  caustic  curve  has  a 
cusp  then  one  obtains  Pearcey  functions  (related  to  the 
parabolic  cylinder  functions)  [IS].  If  either  the  smooth 
or  the  cusped  caustic  terminates,  as  might  happen  when 
the  reflecting  surface  terminates  at  an  edge,  then  one 
requires  incomplete  Airy  functions  or  incomplete  Pearcey 
functions,  respectively  [IS],  to  evaluate  fields  near  the 
caustic  termination.  These  special  functions  (or  transition 
functions)  reflect  the  coupling  of  the  pertinent  critical  points 
in  the  asymptotic  evaluation  of  the  radiation  integral  as 
discussed  earlier. 

A  procedure  which  can  treat  more  general  diffracted  ray 
caustic  effects  is  based  on  the  equivalent  current  method 
(ECM)  [16],  [17].  The  ECM  while  primarily  useful  for 
handling  caustics  of  diffracted  rays  can  in  some  special 
cases  also  be  employed  to  handle  caustics  of  reflected  rays. 
In  general,  the  ECM,  which  corrects  for  the  singularities 
of  the  fields  at  diffracted  ray  caustics  that  lie  outside 
the  ISB,  RSB  and  SSB  transition  regions  (where  UTD 


(a) 


(b) 


r 

(C) 


Fig.  5.  Point  caustic  of  edge  diffracted  rays  on  the  axis  of  a 
symmetrically  fed  parabolic  reflector. 


reduces  to  GTD)  desaibes  the  fields  within  such  caustic 
transition  regions  in  terms  of  a  radiation  integral  over  a 
set  of  equivalent  line  currents  that  replace  the  original 
geometry  and  its  illumination;  these  equivalent  currents 
are  found  from  the  GTD  diffraction  coefidcients  which  are 
not  singular  in  caustic  directions  even  though  the  actual 
GTD  ray  field  is  singular  there  [4].  The  fields  in  the 
diffracted  ray  caustic  region  of  Fig.  5  can  be  treated  by 
ECM.  This  ECM  procedure,  if  formulated  properly,  is  a 
uniform  procedure  in  that  away  from  the  caustic  transition 
region,  the  ECM  radiation  integral  reduces  asymptotically 
to  the  GTD.  In  a  few  cases,  the  ECM  radiation  integral 
reduces  to  a  closed  form  result,  or  it  can  be  expressed  in 
terms  of  special  functions  (e.g..  Airy  or  Pearcey  functions) 
alluded  to  above;  however,  in  general  the  integral  must  be 
evaluated  numerically. 

The  diffraction  effects  within  the  GO  shadow  boundary 
transition  regions  are  generally  not  localized  to  just  the 
edges  or  points  of  diffraction  because  they  are  then  coupled 
to  the  GO  effects  on  the  reflecting  surface,  and  in  order 
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Fig.  6.  Ray  caustic  generated  by  a  shaped  subreflector  illuminated 
by  a  feed  antenna. 

to  correct  for  the  singularities  of  GTD  ray  caustics  in 
directions  where  the  associated  caustic  transition  regions 
overlap  with  the  GO  shadow  boundary  transition  regions, 
one  must  therefore  resort  to  a  surface  integral  representation 
and  not  the  line  integral  approximations  of  ECM.  The 
physical  optics  (PO)  surface  integral  approach  [18]  and 
its  modifications  based  on  Ufimtsev’s  physical  theory  of 
diffraction  (PTD)  [19],  [20]  for  edged  l^ies  as  discussed 
in  Section  II-C,  and  Fock’s  theory  for  curved  bodies  [12], 
become  useful  for  treating  the  fields  within  the  overlap 
of  diffracted  and/or  GO  ray  caustic  and  GO  ray  shadow 
boundary  transition  regions.  An  example  of  the  overlap  of 
the  caustic  and  GO  shadow  boundary  transition  regions  is 
again  provided  by  Fig.  S,  where  the  RSB  coincides  with  the 
forward  axial  caustic  of  the  edge  diffracted  rays  in  the  far 
zone  of  the  reflector.  Furthermore,  there  are  also  an  infinite 
number  of  rays  reflected  from  the  parabolic  surface  which 
contribute  to  the  far  field  in  this  forward  axial  direction. 
The  forward  axial  direction  of  the  parabolic  reflector  is 
therefore  also  a  caustic  of  reflected  rays  in  the  far  zone, 
in  addition  to  being  a  caustic  of  the  edge  diffracted  rays. 
While  the  PO  method  in  itself  gives  quite  accurate  results 
for  caustic  fields  in  the  region  of  the  overlap  of  the  GO 
shadow  boundary  and  caustic  transition  regions,  the  PTD 
which  provides  a  correction  to  PO  can  yield  more  accurate 
results  outside  the  caustic  region.  It  is  noted  that  the  PTD  is 
a  superposition  of  PO  and  the  correction  to  PO  as  specified 
by  Ufimtsev. 

In  general,  the  integrals  in  the  PTD  approach  must  be 
evaluated  numerically;  only  in  special  cases  can  they  be 
evaluated  in  closed  form.  In  situations  where  the  integrals 


in  the  PTD  can  be  evaluated  asym|  i<Mically,  they  recover 
the  leading  terms  of  the  GTD  fields.  Furthermore,  if  these 
PTD  integrals  can  be  evaluated  asymptotically  in  a  uniform 
fashion,  then  PTD  can  be  shown  to  recover  the  DTD.  The 
intimate  connection  between  the  PTD  and  the  GTD/UTD 
indicated  above  allows  one  to  view  PTD  as  an  integral 
version  of  the  GTD/UTD  which  is  valid  even  in  regions  of 
ray  caustics,  and  also  in  regions  of  overlap  of  caustic  and 
GO  shadow  boundary  transition  regions  where  GTD/UTD 
fails.  However,  PTD  requires  an  integration  whereas  UTD 
does  not.  Therefore,  it  appears  to  be  far  more  efficient  to 
employ  UTD  everywhere  except  at  ray  caustics,  and  in 
the  overlap  of  caustic  and  GO  shadow  boundary  transition 
regions,  where  the  more  general  PTD  integrals  may  be  used 
to  patch  up  the  UTD.  While  the  PTD  is  a  high-frequency 
technique  in  its  own  right  like  the  GTD/UTD,  it  has  been 
developed  only  for  edges  as  indicated  previously,  whereas 
the  UTD  can  also  handle  surface  diffraction  and  other  types 
of  diffraction  mechanisms.  Furthermore,  the  PTD  cannot 
account  for  multiple  diffraction  effects  as  easily  as  the 
GTD/UTD;  such  higher  order  multiple  wave  interactions 
can  become  important  if  the  scattering/diffraction  centers 
come  close  together  on  a  radiating  object  (e.g.,  if  a  pair 
of  interacting  edges  come  close  together).  Nevertheless, 
the  PTD  has  been  often  used  for  predicting  the  dominsnt 
contribution  to  the  radar  cross  section  (RCS)  of  complex 
targets  (e.g.,  aircraft,  missiles,  etc.). 

The  above-mentioned  high-frequency  techniques  based 
on  the  GTD/UTD,  ECM,  and  PTD  will  be  applieJ  to  some 
illustrative  antenna  examples  in  the  next  section.  An  e'*'-'-' 
time  convention  for  the  sources  and  fields  will  be  assumed 
and  suppressed  in  the  following  work.  Also,  k  is  assumed  to 
be  the  wavenumber  in  the  isotropic  homogeneous  medium 
external  to  the  antenna  and  its  host  structure  {k  =  27r/A;  A 
=  wavelength  in  the  e.xtemal  medium). 

II.  Summary  of  High  Frequency  Techniques 
WITH  Specific  Antenna  Applications 

The  high-frequency  techniques  such  as  the  GTD/UTD, 
ECM,  and  PTD,  which  have  been  briefly  discussed  above  in 
Section  I,  are  reviewed  in  slightly  more  detail  in  this  section 
and  results  based  on  these  techniques  are  illustrated  for 
dealing  with  some  antenna  geometries  of  interest.  The  main 
focus  will  be  on  GTD/UTD-based  applications;  these  will 
be  discussed  first.  The  applications  based  on  the  ECM  and 
the  PTD  will  be  illustrated  next  only  from  the  perspective 
of  patching  up  GTD/UTD  in  those  few  special  situations 
where  the  latter  fails  as  discussed  previously,  such  as  in 
regions  of  ray  caustics,  and  where  there  is  a  confluence  of 
caustic  and  GO  shadow  boundary  transition  regions. 

A.  GTD  and  Its  Uniform  Version,  UTD 

As  discussed  in  Section  1,  the  GTD/UTD  is  a  ray  tech¬ 
nique.  Therefore,  it  would  be  worthwhile  to  firstly  develop 
a  general  expression  for  the  ray  optical  field.  While  there 
are  several  procedures,  involving  either  the  relevant  asymp¬ 
totic  approximations  of  radiation  integrals  pertaining  to 
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certain  canonical  radiation  problems,  or  the  asymptotic 
(Luneberg-Kline)  series  expansion  of  the  wave  equation, 
to  arrive  at  a  ray  optical  field  expression,  the  simpler 
and  less  rigorous  approach  based  on  geometrical  consid¬ 
erations  is  employed  here.  In  particular,  since  energy  in 
the  high-frequency  EM  field  is  assumed  to  be  transported 
along  rays,  it  follows  from  geometrical  considerations  that 
power  must  be  conserved  in  each  narrow  tube  of  rays 
(or  a  ray  pencil)  in  a  lossless  medium.  Thus  consider 
any  given  (central  or  axial)  ray  OP  in  a  ray  tube  as 
shown  in  Fig.  7.  Let  the  principal  wavefront  radii  of 
curvature  at  O  be  pi  and  P2,  respectively;  the  corresponding 
principal  wavefront  radii  of  curvature  of  that  ray  at  P 
are  {pi  -|-  s)  and  {p^  +  s),  where  |OP|  =  s.  Let  the 
electric  field  intensity  at  O  and  P  be  E{0)  and  E{P), 
respectively;  thus,  the  power  crossing  the  rrea  dAg  is  given 
by  {l/Zo)\E{0)\'^dAo  where  dAg  «  \(pidil’i){p2dil>2)\ 
and  where  Zg  is  the  plane  wave  impedance  in  the  medium; 
likewise,  the  power  crossing  dAp  is  {1/ Zg)\E{P)\‘^dAp 
where  dAp  w  |[(pi  -f  s)dV^i][(p2  +  s)<fV’2]|j_Conservation 
of  power  in  the  ray  tube  requires  (l/Zg)\E(P}\^dAp  = 
(l/Zg)\E(0)\^dAg-,  i.e.. 


|£(P)|  =  \EiO)\ 


P1P2 

(Pl  +  S){P2  +  S) 


(la) 


Incorporating  the  local  plane  wave  polarization  and  phase 
heuris^ically  into  (la)  yields  the  rule  for  continuation  of  the 
field  £(0)  at  O  to  the  field  £(P)  at  P  along  the  ray  OP  as 


£(P)  ~£(0) 


P1P2 


-jk» 


Pi  +  S){p2  +  S) 


(lb) 


Fig.  7.  Ray  tube  (ray  pencil). 


where  Yg  =  1  /Zg,  and  Zg  as  before  is  the  local  plane  wave 
impedance  of  the  medium  in  which  the  ray  propagates. 

The  quantity  £(P)  in  (lb)  may  represent  a  field  which 
is  associated  with  either  an  incident  ray,  or  with  rays  that 
are  reflected  or  transmitted  at  an  interface  between  two 
media,  or  with  diffracted  rays.  The  initial  ray  amplitudes 
at  the  points  of  reflection  and  transmission  can  be  found 
by  enforcing  the  EM  boundary  conditions  at  the  interface; 
these  conditions  also  lead  to  Snell’s  laws  of  reflection  and 
transmission  which  are  consistent  with  Fermat’s  principle 
and  which  could  in  fact  have  been  derived  from  it.  The 
initial  value  of  the  diffracted  ray  field  is  given  in  terms  of 
the  diffraction  coefficient  and  the  diffracted  ray  path  obeys 
the  extended  Fermat’s  principle.  Thus  in  general,  (lb)  can 
be  written  as 


r  (P)  -r  (Op) 


Vp?  +  5P 

p^  +  sP 

with  p  —*  i,r  or  d 


(3a) 

(3b) 


The  field  in  (lb),  which  is  referred  to  as  an  arbitrary  ray 
optical  field  (where  pi  and  p2  are  arbitrary),  can  be  shown 
to  reduce  to  a  plane  wave  (if  [pi ,  P2]  — *  oc),  cylindrical  or 
conical  wave  (if  pi  or  p2  — *  oc),  and  a  spherical  wave  (if 
Pi  =  P2  =  finite  value),  respectively.  Thus  the  latter  more 
familiar  wave  types  are  ail  special  cases  of  a  ray  optical 
field  whose  general  form  is  (lb).  One  notes  that  the  ray 
congruences  at  1-2  and  3-4  form  a  ray  caustic  (or  centers  of 
radii  of  curvature  pi  and  p2,  respectively  of  the  wavefront) 
in  Fig.  7.  The  pi  and  p2  are  positive  if  the  ray  caustics 
at  1-2  and  3-4  occur  before  reaching  the  reference  point 
O  along  the  ray  direction  s  in  Fig.  7;  otherwise,  they  are 
negative.  The  positive  branch  of  the  square  root  is  chosen  in 
(lb);  hence,  if  pi,2  <  0  and  s  >  -\p2\  or  s  >  -|pi|,  then  a 
caustic  Is  crossed  at  1-2  or  3-4,  respectively,  and  (p2  +  s) 
or  (pi  +  s)  changes  sign  so  that  a  phase  jump  of  7r/2  due 
to  caustic  traversal  needs  to  be  included  in  (lb),  because 


/  pi.  _ 

1 

\  Pi +  s 

\  Pi  +  a 

if  pi  =  -|pi|  and  s  >  -|pi|,  for  i  =  1,2. 

Furthermore,  the  magnetic  field  H{P)  at  P  is  found  from 
£(P)  in  (lb)  via  the  local  plane  wave  condition  along  a 
ray;  namely, 

Ti{P)  =  YgS  X  £(P)  (2) 


where  the  superscript  or  subscript,  p,  refers  to  the  incident 
(i),  reflected  (r)  or  diffracted  (d)  ray  fields. 


1)  Incident  GO  Ray  Field:  Letting  p  =  i  in  (3a)  and  (3b) 
allows  one  to  write  the  GO  incident  ray  field  as 


£'(P)  =  £  (O.) 


1 

P^  , 

V  Pi  +  5’ 

P'2  +  S' 

(4a) 


where  Ui  is  unity  in  the  region  where  the  GO  incident  ray 
field  exists  and  is  zero  otherwise.  The  incident  principal 
wavefront  radii  of  curvature  p^  and  pj  are  measured  from 
the  reference  point  Oj  along  the  incident  ray  to  P.  It 
is  noted  that  s*  =  \OiP\.  In  the  two-dimensional  case 
P2  — >  00  and  (4a)  becomes 


E\P)  =  F(Oi) 


(4b) 


2)  Reflected  GO  Ray  Field:  An  expression  for  the  re¬ 
flected  ray  field  can  be  obtained  by  letting  p  =  r  in  (3a) 
and  (3b),  and  by  letting  the  point  Op  =  Or  move  to  the 
point  of  reflection  Qfi,  then  (3a)  and  (3b)  become 


r(P)~r(gfi), 


1  Pi 

Pi  ^ 

^  Pi +  a'^ 

Pl  +  a'-' 

-e-^'^'Ur.  (5a) 


where  the  step  function  Ur  is  unity  in  the  region  where  the 
reflected  ray  field  exists  and  is  zero  otherwise.  The  reflected 
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field  ^ (Qr)  at  the  point  of  reflection  Qr  can  be  related 
to  the  incident  field  ^{Qr)  at  Qr  by  the  dyadic  surface 
reflection  coefficient  ^  as  follows: 

'E'{QR)  =  tiQR)%  (5b) 


Incorporating  (Sb)  into  (Sa)  yields  the  required  expression 
for  the  reflected  field  at  P  due  to  the  field  incident  on  the 
surface  at  the  point  of  reflection  Qr  as 


I  he  reflected  wavefront  radii  of  curvature  pj  2  shown 
in  Fig.  8  and  they  may  be  calculated  via  the  etyiressions 
given  in  [2].  The  dyadic  reflection  coefficient  A  may  be 
found  by  approximating  the  original  surface  locally  by 
a  plane  tangent  to  that  surface  at  the  point  of  reflection 
Qr  when  it  is  illuminated  by  an  EM  plane  wave,  and 
by  enforcing  the  EM  boundary  conditions  at  Qr.  It  is 
convenient  to  express  the  incident  and  reflected  fields  in 
terms  of  the  unit  vectors  fixed  in  the  incident  and  reflected 
rays  as  in  Fig.  8.  Let  and  ejj  be  unit  vectors  fixed  in  the 
plane  of  incidence  containing  the  unit  normal  vector  h  to  the 
surface  at  Qa  and  the  incident  ray  direction  i*  at  Qr,  and 
let  these  vectors  also  be  perpendicular  to  the  incident  and 
reflected  ray  directions  3'  and  a',  respectively.  Likewise,  let 
e±  be  a  unit  vector  perpendicular  to  thejplane  of  incidence 
at  Qfl.  In  these  ray  fixed  unit  vectors,  R  becomes 

S  +  e±e±Rt  .  (6) 


For  a  perfectly  conducting  surface,  iZ*  =  -1  and  Rh  —  1. 
If  the  reflecting  boundary  and  illumination  becomes  two- 
dimensional,  then  P2  —*  00  and  (Sa)  becomes 


(two-dimensional  case)  (7) 


3)  Edge  Diffracted  Ray  Field:  Consider  an  edge  dif¬ 
fracted  ray  field  produced  by  an  incident  wave  which  strikes 
a  wedge  at  Qc  as  in  Fig.  9.  One  can  obtain  the  general 
expression  for  the  edge  diffracted  ray  field  once  again  from 
(3a)  and  (3b)  by  letting  p  =  d  so  that 

It  is  useful  to  move  the  reference  point  Oa  along  the  edge 
diffracted  ray  at  P  to  the  point  at  the  point  of  diffraction 
on  the  edge;  thus  pf  — »  0  as  can  be  seen  from  Fig.  9.  Even 
though  P]  -*  0  in  (8a)  one  can  show  that; 


Fig.  8.  Reflectec]  wavefront  curvatures  and  unit  vectors  associated 
with  the  reflection  problem. 

(8b)  into  (8a)  with  Pi  -*  ss  Od  -*  Qe  gives 

^(P)~T{Qb)  V.^^  ■  ^  .  (8c) 

It  is  convenient  to  eyress  the  incident  field  'E‘{Qe)  and 
the  diffracted  field  E  (P)  in  terms  of  unit  vectors  fixed  in 
the  incident  and  diffracted  rays  as  shown  in  Fig.  9.  The 
edge  tangent  e  at  Qe  and  the  incident  ray  direction  I'  form 
the  edge  fixed  plane  of  incidence.  The  unit  vectors  and 
are  parallel  and  perpendicular,  respective!]^,  to  the  edge 
fixed  plane  of  incidence.  Likewise  Po  and  ^  are  parallel 
and  perpendicular,  respectively,  to  the  edge  fixed  plane  of 
diffraction  formed  by  e  and  the  diffracted  ray  direction  s’^. 
Furthermore,  /?'  =  5'  x  and  /S,,  =  s'*  x  Thus  F  = 

•  li)  -h  + 

so  that  "De  is  given  by  [2]: 

%  =  -P'oPoDeM,  <t>'\ Po)  -  0';  Po) .  (9) 

The  scalar  UTD  edge  diffraction  coefficients  Dg,  and  Dfh 
contained  in  the  dyadic  UTD  edge  diffraction  coefficient 
are  obtained  from  a  uniform  asymptotic  solution  to 
the  canonical  problem  of  the  diffraction  of  plane,  cylin¬ 
drical,  conical  and  spherical  incident  waves  by  a  perfectly 
conducting  wedge  [2]  and  they  contain  a  sum  of  four 
simple  terms,  each  of  which  is  a  product  of  a  cotangent 
function  (involving  tft,  <f>',  and  0o)  and  a  transition  function 
F  containing  a  Fresnel  integral,  where 

P(x)  =  2j\/xe?*  f  dr  e"-’’’*  (10) 

Jy/i 


04-‘Qs 

where  IT  {Qe)  >s  the  field  of  the  ray  incident  at  Qe  and 
"Dt  is  the  dyadic  edge  diffraction  coefficient.  Incorporating 


The  argument  of  the  F  functions  depend  on  the  incident, 
reflected  and  diffracted  wavefront  curvatures,  and  they  are 
defined  in  [2];  the  F  functi^  which  is  well  tabulated,  is 
responsible  for  keeping  the  £  bounded  at  the  GO  shadow 
boundaries  where  GTD  predicts  a  singularity.  Outside  the 
GO  shadow  boundary  transition  regions,  the  F  function 


so 
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Fig.  9.  Wedge  diffraction  geometry. 

becomes  unity  and  the  UTD  result  then  reduces  automat¬ 
ically  to  GTD.  In  the  two-dim^sional  case,  /j**  — >  oo  in 
(8c)  so  that  ^(P)  =  f for  two- 

dimensional  edge  configurations.  Some  examples  which  can 
be  analyzed  using  these  UTD  edge  diffraction  concepts  are 
indicated  below. 

Consider  the  symmetric  parabolic  reflector  antenna  with 
a  feed  whose  phase  center  is  at  the  focus  of  the  parabola  as 
shown  in  Fig.  10.  The  UTD  electric  field  at  Poi  in  the  near 
zone  of  this  reflector  as  shown  in  Fig.  10  is  then  given  by 

S(Poi)~:F{Poi)  +  ^?(Poi)+^(/’oi)  (11) 

where  the  field  "P  directly  radiated  by  the  feed  to  Poi  has 
the  form 

t{Pox)'^cl{9,4>f-^Ui  (12) 

with 

fl,  in  region  where  the  feed  is  directly  visible, 

0,  behind  the  reflector  (within  ISBi  and  ISB2) 
where  the  feed  is  shadowed. 

The  quantity  c  in  (12)  is  a  known  complex  constant,  and 
is  the  vector  radiation  pattern  of  the  feed  with  9 
measured  with  respect  to  the  z  axis  while  <l>  is  the  azimuthal 
angle  about  this  axis  of  symmetry  of  the  paraboloidal 
reflector  antenna;  the  quantity  /  is  also  assumed  to  be 
known.  The  field  in  (12)  constitutes  a  spherical  wave  from 
the  feed.  The  fields  and  2^  are  diffracted  from  two 
distinct  points  on  the  edge  of  the  reflector,  where  the  plane 
containing  Poi  and  the  reflector  axis  intersects  the  edge 
at  Qi  and  Q2  in  accordance  with  the  extended  Fermat’s 


10.  Rays  contribuling  to  the  near  field  of  a  symmetric 
parabolic  reflector  antenna. 


principle;  these  will  be  described  in  (16).  Next,  the  field 
P(Po2)  St  P02  also  in  the  near  zone  behind  the  reflector  is; 

P(Po2)  ~  Pi{Po2)  +  -£2(^02)  (13) 


Likewise,  the  field  P(Po3)  at  P03  in  the  near  zone  becomes 
E{Po3)  E  {Po3)  +  E  {Po3)  +  Ei(Po3)  +  E2{Po3)  (14) 


in  which  E  is  the  field  at  P03  that  is  reflected  from  Qr 
as  in  Fig.  10;  it  is  given  via  (Sc)  by 


with. 


{1,  within  the  region  containing  the  z-axis 
and  bounded  by  RSBi  and  RSB2 
0,  otherwise. 


Also,  p’(Qfi)  ~  cf{9o,<i>o){e  ^**"/ao)  in  (15)  where 
i9o,  4>o)  are  the  values  of  {9, 4>)  along  the  direction  So  = 
(OQfi)/(10Qfl|)-  Finally,  the  two  edge  diffracted  ray  fields 
^  and  ^  in  (11),  (13),  and  (14)  have  the  general  form: 


%{Po)'- 


<3. 


Q, 


I 


pH 


a^ipH  +  sj) 


(16) 


with  j  =  1,2  correspon^g  to  Qi  and  ^2-  While  the 
term  involving  F {Qe)  ■  F*  in  (16)  has  been  introduced 
in  the  discussion  on  the  UTD  for  edge  diffraction  leading 

to  (8c),  the  term  containing  in  (16)  is  an  additional 
contribution  to  the  UTD  edge  diffracted  field,  and  it  is 
termed  as  the  slope  diffraction  contribution  (3],  [4].  The 
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SI 


slope  diffraction  contribution  becomes  important  if  the  in¬ 
cident  field  F  and/or  the  reflected  field  exhibits  a  rapid 
spatial  variation  near  the  point  of  diffraction  Qe  on  the 
edge.  For  example,  if  the  field  ^  vanishes  at  the  point  of 
diffraction  QcjJhen  the  field  diffracted  from  Qe  calculated 
via  F{Qe)  ■  15e  would  also  vanish;  however,  if  F  (Qe) 
tends  to  vanish  rapidly  at  Qe  so  that  its  spatial  derivative 
symbolized  here  by  dF /dn*  may  be  significant,  then  it 
could  give  rise  to  the  slope  edge  diffraction  contribution 
which  must  therefore  be  included  for  accuracy.  In  the 
present  application,  if  the  feed  pattern  J(6,4>)  is  rapidly 
varying  at  the  edges  Qi,2  then  the  slope  diffraction  term 
in  (20)  will  be  important;  otherwise,  the  slope  effects  are 
generally  negligible.  The  results  in  (11)-(16)  have  been 
employed  in  [21]  to  obtain  the  near  field  radiation  from 
a  parabolic  reflector  antenna  in  the  plane  Z  =  Zo  +  f 
in  Fig.  11.  However,  the  results  in  (11)  and  (13)  can 
also  be  used  in  the  far  zone  of  the  reflector  outside  the 
paraxial  region.  The  numerical  results  in  Fig.  11  based 
on  the  UTD  as  obtained  in  [21]  are  compared  with  those 
based  on  GO  (=  ^  -t-  ^  w  ^  in  the  forward  direction 
since  |  <  |£  |  for  the  feed  employed  in  this  example), 
and  with  the  commonly  used  but  far  less  efficient  aperture 
integration  (AI)  technique.  It  is  noted  that  the  GO  reflected 
field  E  is  discontinuous  in  Fig.  11  as  required  by  in 
(15).  Also,  the  agreement  between  UTD  and  the  reference 
solution  based  on  AI  is  quite  good  in  that  figure.  Finally, 
it  is  noted  that,  for  a  small  range  of  angles  near  the  plane 
of  the  reflector,  one  of  the  edges  is  always  shadowed  by 
the  reflector  geometry,  and  this  shadow  zone  is  filled  by 
surface  rays  which  are  excited  on  the  back  (convex)  side 
of  the  reflector  surface  via  edge  diffraction,  and  these  rays 
then  shed  energy  tangentially  as  surface  diffracted  rays.  A 
whispering  gallery  type  field  can  also  be  excited  on  the 
concave  front  side  of  the  reflector  via  edge  diffraction. 
Such  edge  excited  surface  diffracted  rays  [22]-[2S],  and 
the  diffraction  of  whispering  gallery  fields  [26]  occur  in  a 
small  angular  region  and  may  generally  be  neglected  to  first 
order  without  incurring  serious  errors. 

4)  UTD  Comer  (Vertex)  Diffracted  Field:  Comers  or  ver¬ 
tices  can  occur  if  an  edge  is  truncated,  e.g.,  as  in  the  case  of 
a  plane  angular  sector,  or  a  finite  plate  structure  for  whidi 
the  edge  tangent  is  discontinuous  (to  form  the  comer),  or 
as  in  the  case  of  a  pyramidal  structure  with  planar  facets 
whose  edges  converge  to  a  point;  these  specific  examples 
are  illustrated  in  Figs.  12(a)  and  (b).  In  addition,  comers 
or  tips  can  also  occur  in  a  smooth  conical  geometry,  as 
shown  in  Fig.  12(c).  When  a  comer  in  an  impenetrable 
surface  is  illuminated  by  a  source,  then  the  incident  ray 
is  diffracted  in  all  radial  directions  from  the  comer  as 
shown  in  Fig.  12.  The  UTD  field  of  these  comer  diffracted 
rays  illustrated  in  Fig.  12(a)  and  (b)  keeps  the  total  high- 
frequency  field  bounded  and  continuous  across  the  comer 
induced  shadow  boundaries  of  rays  diffracted  by  the  edges, 
just  as  the  UTD  edge  diffracted  fields  keep  the  total  high- 
frequency  field  bounded  and  continuous  across  the  edge 
induced  shadow  boundaries  of  the  GO  incident  and  reflected 
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Fig.  11.  Near  field  radiation  patterns  of  a  parabolic  reflector 
antenna  (from  [21]). 

rays.  The  comer  induced  shadow  boundaries  of  the  edge 
diffracted  rays  of  course  occur  because  such  rays  cease 
to  exist  whenever  the  edges  terminate  (at  the  comer).  The 
general  UTD  form  of  the  comer  diffracted  field  is  given  by 

^(p)~:r(Qc)Se^  (17) 

:fft(P)  =  yoS^xEt(P).  (18) 

Recently,  an  approximate  but  useful  UTD  result  for  Dc  has 
been  obtained  for  the  case  of  the  diffraction  by  a  comer 
in  a  perfectly  conducting  plane  angular  sector  as  shown 
in  Fig.  12(a).  The  UTD  transition  function  present  in  Dc, 
which  compensates  for  the  comer  induced  discontinuity  in 
the  edge  difffacted  fields  may  be  viewed  as  an  integral  of  a 
Fresnel  integral  that  can  be  calculated  quite  efficiently.  The 
present  more  rigorously  obtained  UTD  comer  diffraction 
coefficient  in  [27],  [28]  constitutes  an  improvement  over 
a  previous  one  which  was  constmcted  heuristically  [29]. 
Figure  13  indicates  the  far  zone  radiation  pattern  of  a  dipole 
antenna  located  near  a  perfectly  conducting  ^rectangular 
plate,  which  has  been  calculated  via  the  new  in  [27], 
[28];  this  pattern  is  seen  to  compare  very  well  with  an 
independent  moment  method  (MM)  solution  of  an  integral 
equation  for  the  problem. 
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Fig.  12.  Examples  of  comer  diffracted  rays. 


Fig.  13.  Radiatioa  ptncni  of  a  dipole  near  a  perfectly  conducting 

KCiangular  plate.  ( - UTD  :  •  -  -  MM  ; - UTD  without 

comer  dififaction  term).  Note:  d*  =  47.5”. 

For  the  case  in  Fig.  12(c),  there  are  no  edge  diffracted 
rays  because  the  cone  geometry  is  smooth  (except  at  the  tip) 
and  contains  no  edges;  however,  there  are  surface  diffracted 
rays  that  are  launched  from  the  smooth  portion  of  the 
conical  surface.  The  nature  of  the  surface  diffracted  rays 
changes  rapidly  as  the  surface  rays  on  the  cone  approach 
the  cone  tip  b^use  of  the  rapid  decrease  in  the  surface 


radius  of  curvature  (except  along  the  cone  generator)  as 
the  tip  is  approached.  The  UTD  cone  tip  diffracted  field 
must  then  contain  information  on  this  change  in  the  nature 
of  the  surface  ray  field  near  the  tip;  such  a  general  UTD 
solution  has  not  yet  been  developed  although  some  initial 
attempts  have  been  made  [30].  On  the  other  hand,  an 
approximate  UTD-type  diffraction  coefficient  based  on  the 
PO  approximation  has  been  developed  for  the  problem  of 
EM  plane  wave  diffraction  by  a  fully  illuminated  semi¬ 
infinite  perfectly  conducting  cone  [31],  as  illustrated  in 
Fig.  14(a);  thus,  the  incident  angle  6  measured  from  the 
axial  direction  must  remain  less  than  the  half  cone  angle 
6c  (see  Fig.  14(a)).  This  plane  wave  diffraction  solution 
also  provides  the  tip  diffracted  ray  field  which  propagates 
along  the  generator  of  the  cone  to  any  point  Q  on  the 
surface.  Let  an  electric  current  point  source  p,6(f-fp)  at  a 
distant  point  P  produce  this  locally  plane  wave  set  of  fields 
{Et,'H't)  which  are  incident  at  Qc  and  Q.  For  convenience, 
Pt  is  directed  perpendicular  to  the  ray  (or  local  plane  wave) 
incident  at  an  angle  6-,  i.e.,  pt  =  6  or  pt  =  0,  where  0  is 
shown_in  Fig.  14(a).  Also,  let  pt  produce  the  total  field 

at  Q,  where  in  the  UTD  sense, 

EtiQ)  =  t,(Q)  +  E[iQ)  +  l^t{Q)  (19) 

HtiQ)  =  irt{Q)  +  X{Q)  +  '^AQ)  (20) 


with  {Et,Ht)  represenjting  thc_cone  tip  diffracted  fields 
as  given  in  [31].  The  {Et{Q),Ht{Q))  at  Q  also  directly 
provides,  via  the  reciprocity  theorem,  a  knowledge  of  the 
fields  (E(P);TI{P))  radiated  to  the  far-zone  point  P  by  a 
point  current  source  p6(7-rQ)  at  Q  as  in  Fig.  14(b);  thus. 


j  ■  Et{Q),  if  P-  j  where  j  is  the 
strength  of  an  electric 

V  •  2?(P)  =  <  _  current  point  source  at  Q 

*  -m  •  Ht{Q),  if  p  =  rh  where  m  is  the 

strength  of  a  magnetic 
current  point  source  at  Q. 

(21) 

Generally,  the  contribution  from  the  cone  tip  diffraction 
to  the  far  field  radiation  by  antennas  on  cones  becomes 
negligible  outside  the  paraxial  region;  this  point  will  be 
clarified  later  when  dealing  with  radiation  from  antennas 
on  a  smooth  convex  surface. 

5)  UTD  Ray  Fields  Associated  with  the  Diffraction  by 
Smooth  Convex  Surfaces:  UTD  solutions  for  the  prob¬ 
lems  of  diffraction  by  smooth,  perfectly  conducting  convex 
surfaces  are  useful,  for  example,  for  predicting  the  EM 
scattering  from  aircraft  fuselage  shapes  or  ship  masts  when 
they  are  iUuminated  by  airborne  or  shipboard  antennas, 
respectively,  and  also  for  predicting  the  EM  radiation  and 
mutual  coupling  associated  with  antennas  placed  confor¬ 
mally  on  smooth  convex  portions  of  an  aircraft,  missile  or 
spacecraft,  etc.  Three  separate  cases  are  considered  below. 

a)  Source  and  observation  points  off  the  smooth  convex 
surface:  The  UTD  solution  for  the  case  when  the  source 
(antenna)  and  observation  points  are  both  off  the  convex 
surface  is  obtained  from  a  uniform  asymptotic  solution  to 
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Fig.  14.  Cone  tip  diffraction  within  the  paraxial  region  (6  <  fic)- 


function  which  is  well  tabulated  [34],  in  which 

=  -2m(QR)cos6.  Here  6  represents  the  incident  angle 
defined  in  Fig.  8,  and  m{QR)  contains  Pg{QR)  which  is 
the  surface  radius  of  curvature  in  the  plane  of  incidence  at 
Qr.  It  is  noted  that  contains  an  integral  of  the  Airy 
functions  [32],  namely: 


hiS)  = 

Ph{S)  = 


e-j»/4 


V{r) 

W2{r) 

V'ir) 


e-^^^dr 


(27a) 

(27b) 


where 


2jV(T)  =  Wi{t)  -  W2{t) 


(28a) 


W.{T)  =  -^r  (28b) 

Next,  the  field  at  Ps  in  the  shadow  region  is  given  by  [32], 
133] 


E{Ps)'-r{Ps)ll-U] 


(29) 


the  problem  of  EM  scattering  by  a  circular  conducting 
cylinder  [32],  and  it  is  given  separately  for  the  lit  and 
the  shadow  regions.  The  field  at  Pl  in  the  lit  region  is 
associated  with  the  incident  and  reflected  ray  paths  as 
shown  in  Fig.  lS(b)  and  it  is  given  by 

'E{Pl)  ^  T{Pl)U  +  V\Pl)U  (22) 


where  "P  is  the  GO  incident  field  and  is  the  generalized 
reflected  field  which  contains  surface  diffraction  effects  (in 
addition  to  the  GO  reflected  field  P  U).  The  latter  effects 
become  significant  only  within  the  transition  region  near  the 
SSB  shown  in  Fig.  3.  The  step  function  U  in  (22)  serves 
as  an  SSB  indicator: 


(/  _  /  in  lit  region  which  lies  above  the  SSB 

~  1  0,  in  the  shadow  region  which  lies  below  the  SSB 

(23) 

The  extent  of  the  transition  region  around  the  SSB  is  of 
order  l/(m(Qi)),  where 


m(«) 


(24) 


and  Pg{»)  is  the  radius  of  curvature  at  any  point  (•)  along 
the  surface  ray.  The  field  is  expressed  as  [32],  [33]: 

(25) 

with 

H  =  1l,e±e±  +  P-ht\\e\  (26) 


The  unit  vectors  contained  in  (26),  and  the  quantities  pj , 
and  $r  are  the  same  as  those  given  previously  in  (Sc). 
The  UTD  functions  and  Hh  in  (26)  are  defined  in 
[32],  [33]  and  they  contain  two  transition  functions,  namely 
the  F  function  introduced  in  (10)  as  well  as  the  Pekeris 


where 


T[Ps)'-P{Qx)T{Q,.Q2)s 


s'‘{p’^  +  s'*) 


e--'*'*"  (30) 


with  one  of  the  diffracted  ray  wavefront  surface  radii  of 
curvatures,  p**,  shown  in  Fig.  15;  likewise,  the  diffracted 
ray  distance  s'*  from  Q2  to  Ps  is  also  shown  in  that  figure. 
The  dyadic  transfer  coefficient  T  is  given  as  [32],  [33]: 

?(Qi,Q2)=  [tiW  +  ninjPft]  (31) 


in  which  dr]{»)  is  the  width  of  the  surface  ray  tube  (or  strip) 
at  any  point  (•)  along  the  surface  ray  path,  and  t  equals 
the  arc  length  of  the  surface  ray  path  from  Qi  to  Q2.  It 
is  noted  that  the  surface  rays  constitute  geo^sic  paths  on 
the  convex  surface.  It  is  seen  from  (31)  that  T  is  expressed 
compactly  in  terms  of  orthogonal  unit  vectors  (f.  n.  b)  fixed 
in  the  surface  ray  with  t  being  a  unit  tangent  to  the  surface 
ray  and  n  is  a  unit  normal  to  the  surface  along  the  surface 
ray,  while  6  is  the  binormal  vector  (6  =  f  x  h).  Again,  T>, 
and  Vh  both  contain  F  as  in  (10)  as  well  as  P,,h{0-  The 
quantity  (  is  sometimes  referred  to  as  the  shadow  Fock 
parameter  given  by 


C  = 


mjt') 

Ptif) 


dt'. 


(32) 


The  parameters  X*  and  present  in  (26)  and  (31), 
which  are  defined  elsewhere  in  detail  [32],  [33],  ensure 
that  the  total  UTD  field  is  continuous  across  the  SSB;  i.e., 
pPi)  in  (22)  and  pPs)  in  (29)  are  equal  at  the  SSB. 

It  is  noted  that  in  the  lit  zone  outside  the  SSB  transition 
n^ion^E®^  — »  P  which  is  the  usual  GO  reflected  field  (i.e. 
^  as  in  (5)).  Likewise,  in  the  shadow  zone  outside  the 
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(a) 


Fig.  15.  Ray  paths  for  scattering  by  a  smooth  convex  surface. 


SSB  transition  region,  V,  h  — >  T,,h,  where  is  defined 
as 


T,,h  h  'Z  ■  exp(- 


(33) 


in  which  Dn’''{Q)  is  the  Keller’s  (or  GTD  type)  diffraction 
coefficient  for  the  nth  surface  ray  mode  which  indicates 
how  the  surface  modes  are  launched  at  Qi  by  the  incident 
ray  which  grazes  the  surface  (35];  by  reciprocity,  Z)*  '*  at 
Q2  indicates  how  the  surface  ray  modes  detach  from  the 
surface  into  the  external  medium.  Similarly,  a*'^  indicates 
the  rate  of  attenuation  of  the  surface  ray  modes  [35]  due 
to  the  continual  tangential  shedding  of  energy  along  the 
surface  ray.  Thus  the  UTD  result  automatically  recovers 
the  GTD  result  outside  the  SSB  transition  layer. 

b)  Radiation  by  sources  on  a  smooth  convex  surface: 
Consider  the  radiation  by  a  slot  or  a  short  thin  wire 
antenna  on  a  smooth,  perfectly  conducting  surface.  A 
UTD  analysis  of  the  radiation  from  these  antennas  can 
be  constructed  in  terms  of  a  uniformly  asymptotic  high- 
frequency  approximation  to  the  dyadic  Green’s  function, 
ri,m.  which  provides  the  radiation  from  a  point  electric  (t) 
or  magnetic  (m)  current  source  pS{7  -  Tqi)  at  Q'  on  the 
convex  boundary. 

..ft  for  an  electric  point  current  source  at  Q' 

\  rh  for  a  magnetic  point  current  source  at  Q' ' 


The  electric  field  E{P)  radiated  by  p  at  Q'  can  then  be 
expressed  as 


E(P)  = 


r.(P|Q')  p,  ifp  =  » 
rm(P|C?')A  tfp  =  m 


(35) 


in  which  ri,m  is  obtained  from  uniform  asymptotic  solu¬ 
tions  to  problems  of  radiation  by  p  on  conducting  cylinders 
and  spheres  [36]. 

{-jk/4n)(h\fiA  +  i'lbB  +  b\hC  ■¥  / s 

for  P  =  Pl 

f  ,  (-jfc/47r) {b'hTiH  +  HT^S  +  b'bTsS  +  i'hTiH^ 
■e-^'‘WidrPo/dvm[p.{Q)/P9mf" 

Vp‘'/(«  (p’^  +  s'*))  exp(-jA:s‘'), 
for  P  =  Ps 

(36) 

and 

(-jkZo/4r)(h'hM  +  n'6Jv)(e--»*Vs), 
for  P  =  Pl 

{-jkZol4‘ir)(n'hTsH  +  h'bTeS'j 

■e-^'‘W{d^o/dvm[{PAQ)/Po{Q'))f^ 

■y/p^/{3'^{p<‘  +  s<‘))e\p{-jk3‘‘), 
for  P  =  Ps- 

(37) 

The  field  point  P  =  Px.  in  the  lit  region  (where  the  source  at 
Q'  is  directly  visible),  and  P  =  Ps  in  the  shadow  region. 
Although  the  fields  in  (36)  and  (37)  are  given  separately 
for  P  =  Pl  and  P  =  Ps,  respectively,  they  join  smoothly 
at  the  shadow  boundary  SSB  which  is  defined  by  a  plane 
tangent  to  the  surface  at  Q'.  The  quantities  p*'  and  a*'  are 
shown  in  Fig.  15;  also,  dr}{Q)  is  the  width  of  the  surface  ray 
strip  at  Q.  The  dr)  was  defined  earlier  in  (31);  furthermore, 
drl)o  and  drp  are  the  angles  subtended  by  the  surface  ray 
strip  at  Q'  and  at  Q,  respectively  (e.g.,  drp  is  shown  in  Fig. 
15)  [36].  The  unit  vectors  (i',b',h')  at  Q'  and  (t,n,6)  at 
Q  are  fixed  in  the  surface  ray  from  Q'  to  Q  as  in  Fig.  16, 
and  they  have  the  same  meaning  as  in  Fig.  15.  Similarly, 
the  unit  vectors  (f],n,b|)  are  fixed  in  the  ray  from  Q' 
to  Pl  such  that  i\,  n,  t'  and  fi'  all  lie  in  the  plane  of 
incidence  (defined  by  a  =  (Q'Pi)/(lO'i*i,|)  and  n')  and 
n  •  a  =  0  =  6|  ■  a  as  shown  in  Fig.  16.  The  usual  angle 
of  incidence  9  =  cos~*(n'  ■  a)  defines  the  radiation  angle 
measured  from  the  n'  direction. 

The  quantities  A,  B,  C,  D,  M  and  N  in  (36)  and 
(37)  for  P  =  Pl,  and  the  quantities  Ti  through  Te  in 
those  equations  for  P  —  Ps  are  ail  defined  in  [36];  they 
contain  the  special  UTD  transition  functions  g{a)  and  §[•) 
corresponding  to  the  well  tabulated  radiation  Fock  functions 
[34],  [36]  that  are  expressed  in  terms  of  an  integral  of  Airy 
functions. 

g{b)  =  -5=  /“  dre->*MW’i{T)]-*  (38a) 

p{6)  =  4=/~  dre->*nw^2(’-r‘-  (38b) 

V*'  Zooe-X”’) 


MTHAK:  IKHNIQUES  FOR  AKTENNA  ANALYSIS 


55 


tan-B  •  t'|Xtt'-b'| 

b-b{ 


direct  generalization  of  (21)  with  ft  =  m): 

E{P)  =  Jj^  fm{P\Q')  •  [A7s(Q')]d«'  (39) 

where  Ms(Q')  =  Ea(Q')  x  n'  is  the  equivalent jnagnetic 
current  in  terms  of  the  transmitting  electric  held  Ea{Q')  in 
the  slot  aperture  of  area  Sa',  this  Ms  replaces  the  aperture 
Sa  which  is  now  short  circuited.  Likewise,  the  radiation 
from  a  short  thin  monopole  of  height  h  and  transmitting 
current  /(/')  fed  at  the  base  Q'  on  a  convex  surface  can 
be  found  as  [36]: 


(a)  (b) 

Fig.  16.  Unit  vectors  fixed  in  rays  to  Pl  and  Ps  front  a  source 
on  a  convex  surface. 


r,(P|g')-n7o  AO 

E{P)  \  _  ■cos{kl'  cos  6)dl' , 


if  P  =  Pl  (40) 
if  P  =  Ps. 


The  argument  6  of  the  Fock  functions  is  given  by  = 
-m{Q')cos6  for  P  =  Pl,  while  it  is  given  by  the  shadow 
Fock  parameter  ^  =  Jq,  im{t')/pg{t'))dt'  when  P  =  Pg 
as  defined  previously  in  (32). 

Outside  the  SSB  transition  region,  where  C  0  and 
^  »  0  the  UTD  results  in  (36)  and  (37)  automatically 
reduce  to  the  GTD  form;  namely,  A  -*  2,  B  -*  2cosfi, 
M  — ►  2sin0  and  {C,D,N)  — »  0  in  (36)  and  (37)  for 
P  =  Pl  and  <  0,  and  similarly,  the  results  for  P  =  Ps 
and  for  $  >  0  reduce  to  terms  involving 


In  the  latter  sum,  the  L*'^(g')  (which  is  proportional  to 
is  the  launching  coefficient  at  Q'  of  the  nth 
surface  ray  mode,  and  is  the  nth  surface  ray  mode 

diffraction  coefficient  introduced  earlier  in  (33).  Within  the 
SSB  transition  region,  the  GTD  launching  and  diffraction 
mechanisms  are  no  longer  distinct;  indeed,  such  a  coupling 
between  the  launching  and  diffraction  effects  within  the 
transition  region  is  naturally  contained  in  the  UTD  results 
of  (36)  and  (37)  due  to  the  presence  of  g{6)  and  g{6)  in 
those  equations. 

The  geodesic  surface  ray  path  from  Q'  to  Q  may  be 
torsional.  A  torsional  path,  is  one  for  which  6  /  6';  i.e., 
a  torsional  path  is  a  nonplanar  curve.  It  is  noted  that  the 
geodesic  surface  ray  paths  are  helices  on  convex  cylinders, 
and  they  are  great  circles  on  spheres;  they  can  be  found 
easily  for  developable  surfaces,  but  they  must  be  found 
numerically  for  more  general  surfaces  such  as  spheroids, 
etc.  [36].  Furthermore,  for  closed  surfaces,  rays  that  aeep 
around  or  encircle  such  surfaces  can  also  diffract  (shed) 
tangentially  into  the  lit  region.  Generally,  for  electrically 
large  closed  ^.r^aces  the  contribution  from  such  encircling 
rays  is  weak  because  of  the  continuous  tangential  shedding 
of  energy  along  such  rays. 

The  result  in  (35)  can  be  readily  generalized  to  deal  with 
the  radiation  from  a  slot  antenna  on  a  convex  surface  [36]; 
thus,  the  field  radiated  by  a  slot  antenna  becomes  (via  a 


Figure  17(a)  indicates  the  far  zone  radiation  pattern  of 
a  short,  thin  monopole  antenna  on  a  spheroid,  which  is 
calculated  in  the  SSB  plane  (i.e.  in  the  plane  tangent  to 
the  spheroid  at  the  base  of  the  monopole)  via  UTD,  and  is 
shown  to  con^are  very  well  with  measurements.  Besides 
the  constant  |P«|  pattern  which  is  the  only  component  that 
would  exist  in  the  SSB  plane  for  a  monopole  on  a  sphere, 
or  on  a  finite  or  infinite  flat  ground  plane,  there  is  an 
additional  (cross-polarized)  |£^|  component  of  the  pattern 
that  is  present  for  the  spheroid  because  it  has  two  different 
principal  surface  curvatures  Ki  and  /C2;  i.e..  Eg,  in  the 
SSB  plane  of  the  spheroid  results  from  the  “launching” 
of  torsional  surface  rays  by  the  monopole  since  torsion 
is  proportional  to  \Ki  -  K2\-  The  present  UTD  solution 
thus  predicts  the  complex,  surface  dependent  field  and 
polarization  effects  in  the  SSB  transition  region  through  the 
explicit  presence  of  torsion  factors  and  the  radiation  Fock 
functions  in  (36)  and  (37).  It  is  noted  that,  even  though 
Fock  functions  are  utilized  here,  Fock’s  original  work  did 
not  contain  effects  of  torsional  surface  rays.  The  far  zone 
UTD  radiation  pattern  of  a  radial  slot  on  a  semi-infinite 
cone  is  seen  to  compare  very  well  with  an  exact  modal 
(eigenfunction)  solution  in  Fig.  17(b).  The  effect  of  the  tip 
is  ignored  in  Fig.  17(b);  however,  as  pointed  out  earlier,  this 
effect  is  generally  negligible  outside  the  paraxial  region. 

c)  Mutual  coupling  between  antennas  on  a  convex  surface: 
The  UTD  expressions  for  the  EM  fields  (E{Q),'n(Q)) 
at  g  on  a  convex  surface  that  are  produced  by  a  slot 
antenna,  or  a  short  and  thin  monopole  antenna  on  the 
same  surface,  respectively,  are  given  in  detail  in  [37];  those 
analytical  expressions  have  been  obtained  from  the  high- 
frequency  solutions  to  the  same  canonical  problems  as  for 
the  radiation  problem  in  part  (b)  above,  and  are  presented 
only  symbolically  in  (41)  and  (42),  shown  on  the  next 
page.Expressions  alternative  to  those  in  [34]  for  the  slot 
case  are  presented  in  [38].  _ 

The  UTD  expressions  for  which  occur  in 

(41)  and  (42)  contain  special  transition  functions  (/(()  and 
V(0  [37],  [38];  these  transition  functions  are  expressed  in 
terms  of  an  integral  containing  a  ratio  of  Airy  functions,  and 
they  keep  the  above  solutions  valid  in  their  SSB  transition 
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Hi.  17.  Radtftion  paneim  of  antennas  on  perfectly  conducting 
apberokb  and  cones  (cone  half  angle  ■  10”). 


Fig.  18.  Mutual  coupling  between  a  pair  of  slots  on  a  perfectly 
conducting  cone. 


region  on  the  surface. 
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(43) 


2v/5F 


(44) 


Expressions  for  the  mutual  coupling  between  a  pair  of 
antennas  on  a  convex  surface  can  be  found  using  (43) 
and  (44)  as  described  in  [37],  [38].  Figure  18  indicates  the 
mutual  coupling  between  a  pair  of  slot  antennas  on  a  cone 
calculated  via  UTD  [37];  it  is  seen  to  compare  very  well 
with  an  exact  eigenfunction  solution.  The  pattern  in  Fig.  18 
results  from  the  interference  between  the  dominant  surface 
rays  and  the  tip  diffracted  ray.  The  tip  diffracted  ray  field 
is  calculated  as  described  in  [38]. 

The  UTD  edge  and  convex  surface  diffraction  solutions 
discussed  above  are  employed  to  predict  the  radiation 
patterns  of  a  TACAN  monopole  antenna  mounted  behind 
the  canopy  on  the  top  side  of  an  F-16  airaaft  fuselage;  the 


and 
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for  a  monopole 
antenna  as  in  (40) 


X  h']ds' , 


for  a  slot  antenna 
as  in  (39) 


(41) 


(42) 
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Fig.  19.  Radiation  pattern  of  monopole  antenna  on  an  F-16  fighter 
airaaA  (see  [39]). 

results  are  shown  in  Fig.  19  [39].  The  UTD  model  of  the 
F-16  is  built  up  from  connecting  spheroidal  and  flat  plate 
surfaces.  The  excellent  comparison  of  these  UTD  results 
with  measurements  is  also  shown  in  that  figure. 

An  application  of  the  UTD  solution  for  radiation  and 
mutual  coupling  associated  with  antennas  on  a  convex 
surface  is  shown  in  Fig.  20  for  predicting  the  radiation  from 
a  9  X  9  element  dominant  mode  rectangular  waveguide-fed 
axial  slot  antenna  phased  array  in  a  perfectly  conducting 
cylinder;  this  array  exhibits  a  cosine  tapered  distribution 
along  both  the  axial  and  circumferential  directions.  Hie 
cosine  taper  is  realized  incorporating  the  effects  of  mutual 
coupling.  Figure  20  shows  the  radiation  pattern  of  this  anay 
when  it  is  phased  to  radiate  in  the  0  =  45°,  ^  =  45° 
direction  [40]. 

6)  Uniform  Analysis  Reflection  within  Caustic  Re¬ 
gions:  Figure  6  illustrates  a  concave-Kxinvex  surface  of 
revolution  which  contains  an  inflection  point  along  its 
generator;  such  a  surface  can  occur  in  the  design  of  shaped 
subreflectors  in  dual  reflector  antenna  systems.  The  feed, 
which  is  a  source  of  a  spherical  wave,  illuminates  the 
subreflector  which  is  assumed  to  be  in  the  far  zone  of  the 
feed.  The  rays  reflected  from  the  subreflector  form  a  smooth 
caustic  surface  of  revolution.  It  is  usually  of  interest  to  find 
the  fields  scattered  by  the  subreflector  which  then  illuminate 
the  main  reflector. 

One  can  employ  GO  to  find  the  rays  reflected  from  the 
subreflector  as  rimwn  in  Fig.  6.  On  the  lit  side  of  the  caustic 
there  are  two  real  GO  reflected  rays  that  contribute  to  the 
field  at  Pl.  However,  conventional  GO  fails  to  predict  a 
field  at  P5  on  the  shadow  side  of  the  caustic  where  no  real 


F^.  20.  Radiation  from  a  9  x  9  axial  slot  phased  ar¬ 
my  on  a  perfectly  conducting  conducting  circular  cylinder. 
a  =  5A;al  =  0.114A;a2  =  0.095A.  Slot  length  =  0.686A; 
slot  width  =  0.305A. 


reflected  rays  exist,  and  it  also  fails  at  the  caustic  where 
it  predicts  a  field  singularity.  Therefore,  conventional  GO 
must  be  patched  up  by  a  uniform  GO  solution  which  not 
only  provides  a  bounded  and  smooth  variation  of  the  field 
across  the  caustic,  but  which  also  automatically  recovers  the 
real  ray  fields  of  GO  on  the  lit  region  outside  the  caustic 
transition  layer,  and  which  likewise  recovers  the  “complex” 
ray  field  [41]  outside  the  transition  layer  on  the  shadow 
side  of  the  caustic  (since  “real”  ray  fields  cannot  exist 
there).  Such  a  uniform  GO  solution  for  the  scattered  fields 
is  described  in  [14];  it  is  summarized  below: 


where  Ai  is  an  Airy  function  [13]-[15]  given  by 

^  J  *  exp(-j(fV3  +  ^0) 


(45) 


and  Ai'  is  its  derivative.  Furthermore, 


{?:} 

rU* 


1/4 

L_, 

■^(Qa)  S(QJ 

2  \ 

/  i 

1 

P2a  + 

I  /  P2, 

^  Pu+^i 

(46a) 


in  which 

c,*  =  ^1(4+»;)+(-l+-;)1  (46c) 
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and 


T(Qa,b)  =  A(Q„.fc) 


exp(-jA:a^t) 


(field  incident  at 
Qa,b  from  the  feed  / 


^  (46d) 

It  is  noted  that  R  in  (46a)  is  the  dyadic  reflection 
coefficient  as  in  (S).  While  (45)  is  given  for  the  lit  side, 
a  similar  expression  exists  for  the  shadow  side,  namely. 


1*(P,)  ~  airie--'**' 


•  (47) 


In  (46d),  the  Qa  and  Qb  correspond  to  the  two  “real”  points 
of  reflection  on  the  surface  as  in  Fig.  6;  the  parameters 
in  (46b)  and  (46c)  are  defined  in  terms  of  Qa  and  Qt,. 
The  parameters  in  (47),  for  the  shadow  side,  are  defined  in 
terms  of  “complex”  points  of  reflection  Qac  and  Qi,c',  these 
complex  points  are  determined  by  an  analytical  continuation 
of  the  original  surface  into  complex  coordinate  space  [14], 
[41],  In  practice,  the  subreflector  in  Fig.  6  is  bounded  by  an 
edge  which  then  truncates  the  caustic  surface  in  question. 
The  results  in  (45)  and  (47)  are  valid  for  observation  points 
near  the  smooth  portion  of  the  caustic  away  from  the 
caustic  truncation  and  away  from  the  second  (or  the  other) 
caustic  surface  which  also  exists.  Outside  the  given  caustic 
transition  region,  (45)  automatically  recovers  the  GO  result. 

7)  Multiple  Ray  Interactions:  A  diffracted  ray  which  is 
incident  on  a  discontinuity  undergoes  a  second  diffraction  to 
create  a  doubly  diffracted  ray.  Likewise,  doubly  diffracted 
rays  can  produce  triply  and  higher  order  multiply  diffracted 
rays.  The  effect  of  multiply  diffracted  rays  is  generally 
quite  weak  and  may  be  ignored  in  that  case.  However, 
one  can  easily  assess  the  importance  of  the  latter,  because 
leaving  these  out  generally  aeates  a  discontinuity  in  the 
field  (much  like  GO  exhibits  discontinuities  along  GO  ray 
shadow  boundaries);  if  this  discontinuity  is  significant  then 
it  is  clear  that  the  multiple  interactions  must  be  included 
to  some  order  until  the  discontinuity  becomes  sufficiently 
small.  Finally,  rays  reflected  and  then  diffracted  (or  vice 
versa)  are  of  the  same  order  as  singly  diffracted  rays;  thus 
they  must  be  generally  included  to  keep  all  significant 
interactions  to  the  same  order  of  asymptotic  approximation 
(in  terms  of  inverse  powers  of  k)  [3].  Multiple  interactions 
within  ray  transition  regions  need  to  be  treated  with  care 
[63]. 


B.  ECM 

An  expression  for  the  GTD/UTD  edge  diffracted  field  has 
been  presented  in  (8c)  above,  namely, 

This  expression  reveals  that  the  edge  diffracted  field  has  a 
singularity  at  the  edge  where  a*  =  0;  such  a  singularity 
results  from  the  fact  that  the  edge  is  a  caustic  of  the 
edge  diffraction  rays,  and  this  caustic  at  Qe  is  evident 


from  the  edge  diffracted  ray  tube  illustrated  in  Fig.  9.  The 
GTDAJTD  expression  for  the  asymptotic  high-frequency 
ray  field  is  valid  away  from  the  edge  (i.e.,  it  is  valid 
outside  the  so-called  edge  boundary  layer),  and  the  proper 
behavior  near  the  edge  must  be  obtained  from  separate 
considerations.  On  the  other  hand,  if  p*'  <  0  then  the 
other  diffracted  ray  caustic  can  occur  in  the  external  space 
surrounding  the  wcJge  v  henever  the  observation  point  at 
P  is  such  that  a^  =  and  the  expression  for  E  (P)  of 
(8c)  thus  becomes  singular  and  consequently  fails  at  and 
near  this  caustic;  such  a  caustic  can  generally  occur  along 
the  diffracted  ray  if  the  edge  is  curved  or  if  the  incident 
wavefront  is  concave.  For  smooth  caustics  of  diffracted 
rays  one  could  use  the  expressions  in  (45)  and  (47)  directly 
within  the  diffracted  ray  caustic  region  except  that  the 
reflected  ray  parameters  present  in  (45)  and  (47)  must  now 
be  replaced  by  the  corresponding  diffracted  ray  parameters. 
However,  the  use  of  the  ECM  in  this  case  will  yield  the 
same  result  as  in  (45)  and  (47)  if  the  integrals  present  in 
the  ECM,  which  are  defined  later  on,  are  evaluated  using 
a  uniform  asymptotic  procedure.  Furthermore,  the  ECM  is 
very  useful  for  treating  a  point  caustic  of  diffracted  rays  (as 
in  Fig.  5  for  a  symmetric  parabolic  reflector  with  the  feed 
at  the  focus);  the  uniform  approximation  of  (45)  and  (47)  is 
not  valid  in  regions  at  and  near  the  intersection  or  proximity 
of  the  two  smooth  caustic  surfaces,  nor  where  these  two 
caustic  surfaces  degenerate  to  form  a  single  point  caustic. 

The  basic  idea  behind  ECM  may  be  understood  as 
follows.  If  Ara**  »  1  but  s'*  <  Ip**!,  then  in  the  near  zone 
of  the  edge  but  sufficiently  far  from  Qe,  the  expression  for 
1^(P)  in  (8c)  becomes: 

-E^{P)^T{Qe)W,^^. 

va® 

Clearly  the  field  at  P  in  (48)  may  be  viewed  as  being 
produced  by  an  appropriate  equivalent  line  source  tangent 
to  the  curved  edge  at  Qe,  because  a  line  source  field  also 
exhibits  an  symptotic  behavior  of  the  type  e-j>,-(aa)-i/2 
as  in  (48)  when  fca"*  1,  to  describe  a  cylindrical  wave 
as  illustrated  in  Fig.  5(b).  Thus  one  can  find  the  strengths 
of  equivalent  electric  (/)  and  magnetic  (M)  line  currents 
locally  tangent  to  the  edge  (i.e.,  along  e)  at  Qe,  which 
generate  the  desired  fields  {E  {P),ir‘{P)).  For  a  perfectly 
conducting  edge,  the  equivalent  line  cunents  7  and  Af  are 
given  by  [16] 


(with 

s'*  <  l/l 

fcs*'  »  1 
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I{Qe)  \ 
M{Qe)  / 


} 


sin /Jo 

f  F{QE)D,a 

I  Tr{QE)D,H 


(49) 


in  which  Du, eh  have  been  indicated  previously  in  (9) 
and  are  evaluated  in  (49)  for  a  diffracted  ray  which  lies 
on  the  Keller  cone  and  in  the  caustic  direction.  Only  if 
the  phase  of  F{Qe)  in  (48)  is  uniform  then  does  (48) 
describe  a  “locally”  cylindrical  wave  emanating  from  the 
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edge  as  in  Fig.  5(b).  On  the  other  hand,  if  the  incident  rays 
strike  the  edge  obliquely  (so  /?„  ^  ir/2)  then  the  phase 
of  E  {Qe)  is  not  uniform,  and  neither  does  the  phase  of 
I  and  M  remain  constant  but  instead  contains  a  traveling 
wave  factor  automatically  through  the  presence  of  F (Qe) 
in  (49).  In  the  latter  case  the  diffracted  field  behavior  in 
(48),  and  likewise  the  corresponding  asymptotic  line  source 
field  behavior,  e-'*"  (s**)"*^*,  now  describes  a  more  general 
conical  rather  than  a  cylindrical  wave.  In  the  ECM,  these 
conical  waves  thus  locally  simulate  the  Keller  cones  of 
edge  diffracted  rays.  Even  though  (8c)  becomes  singular 
at  diffracted  ray  caustics,  the  currents  in  (49)  are  defined 
and  well  behaved  at  every  point  along  the  curved  edge,  and 
hence  they  can  be  incorporated  within  the  radiation  int^al 
to  yield  a  bounded  result  for  the  total  diffracted  field  £totai 
at  and  near  the  caustic.  Thus 

^totAP)  ~  ^  ^  X  .R  X  7e  +  X  Me] 

f,-iKR 

■  —^dl'  (50) 

where  R  is  the  vector  from  Qe  to  P,  and  the  integration 
is  around  the  edge  contour  which  produces  the  caustic  of 
diffracted  rays. 

It  is  noted  that  an  edge  diffracted  ray  exhibits  the  local 
line  source  ^Id  variation  of  the  type  e-’*'*  in  (48) 

only  when  is  not  range  dependent;  i.e.,  only  when 
one  observes  the  edge  diffracted  field  outside  the  edge 
boundary  layer  and  external  to  the  incident  and  reflection 
boundary  (ISB  and  RSB)  transition  regions  where  the 
UTD  reduces  to  GTD.  This  is  true  because  the  special 
range  dependent  Fresnel  type  UTD  transition  function  F 
in  Dt,  which  is  different  from  unity  within  the  ISB  and 
RSB  transition  regions,  modifies  the  e-’**  (s'*)”*/*  type 
cylindrical  or  conical  wave  behavior  within  these  transition 
layers.  Consequently,  the  GTD-based  ECM  remains  valid 
only  if  the  edge  diffracted  ray  caustic  transition  layer  does 
not  overlap  with  the  ISB  and  RSB  transition  layers. 

The  ECM  is  an  outgrowth  of  some  early  work  in  [42] 
which  was  later  formulated  in  terms  of  the  GTD  in  [16] 
to  yield  (49).  A  heuristic  modification  to  extend  the  use 
of  Dtt,r.h  in  (49),  which  are  defined  only  on  the  Keller 
cone,  so  that  they  can  be  approximately  generalized  to  be 
defined  along  radiation  directions  lying  outside  the  Keller 
cone  is  provided  in  [17]  by  splitting  the  (sin^do)'^  factor 
in  (49)  as  well  as  the  one  present  in  the  Dt„th  of  (49), 
symmetrically  into  y^sin  sin  /3o.  where  is  the  angle 
between  the  incident  ray  and  e  at  Qe,  and  0o  is  the  angle 
between  the  observation  direction  and  e  at  Qe-  If  0o  =  0o, 
only  then  does  the  direction  of  radiation  from  /  or  M  at  Qe 
coincide  with  the  diffracted  ray  from  Qe  that  lies  on  the 
Keller  cone.  Such  a  generalization  involving  a  symmetric 
split  is  useful  in  that  away  from  the  caustic  transition  layer, 
where  the  GTD  is  valid,  it  allows  the  integral  in  (50)  to 
reduce  asymptotically  (i.e.,  for  large  radius  of  curvature  of 
the  edge)  to  the  expected  GTD  description  [4,17]  in  terms  of 
a  superposition  of  isolated  edge  diffracted  ray  contributions 


Yfj=\P}{P),  where  each  term  Ej{P)  is  of  the  type  in 
(8c).  The  effect  of  truncating  the  limits  of  integration  to  the 
portion  of  the  edge  which  is  directly  illuminated  may  create 
spurious  contributions;  this  aspect  and  possible  remedies  are 
discussed  in  [4].  It  is  noted  that  unlike  tr  n-ents,  the  I 
and  M  in  (49),  together  with  the  i  '  n  of  s\n0o 
to  y/s\D0'„  sin0'g,  depend  on  the  ri  or  observation 

direction. 

The  GTD-based  ECM  discussed  above  provides  the  dif¬ 
fracted  field  contribution  without  ha'  -'-’g  to  find  the  dif¬ 
fracted  ray  paths  as  in  the  G’’  ■  .wever,  the  ECM 
requires  an  integration,  which  '  some  special  cases 
can  be  evaluated  in  closed  form, which  in  general  must 
be  evaluated  numerically.  This  ECM  can  be  used  to  find  the 
fields  diffracted  within  the  rear  axial  caustic  region  of  the 
symmetric  parabolic  reflector  of  Fig.  5(a)  as  shown  in  Fig. 
11.  An  analogous  ECM  application  is  to  calculate  the  fields 
in  the  rear  axial  caustic  direction  of  a  coaxial  waveguide 
fed  aperture  in  a  finite  circular  ground  plane  [43].  An  ECM 
analysis  of  the  radiation  by  an  axial  monopole  on  a  circular 
ground  plane,  and  on  a  flat-backed  cone  may  be  found  in 
[9],  and  [44],  respectively. 

The  GTD-based  ECM  can  also  be  employed  to  describe 
the  fields  diffracted  by  an  offset  fed  parabolic  reflector 
for  those  observation  directions  in  which  isolated  points 
of  edge  diffraction  which  move  on  the  elliptic  rim  can 
coalesce  and  thereby  create  a  singularity  in  the  conventional 
GTD  calculation.  In  this  case,  the  ECM  integral  could 
asymptotically  be  expressed  in  terms  of  a  parabolic  cylinder 
function,  thus  providing  an  analytical  result  if  desired. 

In  addition,  the  ECM  can  be  employed  in  special  cases 
to  evaluate  the  fields  at  caustics  of  reflected  rays,  and  of 
surface  diffracted  rays.  Furthermore,  it  can  be  extended 
to  treat  the  scattering  by  a  class  of  interior  waveguide 
discontinuities.  The  equivalent  currents  for  interior  wave¬ 
guide  regions  are  defined  via  the  concept  of  modal  ray 
fields  which  are  found  either  exactly  or  asymptotically  from 
the  interior  waveguide  modes  [45],  [46].  The  equivalent 
currents  I  and  M,  which  “replace”  the  interior  structure, 
and  asymptotically  produce  the  same  interior  modal  fields 
as  those  created  by  the  discontinuity  via  not  only  I  and  M, 
but  also  their  images  due  to  the  effect  of  the  waveguide 
walls,  have  been  developed  in  [46]  to  find  the  modal 
reflection  coefficients  and  the  radiation  by  an  incident 
modal  field  associated  with  an  open-ended  semi-infinite 
parallel  plate  waveguide  antenna  geometry.  Other  related 
work  may  be  found  in  [47]-[49].  An  alternative  approach  in 
which  only  equivalent  magnetic  currents  M  are  impressed 
at  the  discontinuity  and  which  radiate  the  desired  fields 
within  interior  (or  exterior)  regions  in  the  “presence”  of  the 
interior  waveguide  geometry  have  been  developed  in  [50], 
[51];  such  an  ECM-based  approach,  which  does  not  require 
one  to  explicitly  find  the  images  of  the  equivalent  sources 
and  their  fields,  can  treat  a  somewhat  more  general  class 
of  waveguide  discontinuities.  Examples  of  the  use  of  the 
latter  ECM  for  interior  regions  are  illustrated  for  finding 
the  modal  reflection  coefficients  of  a  waveguide  fed  horn 
antenna  in  [50],  and  for  an  open-ended  circular  waveguide 
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Fig.  21.  Application  of  ECM  to  find  the  modal  reflection  coeffi¬ 
cient  of  open-ended  circular  waveguide  and  horn  antennas.  (Exact 
Wiener-Hopf  solution  in:  Weinsten,  The  Theory  of  Diffraction  and 
the  Factorization  Method,  Golem  Press,  1968.) 


aperture  antenna  in  [SI]  as  presented  in  Fig.  21.  The  ECM 
based  results  in  Fig.  21  are  seen  to  compare  extremely  well 
with  exact  Wiener-Hopf  calculations. 

More  recently,  the  GTD-based  ECM  for  edged  bodies 
has  been  formulated  in  [S2]  directly  from  the  asymptotic 
treatment  of  the  integral  representation  for  the  canonical 
wedge  diffraction  problem,  from  which  a  set  of  slightly 
improved  equivalent  currents  /  and  M  can  be  identified.  It 
may  be  remarked  that  the  ECM  concept  is  closely  related 
to  the  incremental  length  diffraction  coefficient  (ILDC) 
concept  developed  by  Mitzner  [S3];  a  comparison  of  ILDC 
and  ECM  is  available  in  [S4],  [SS]. 

C.  PTD 

As  indicated  in  Section  I,  the  PTD  was  developed  by 
Ufimtsev  [19]  at  about  the  same  time  Keller  developed 
the  GTD.  The  PTD  serves  to  correct  PO,  while  GTD 
provides  a  correction  to  GO.  Thus  the  PTD  field  is  a 
superposition  of  the  PO  field  and  its  correction  which  is 
the  so-called  “edge  wave  field.”  The  PO  field  is  produced 
by  the  GO  approximation  for  the  currents  induced  on  the 
radiating  object,  whereas  the  edge  wave  field  is  produced 
by  the  diffracted  component  of  the  current  on  the  radiat¬ 
ing  object.  Since  GTD/UTD  is  the  sum  o'  the  GO  and 
diffracted  ray  fields,  it  is  not  surprising  that  if  the  PTD 
radiation  integrals  (i.e.,  the  PO  integral  plus  the  integral 
over  the  diffracted  current  component)  are  evaluated  using 
high-frequency  asymptotics  then  the  PTD  reduces  to  the 
GTD.  Furthermore,  when  the  asymptotics  is  performed  in 
a  uniform  fashion,  the  PTD  can  recover  the  UTD.  Gearly, 
therefore,  the  PTD  can  be  employed  to  patch  up  GTDAJTD 
in  regions  where  GTD/UTD  and  even  the  GTD-based 
ECM  fails.  Elsewhere,  the  GTD/UTD  and  the  GTD-ECM 
become  applicable  and  are  expected  to  be  far  more  efficient 
than  the  PTD  which  generally  requires  the  evaluation  of 
PO  integrals  over  an  electrically  large  radiating  object. 
Furthermore,  multiple  wave  interactions  can  generally  be 
accounted  for  in  a  straightforward  fashion  using  the  GTD 
ray  technique,  which  is  not  true  for  the  PTD.  Also,  the  PTD 
hu  been  developed  only  for  an  edge  at  the  present  time; 


consequently,  the  GO  current  discontinuity  at  the  geometric 
shadow  boundary  on  the  smooth  portion  of  a  scatterer  can 
induce  a  spurious  diffraction  contribution  to  the  PO  integral. 
Ways  to  remove  such  spurious  effects  are  discussed  in 
[56].  Nevertheless,  the  PTD  becomes  particularly  useful 
for  patching  up  the  GTD/UTD  in  regions  where  there 
is  a  confluence  of  reflected  and/or  diffracted  ray  caustic 
transition  regions  with  the  GO  (incident  or  reflected)  ray 
shadow  boundary  transitions  regions.  It  is  recalled  that 
the  GTD-ECM-based  approach  also  fails  there.  The  PTD 
electric  field  at  an  observation  point  P  can  be  written  as 

E{P^  ~  E  Ep-yjj  (^l8) 

EpTD  —  ^po  (51b) 


where  E  is  the  classical  incident  field  from  the  primary 
source  radiating  in  the  absence  of  any  scattering  structure, 
and  E pxo  is  the  PTD  based  asymptotic  approximation  to 
the  field  scattered  by  the  presence  of  the  structure  when 
excited  by  the  primary  source.  Unlike  the  incident  GO 
field  E  Ui  which  is  discontinuous  (see  (4a)),  the  £*  in 
(Sla)  is  continuous  everywhere.  The  Epj-p  is  calculated 
by  superposing  the  physical  optics  contribution,  E pn  and 
the  Ufimtsev  correction,  Ey  as  in  (51b),  where 


in  which  J5  (f')  is  the  GO  approximation  to  the  current 
induced  at  any  point  f'  on  a  perfectly  conducting  boundary 
excited  by  a  primary  source  (the  source  of  ^)  The 
boundary  may  be  a  host  structure  for  an  antenna  which 
serves  as  a  primary  source,  or,  the  primary  source  could  be 
a  feed  antenna  for  a  reflecting  boundary  (e.g.,  a  parabolic 
reflector).  Thus  J^^(f')  =  n'  x  [Tt(f')Ui-\-Tr{f')Ur] 
on  the  part  of  the  boundary  surface  5at  which  is  directly 
illuminated  by  the  primary  source,  and  J5  =0  elsewhere 
(i.e.,  in  the  shadow  region)  on  the  boundary.  Here,  IT  {f')Ut 
and  H  {f')Ur  are  the  incident  and  reflected  GO  compo¬ 
nents  of  the  magnetic  field  at  f'.  The  position  vector  to  the 
observation  point  is  f,  and  n'  is  the  unit  outward  normal 
vector  to  the  boundary  at  f'.  It  appears  that  Ufimtsev  found 
lEu  indirectly  in  his  original  work  [19].  If  the  PTD  integrals 
in  (51),  (52)  are  approximated  asymptotically,  then 


Ejo  ~  -  ^(1  -  W)  +  E'y.  +  FWe) 


r 


PO  f 

’  i 


o' 


+  3^) 


(53) 


and  ^uiP)  can  be  expressed  as 


i!Z{P)>^r{QE)-'D, 
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(54) 
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=PO 

where  D,  is  identified  as  a  PO  based  edge  diffraction  co¬ 
efficient,  and  Dg  is  a  Ufimtsev  edge  diffraction  coefficient. 
Actually,  there  can  be  several  edge  diffraction  contributions 
to  (51)  and  (52);  however,  only  a  single  such  contribution  is 
indicated  in  (53)  for  convenience.  It  is  interesting  to  observe 
that  (17),  [57] 

D,  +D,  =  D,  (55) 


as  one  might  expect.  Equation  (55)  essentially  illustrates 
the  connection  between  PTD  and  GTDAJTD.  Following 

=iPO  =1/ 


(9),  one  can  also  express  and  as 

_ PCi 

<!>•■,  0c) 

(56a) 

^  =  -0'JcD^,{<t,,<t>'-0o) 

(56b) 

The  Df  essentially  describes  Ufimtsev’s  edge  (fringe) 

.^5 

wave  diffraction  pattern.  While  Ufimtsev  found  Eu  via 
indirect  considerations  in  [19],  one  could  in  retrospect 
employ  an  approximate  procedure  following  the  GTD- 
based  ECM  ideas  contained  in  (49)  and  ^50),  as  well  as 
in  the  discussion  below  (50),  to  obtain  Ey  -,  thus 


£y(P)  y  [p  X  P  X  /^e  -I-  YoR  x  M^’i 

e-jitR 


dl' 


(57) 


where  the  Ufimtsev  type  equivalent  currents  7^  and  M^' 
in  (57)  are  given  by 


0in  00  sin^V  k\Zo} 

(  v’^smXsirT^)  1 

I  IT (Qe)D[\{<1,,  <!>'■,  v'sin  /J,  sin  /?;)  J 


(58) 


Recently,  a  new  formulation  of  the  PTD  was  presented  in 
[20]  for  directly  calculating  the  fringe  wave  contribution 
pertaining  to  the  scalar  (acoustic)  case.  Those  ideas  in  [20] 
can  be  directly  extended  here  to  find  'Ey  for  the  vector  EM 
case;  thus 


eI(P) 


=  vv 


ds' 

|r  -  r'l 


-5 

since  Ey  is  radiated  by  the  component  of  the  current  which 
is  produced  by  the  edge  diffracted  field  on  the  surface  of 
the  scatterer;  this  diffracted  component  of  the  current  is 
denoted  by  T' (P)  in  (59).  According  to  [20], 


da' = 


drdff 

\Jra\ 


(60) 


Fig.  22.  Integration  coordinates  on  the  wedge. 


where  the  coordinate  a  is  along  the  Keller  cone  of  diffracted 
rays  on  the  surface.  The  coordinates  r,  cr  and  rj  are  shown 
in  Fig.  22;  it  is  noted  that  f  =  e  =  unit  edge  tangent 
vector,  and  jj  ±  e.  The  integral  in  (59)  together  with  (60) 
may  be  evaluated  asymptotically  in  closed  form  along  the 
(7  coordinate,  thereby  leaving  a  line  integral  along  the  r 
variable  (i.e.,  along  the  edge  contour  as  in  (57))  that  yields 
a  PTD  based  ECM  interpretation  (analogous  to  (57))  from 
which  a  more  refined  set  of  equivalent  currents  P  and 
than  those  in  (58)  can  be  identified.  It  is  noted  that  only  the 
dominant  range  dependent  terms  may  be  retained  in  (52) 
and  (59)  which  result  from  the  VV  operation  therein;  the 
remaining  higher  order  range  terms  may  be  neglected  as 
usual  for  k\f  -  f'|  »  1. 

The  PTD  can  also  be  employed  to  deal  with  apertures.  In 
this  case,  the  PO  concepts  may  be  extended  so  that  the  PO 
type  contribution  can  be  found  from  the  GO  fields  in  the 
aperture;  such  a  PO  integral  over  the  aperture  is  commonly 
referred  to  as  the  aperture  integral  (AI)  when  it  is  applied 
to  horn  and  reflector  antennas.  An  appropriate  Ufimtsev 
correction  Ey  may  then  be  added  to  Ey^i  (corresponding 
to  the  AI  contribution  which  acts  like  the  PO  contribution). 
It  is  noted  that  Epy,  or  for  aperture  problems,  is 
generally  far  more  significant  than  the  Ufimtsev  correction 
Ey  in  the  region  corresponding  to  the  main  beam,  as  for 
example  in  the  case  of  horn  and  reflector  antennas. 

Figure  23  illustrates  the  far  zone  E  plane  radiation  pattern 
of  a  symmetric  parabolic  reflector  fed  at  the  focus,  with  four 
symmetric  struts  holding  the  feed;  this  pattern  has  been 
calculated  in  [58]  using  AI  up  to  6°  away  from  the  main 
beam  axis  and  switching  to  UTD  beyond  6°  (except  for  the 
use  of  GTD-based  ECM  to  patch  up  GTD  in  the  rear  axial 
caustic  direction  at  =  180®).  The  Ufimtsev  correction  to 
AI  is  negligible  in  Fig.  23  which  shows  that  the  AI  alone 
compares  very  well  with  measurements.  The  diameter  of  the 
conducting  struts  is  0.84  in  and  the  scattering  from  these 
struts  is  found  by  using  a  wire  diffraction  coefficient  in  con¬ 
junction  with  ECM  as  described  in  [58].  Figure  24  shows 
the  far  zone  E  plane  radiation  pattern  of  a  pyramidal  horn 
calculated  in  [59]  using  the  AI  technique  to  30°  away  from 
the  main  beam  axis,  and  the  GTD-based  ECM  beyond  30®. 
Measured  results  are  also  shown  for  comparison  in  Fig.  24 
from  which  it  can  be  again  seen  that  the  Ufimtsev  correction 
to  AI  is  negligible  in  this  case.  The  Ufimtsev  correction  to 
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Fig.  23  Measured  and  calculated  E  plane  patterns  of  a  symmetric 
parabolic  reflector  antenna  at  1 1  GHz.  (a)  Measured,  (b)  Calculated 
(see  [58]). 
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Fig.  24  Measured  and  calculated  E  plane  patterns  of  a  pyramidal 
horn  antenna  (see  [59]). 

AI  becomes  important  if  one  employs  AI  not  just  to  calcu¬ 
late  the  antenna  main  beam  and  the  first  few  sidelobes,  but 
to  also  calculate  the  wide  angle  sidelobes  and  back  lobes. 

III.  Conclusions 

It  is  seen  that  high-frequency  techniques  are  conceptually 


simple  as  well  as  versatile  in  being  able  to  predict  the 
radiation  patterns,  mutual  coupling  and  other  effects  associ¬ 
ated  with  a  large  variety  of  practical  antenna  configurations. 
However,  as  also  seen  from  Section  II,  the  use  of  GTDAJTD 
technique  requires  a  knowledge  of  the  relevant  diffraction 
coefficients;  therefore,  while  several  diffraction  mecha¬ 
nisms  can  presently  be  characterized  by  UTD  coefficients, 
more  UTD  coefficients  need  to  be  developed  to  solve  a 
greater  variety  of  antenna  problems  which  are  relevant  to 
present  and  future  EM  technology.  Some  UTD  coefficients 
which  are  known  only  approximately  at  present  need  to  be 
refined  in  some  cases;  others  need  to  be  found  for  additional 
perfectly  conducting  as  well  as  nonconducting  (and  even 
penetrable)  canonical  structures.  Some  work  in  the  latter 
case  which  is  available  in  [60],  [61]  needs  to  be  developed 
further;  such  work  would  be  useful,  for  example,  to  predict 
the  reduction  in  coupling  between  antennas  on  a  metal 
surface  by  introducing  a  lossy  (absorbing)  material  patch 
placed  between  the  pair  of  antennas,  or  to  predict  the  effects 
of  the  canopy  of  private  aircraft,  or  helicopters,  on  the 
antennas  located  on  such  structures,  etc.  The  PTD  likewise 
needs  to  be  formally  extended  to  deal  with  nonconducting 
surfaces  and  to  smooth  surfaces  without  edges,  etc.  Not 
discussed  in  this  paper  are  spectral  techniques  which  can  be 
used  in  conjunction  with  high-frequency  approximations  to 
deal  with  complex  (nonray  optical)  illumination  of  the  host 
structure  by  the  primary  source  (antenna)  [62],  [63].  Finally, 
hybrid  procedures  which  combine  high  and  low  frequency 
techniques  [66],  and  the  Gaussian  beam  techniques  have 
also  not  been  discussed  here  due  to  space  limitations. 
Different  aspects  of  ray  and  Gaussian  beam  methods  have 
appeared  previously  as  a  collection  of  papers  in  [65];  the 
latter  also  contains  a  paper  by  Borovikov  and  Kinber,  which 
in  turn  provides  a  large  bibliography  of  Soviet  papers  on 
high-frequency  techniques.  The  hybrid  procedures  as  well 
as  the  Gaussian  beam  techniques  appear  to  hold  promise 
to  solve  some  high-frequency  EM  antenna  and  scattering 
problems  which  may  otherwise  become  intractable. 
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On  The  Dyadic  Green’s  Function  For  a  Planar 
Multilayered  Dielectric/Magnetic  Media 

Sina  Barkeshli,  Member,  IEEE,  and  P.  H.  Pathak,  Fellow,  IEEE 


Abstract— A  complete  plane  wave  spectral  eigenfunction  ex* 
pansion  of  the  electric  dyadic  Green’s  function  for  a  planar 
multilayered  dielectric/magnetic  media  is  given  in  terms  of  a 
pair  of  the  (f)*propagating  solenoidal  eigenfunctions,  where 
(0  is  normal  to  the  interface,  and  it  is  developed  via  a  utiliza* 
tion  of  the  Lorentz  reciprocity  theorem.  This  expansion  also 
contains  an  explicit  dyadic  delta  function  term  which  is  re* 
qjuired  for  completeness  at  the  source  point.  Some  useful  con¬ 
cepts  such  as  the  effective  plane  wave  reflection  and  transmis¬ 
sion  ^flkients  are  employed  in  the  present  spectral  domain 
eigenfunction  expansion.  The  salient  features  of  this  Green’s 
function  are  also  described  along  with  a  physical  interpreta¬ 
tion. 


I.  Introduction 

COMPLETE  plane  wave  spectral  (PWS)  type  eigen¬ 
function  expansion  of  the  electric  dyadic  Green’s 
function  for  the  planar  multilayered  dielectric/magnetic 
media  is  given  in  this  paper  in  terms  of  a  pair  of  the  (i)- 
directed  solenoidal  eigenfunctions,  where  (i)  is  normal  to 
the  interface,  and  it  is  developed  via  a  utilization  of  the 
Lorentz  reciprocity  theorem.  This  expansion  also  con¬ 
tains  an  explicit  dyadic  delta  function  term  which  is  re¬ 
quired  for  making  the  representation  complete  at  the 
source  point.  The  geometry  of  this  problem  is  shown  in 
Fig.  1.  The  electrical  parameters  in  each  of  the  layers  are 
assumed  to  be  homogeneous  and  isotropic.  It  is  shown 
that  the  field  at  a  given  point  consists  of  four  distinct  wave 
types  (two  for  each  TE  and  TM  type)  caused  by  the  pres¬ 
ence  of  the  multilayered  media.  This  dyadic  Green’s 
function  is  useful  in  many  problems  dealing  with  the  strat¬ 
ified  media,  i.e.,  scattering  from  buried  objects  in  the  lay¬ 
ered  earth,  or  in  the  design  of  high  performance  finite 
phased  arrays  in  multilayered  dielectric/magnetic  envi¬ 
ronment.  Since  the  dyadic  Green’s  function  derived  here 
is  for  an  arbitrarily  oriented  current  pioint  source,  it  can 
also  be  utilized  for  the  applications  where  the  current  ele¬ 
ments  are  obliquely  rather  than  horizontally  or  vertically 
oriented  with  respect  to  the  planar  interfaces. 

The  plane  wave  spectrum  (PWS)  integral  representa- 
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Fig.  1 .  Electric  point  current  dipole  source  in  a  multi-layered  dielectric/ 
magnetic  media.  Also  the  planar  surfaces  S>  and  S<  slightly  above  and 
below  the  source  are  shown. 

lion  of  the  dyadic  Green’s  function  for  this  canonical 
problem  may  be  constructed  in  several  ways.  One  of  the 
most  common  approaches  is  to  express  the  Green’s  func¬ 
tion  in  terms  of  a  magnetic  vector  potential  Il]-I5], 
whereas  another  approach  is  to  construct  the  Green’s 
function  from  a  set  of  appropriate  electric  and  magnetic 
vector  potentials  [6J-I10],  [21].  In  the  former  case,  the 
magnetic  vector  potential  in  general  has  components 
which  are  parallel  and  normal  to  the  interface  even  if  the 
electric  point  current  source  does  not  possess  a  compo¬ 
nent  which  is  normal  to  the  interface.  In  the  other  ap¬ 
proach,  the  magnetic  and  electric  vector  potentials  are 
generally  chosen  so  that  they  are  both  normal  to  the  in¬ 
terface.  If  the  electric  point  current  source  is  chosen  nor¬ 
mal  to  the  interface,  then  the  two  approaches  become 
identical  since  only  a  single  normally  directed  magnetic 
vector  potential  suffices  in  this  case.  This  is  related  to  the 
fact  that  the  normally  oriented  current  moment  only  ex¬ 
cites  the  TM  waves  (with  respect  to  the  (£)-coordinate  di¬ 
rection),  whereas  the  electric  current  moment  parallel  to 
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the  interface  excites  both  TM  and  TE  waves.  Therefore 
the  total  electromagnetic  waves  must  be  constructed  either 
with  the  magnetic  vector  potential  which  can  produce  both 
TM  and  TE  waves  (in  this  case  magnetic  vector  potential 
must  have  components  normal  and  parallel  to  the  inter¬ 
face)  in  order  to  satisfy  the  appropriate  boundary  condi¬ 
tions,  or  with  the  magnetic  and  electric  vector  potentials 
which  are  both  normal  to  the  interface  (since  a  normally 
directed  magnetic  vector  potential  produces  TM  waves 
and  a  normally  directed  electric  vector  potential  produces 
TE  waves).  One  of  the  main  advantages  of  the  latter  for¬ 
mulation  is  that  the  boundary  conditions  associated  with 
the  differential  operators  for  the  two  different  types  of 
vector  potentials  can  be  decoupled.  In  the  case  of  a  choice 
of  a  single  type  of  magnetic  vector  potential  containing 
both  a  vertical  (£)  and  a  horizontal  (transverse)  to  (£)  com¬ 
ponent,  the  transverse  component  (parallel  to  interface) 
of  that  magnetic  vector  potential  will  contribute  to  both 
TE  and  TM  waves;  therefore,  the  boundary  conditions  for 
normal  and  transverse  potential  components  will  be  cou¬ 
pled.  This  disadvantage  will  be  more  pronounced  if  one 
deals  with  the  stratified  or  multilayer  dielectric/magnetic 
media,  for  which  the  number  of  coupled  boundary  con¬ 
ditions  increase,  thereby  complicating  the  analysis.  Re¬ 
cently  Bagby  and  Nyquist  [11],  derived  a  formal  repre¬ 
sentation  of  the  dyadic  Green's  function  for  the 
multilayered  media  in  terms  of  the  magnetic  vector  poten¬ 
tial  [1],  [4],  which  they  specialized  for  the  cases  of  mi¬ 
crostrip  and  optical  circuit  structures.  Since  only  the  mag¬ 
netic  vector  potential  is  used,  the  boundary  conditions  for 
the  TM  and  TE  waves  are  coupled  in  [11],  hence,  the 
natural  distinction  between  the  two  is  lost.  Also  the  dyadic 
delta  function  term,  which  makes  the  representation  com¬ 
plete  at  the  source  point,  was  not  explicitly  extracted  in 
[II];  Viola  and  Nyquist  [12],  slightly  modified  that  anal¬ 
ysis  later  to  properly  extract  the  dyadic  delta  function 
term.  In  the  present  work,  we  have  derived  a  complete 
eigenfunction  expansion  of  the  dyadic  Green’s  function 
for  the  planar  multilayered  dielectric/magnetic  media  us¬ 
ing  the  (£)-directed  solenoidal  electric  and  magnetic  (TM 
and  TE)  eigenfunctions.  We  have  used  continuous  eigen- 
modes  propagating  along  a  "preferred”  (£)-direction.  We 
have  also  employed  the  orthogonality  properties  of  the  ei- 
genmodes  over  an  open  planar  surface  [6]  transverse  to 
the  direction  of  the  propagation,  it)  to  construct  our 
Green's  dyadic.  This  is  a  generalization  of  the  discrete 
eigenvalues  and  eigenmodes,  that  is  usually  used  in  the 
guided  wave  theory  [13].  Hence,  unlike  the  work  reported 
previously,  this  analysis  retains  the  connection  between 
the  closed  (waveguides)  and  open  (planar  multilayer)  type 
structure,  which  is  usually  lost  in  the  formal  Fourier 
transform  method.  In  addition,  because  those  eigenvalues 
and  eigenmodes  are  only  a  function  of  the  geometry  of 
structure,  and  not  the  excitation  [6],  [13],  the  natural  (TM 
and  TE)  eigenmodes  reveal  the  physical  behavior  of  the 
fields  in  the  multi-layered  dielectric/magnetic  media.  Fi¬ 
nally,  we  have  employed  a  method  that  utilizes  only  the 
solenoidal  eigenfunctions  [14],  and  hence,  the  dyadic 


delta  function  term  at  the  source  point  is  included  explic¬ 
itly  as  a  correction  to  the  general  solenoidal  eigenfunction 
expansion  which  is  valid  outside  the  source  point.  The 
electric  dyadic  Green’s  components  given  in  this  work  ap¬ 
pear  to  be  closely  related  to  those  electric  held  compo¬ 
nents  which  have  been  derived  by  Kong  [7],  [8],  and  Chew 
[21]  utilizing  the  usual  boundary  conditions  at  each  of  the 
interfaces  and  the  proper  condition  at  the  source  point.  As 
indicated  above,  the  procedure  used  here  is  somewhat  dif¬ 
ferent,  in  that  we  have  utilized  the  orthogonality  of  con¬ 
tinuous  eigenmodes  at  the  planar  interfaces  along  with  the 
Lorentz  reciprocity  theorem  to  drive  the  complete  eigen¬ 
function  expansion  of  the  electric  dyadic  Green’s  function 
which  contains  a  physical  interpretation. 

The  format  of  the  paper  is  as  follows.  In  Section  II,  we 
outline  the  procedure  required  to  derive  the  complete  ei¬ 
genfunction  expansion  of  the  dyadic  Green’s  function  for 
the  multilayered  media.  S’"  ”.  terms  of  only  the  sole¬ 
noidal  eigenfunctions.  In  Section  III,  we  start  with  the  un¬ 
bounded  case,  in  which  the  point  source  radiates  with  no 
interface  present,  and  construct  the  corresponding  dyadic 
Green’s  function,  S”.  terms  of  an  integral  over  the 
spectra  of  plane  waves  that  constitute  the  continuous  ei¬ 
genfunction  expansion  in  which  the  eigenfunctions  are 
guided  in  the  preferred  £-coordinate  direction,  using  the 
procedure  described  in  Section  II.  This  is  essentially  the 
z-propagation  (plane  wave  spectrum)  representation  of  the 
free  space  dyadic  Green’s  function  which  is  usually  rep¬ 
resented  by  the  discrete  spherical  vector  wave  type  radi¬ 
ally  propagating  eigenfunction  expansion.  In  Section  IV, 
the  dyadic  Green’s  function  for  the  multilayered  media, 
S'"  ”,  is  then  constructed  from  the  principle  of  the  super¬ 
position,  which  involves  the  sum  of  the  fields  of  firstly 
the  source  in  free  space  (or  the  free  space  Green’s  func¬ 
tion  S”)  and  secondly  the  fields  scattered  by  the  layered 
media.  Section  V  deals  with  the  physical  interpretation  of 
the  dyadic  Green’s  function  and  numerical  results.  Con¬ 
clusions  and  discussions  are  presented  in  Section  VI. 

II.  Formulation  of  S'"'”  in  Terms  of  the 
Solenoidal  Eigenfu*  ctions 

In  this  section  we  outline  a  general  procedure  described 
by  Pathak,  [14],  which  can  also  be  employed  to  find  a 
complete  eigenfunction  expansion  of  the  electric  field  in 
the  multilayered  media,  E„,  and  its  corresponding  dyadic 
analog  Q"*'”  in  terms  of  only  the  solenoidal  eigenfunc¬ 
tions. 

The  usual  Maxwell  curl  equations  for  the  electric  and 
magnetic  fields  £„  and  H„  within  any  mth  layer  (see  Fig. 
1),  respectively,  are  given  by 

V  X  V  X  //„  =  jux„E„  +  Jo.  (1) 

An  time  dependence  is  assumed  and  suppressed  in 
(1),  and  as  usual,  n„  and  f„  are  the  permeability  and  per¬ 
mittivity  of  the  medium  (m),  and  Jq  is  the  impressed  elec¬ 
tric  current  source.  If  the  electric  current  density  Jo  is 
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taken  to  be  a  point  source  of  strength  p,  at  r  =  r'  in  the 
region  (0);  then, 

Mr)  ■  p.  Hr  -  r’).  (2) 

Before  proceeding  further,  it  is  important  to  relate  the 
dyadic  Green’s  function  to  the  electric  held  due  to  Jo  as 
[15] 

En,{r)  =  J  J [  S^  V  r")  •  Joir”)  dv\  (3) 

where  9"'**  is  the  multilayered  electric  dyadic  Green’s 
function,  and  v  contains  the  source  region.  If  Jo{r")  is  an 
arbitrarily  oriented  point  current  source  of  the  strength  p, 
given  in  (2),  then  electric  field  may  be  viewed  as  a  distri¬ 
bution;  namely, 

E„{r)  =  -yupoS"  V,  r')  •  p,.  (4) 


Let  the  solenoidal  part  of  the  eigenfunction  expansion  of 
the  electric  field  E„,  which  is  valid  for  z  ^  z '  (and  hence 
for  r  ^  r'),  be  denoted  by  The  field  E'„  is  obtained 
in  terms  of  only  the  solenoidal  eigenfunctions  because  the 
electric  field  has  zero  divergence  for  z  ^  z The  z-prop- 
agating  solenoidal  eigenfunction  expansion  of  E'„  can  be 
expressed  as 


E 


m 


z>  z' 
z  <  z'. 


(5) 


Alternatively,  E'„  in  (S)  can  be  written  as 

£;  =  OlCz  -  z')E^  +  W  -  z)E<,  (6) 


where  the  Heaviside  unit  step  function  Tl({)  is  defined  by. 


nK?)  = 


«  >  0 
{  <  o’ 


and  S  means  the  fields  for  z  S  z '  ■  The  entire  space  con¬ 
sists  of  two  regions  z  >  z '  and  z  <  z z  =  z '  is  the  plane 
5  (normal  to  2-axis)  containing  the  source,  Jo  =  Pe  Hp  - 
p')  6(z  —  z '),  in  region  (0)  of  Fig.  1 .  It  is  noted  that  (po. 
Co)  correspond  to  the  constitutive  parameters  of  the  me¬ 
dium  in  region  (0);  in  general,  (po>  <o)  different  from 
those  for  free  space.  Consider  next  the  magnetic  field  H„ 
due  to  Jq\  in  particular  making  use  of  (5),  yields 

V  X  £•  =  V  X  H*  =j<jK„E*,  (7) 


Jo  =  P,  5(p  -  p')  Hz  -  z')  =  P,  Hr  -  r') 


=  Pfs  Hz  -  z ').  (8) 

Now  the  discontinuity  of  the  tangential  magnetic  field  in 
the  region  (0),  across  5  (at  z  =  z')  must  be  equal  to  the 
surface  current  density  at  5;  namely, 

t  X  -  H^)  =  /,  ■  p„,  (9) 

where  /,  denotes  the  transverse  part  of  the  unit  dyad  with 
respect  to  t, 

/=/,  +  ££;  /,  =  if  +  JS.  (10) 

It  is  clear  that  (9)  is  valid  only  at  z  =  z',  so  it  can  be 
expressed  as 

i  X  -  H^)  S(z  -z’)  =  I-  p„  5(z  -  z '),  (11) 

it  follows  directly  from  (8)  that  the  above  equation  be¬ 
comes 

f  X  (Ho  -  Ho)  Hz  -  z')  =  f,  •  p.  Hr  -  r'), 
or  more  generally, 

tx(H^  -  H^)  6(z  -  z')  =  i,  'P,  Hr  -  r').  (12) 

This  is  the  expression  for  the  condition  on  H„  at  the  source 
point,  and  it  directly  indicates  the  appropriate  addition  to 
E'„  at  the  source  point  which  is  required  to  yield  the  com¬ 
plete  expansion  of  E„.  It  is  important  to  note  that  since 
the  discontinuity  condition  in  (12)  relates  H^  to  H^ 
across  the  source  point,  one  only  needs  to  know 
H^  and  H^  to  completely  specify  H„  due  to  the  source 
^0  =  Ff  ^(^  ~  »■');  thus 

H„  =  TKz  -  z’)H^  -t-  ai(z'  -  z)H<.  (13) 

The  E’„  of  (6)  can  now  be  readily  found  by  employing 
(7),  and  using  the  relation  based  on  distribution  theory, 
[16], 

r  X  [H*%(±z  =F  z')]  =  ‘U(±Z  =F  Z')V  X  H^ 

±  t  X  H^  6(z  -  z').  (14) 

From  (7),  (12)  and  (14),  if  follows  that 

E’„  =  -r^V  X  H„  -  fr  Pe  Hr  -  r').  (15) 

JW(„  JWfo 

The  precise  relationship  between  the  complete  field  E„  of 
(4)  and  the  incomplete  field  E!„  of  (IS)  can  now  be  written 
by  using  (1)  and  (10),  [14], 


where  H*  is  the  value  of  the  magnetic  field  H„  in  the 
region  (m),  for  z  S  z'.  It  is  clear  from  (7)  that  the  mag¬ 
netic  field  H*  is  known  once  E*  is  known.  The  fields 
H^  and  Hi^  must  satisfy  the  proper  source  condition  at 
r  B  r'.  In  order  to  impose  the  boundary  condition  at  the 
source  point,  r  »  r',  the  volume  current  density  Jo  must 
be  expressed  in  terms  of  a  distribution  Pf,  corresponding 
to  a  “surface”  current  density  at  z  «  z '  (i.e.,  on  the  sur¬ 
face  5);  thus 


Emir,  r')  =  E'„(r,  r')  -  yu/xo 


Hr  -  r') 


Pe. 


E„„,  =  (16) 

The  Green’s  dyadic  G"'”  can  be  inferred  from  (16)  by 
comparison  with  (4).  Thus, 


S’"V.  r')  =  f'""(r,  r’)  -=2  Hr-  r'). 


=  S'"®/. 


*0 


(17) 
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r')  m  -ywMof^  V,  r')  •  /»,.  (18) 

From  the  above  discussion,  it  is  clear  that  one  can  also 
construct  the  complete  free  space  dyadic  Green’s  func¬ 
tion,  9**.  in  terms  of  the  “z-propagating”  solenoidal  ei¬ 
genfunctions  which  will  be  obtained  in  the  following  sec¬ 
tion. 

III.  Construction  of  the  Free  Space  Dyadic 
Oreen'S  Function,  9° 

In  this  section,  the  procedure  outlined  in  the  previous 
section  is  applied  to  obtain  an  explicit  expansion  for  9° 
which  is  associated  with  an  electric  point  current  source, 
Jo  =  p,  h{r  —  r'),  which  radiates  in  an  unbounded  me¬ 
dium  with  parameter  (/xo,  eq)  which  are  the  same  as  in 
region  (0)  with  no  interface  present.  In  the  following  sec¬ 
tion,  the  procedure  developed  here  will  be  extended  to 
explicitly  obtain  the  dyadic  Green’s  function  9'"  °  of  (17) 
for  the  multilayered  media.  The  first  step  in  the  procedure 
for  obtaining  the  free  space  electric  field  Eo  and  its  cor¬ 
responding  9°  involves  the  construction  of  a  z-propagat- 
ing  PWS  solenoidal  eigenfunction  expansion  of  E'o  which 
is  complete  if  z  ^  z'. 

The  geometry  of  the  problem  dealing  with  a  homoge¬ 
neous  (free)  space  with  constitutive  parameters  (/xo,  eq) 
excited  by  Jo  =  p,  S(r  -  r')  is  illustrated  in  Fig.  2.  The 
solenoidal  eigenfunctions  for  this  problem  are  chosen  to 
propagate  in  the  preferred  ±i-coordinate  direction.  The 
source  point  at  r  =  r '  lies  in  the  plane  S  at  z  =  z '  as  in 
Fig.  2.  Let  £*  and  W*  denote  the  continuous  PWS  so¬ 
lenoidal  vector  wave  function  expansions  for  the  electric 
and  magnetic  fields,  due  to  Jq  in  the  absence  of  the  inter¬ 
face;  thus, 

//*=//’*+//"*,  (19) 

and  [6], 

£*  =  J  dk,(a'^e'*  +  a''*^"*); 

/f*  =  JdJfc,  (a'*A'*  a"**"*),  (20) 

where  prime  (')  and  double  prime  (")  refer  to  TM  and  TE 
wave  components  with  respect  to  the  preferred  2-coordi- 
nate  direction,  respectively,  and  h'  and  e”  can  be  derived 
from  the  solenoidal  magnetic  and  electric  f-directed  vec¬ 
tor  potentials,  (11',  n"),  respectively  [6],  [13], 

h  *  ^  ^tx  V,n'*; 

«'*  =  ±7^  T  r^£V?n'*,  (21) 

ywEo  dz  j(Mo 

and 

e”*  =  i  X 

A"*  =  (22) 

JUHO  dz  jupo 
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where,  V,  is  the  transverse  (to  i)  part  of  the  V  operator. 
Electric  and  magnetic  potentials,  II'  and  II",  which  can 
also  be  viewed  as  a  pair  of  Debye  potentials  [5],  [17]  sat¬ 
isfy  the  well  known  Helmholtz  equation:  their  associated 
2-propagating  eigenfunctions  can  be  expressed  as 

n*(A:,)  =  ^exp[-y(*,  •  p  ±  kqZ)]; 

n *(-*,)  =  e\p[-j(-k,  '  p  ±  xoZ)];  (23) 

where  prime  (')  and  double  prime  (")  have  been  omitted 
for  convenience;  k„  ko,  and  p  are  respectively  defined  as 

k,  =  ik,  -1-  Jkyi  k,  =  V*,  •  kq  =  Vko  -  kj,  (24) 

and 

p  =  ix  +  Jy;  r  =  p  +  iz;  kl  =  « Wo-  (25) 

In  the  above  formulation,  the  variable  k,  (i.e.,  ik,  -l-  Jk/, 
dk,  =  dk^  dky)  are  the  continuous  eigenvalues  which  span 
over  the  entire  spectral  domain  (-oo  <  <  oo;  and  -« 

<  <  oo).  The  unknown  spectral  amplitudes  a'*  and 

a '  *  of  (20)  associated  with  the  TM  and  TE  modal  fields 
respectively,  are  found  from  an  application  of  the  Lorentz 
reciprocity  theorem  to  the  pair  of  the  fields  (£  * ,  * )  of 

(20)  and  the  source  free  solenoidal  vector  wavefunctions 
(e  *,  A  *)  in  the  region  Vq,  bounded  by  planar  surfaces  S> 
and  5< ,  which  are  slightly  above  and  below  the  surface  S 
of  Fig.  2,  respectively,  [13],  [14]'; 

ds  •  (£*  X  A*  -  e*  X  //*) 

S>  +  5< 

Yo 

=  e*  •  p,.  (26) 

The  solenoidal  vector  wavefunctions  e  *  and  A  *  satisfy 
the  orthogonality  condition  on  the  surface  S<  and  5>; 
namely, 

JJ  xfc  •  (e'^ftA,)  X  A^  (=fA;)) 

5( 

=  J  J  ■  (-«'*(±*>)  X  a‘'(=fa;)) 

Sm 

=  (f ,  •  f)Q  6(k,  ~  A,'),  (27) 

where  n  can  be  Q'  or  fl"  for  the  TM  and  TE  cases,  re¬ 
spectively;  thus, 

0'  =  kfvo;  0"  =  (28) 

Vo 

'We  apply  the  Loientz  leciprocity  theorem  to  the  volume  Yq  here  with 
the  radiation  condition  implied  as  p  eo. 
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Fig.  2.  Imaginary  plane  £,  parallel  to  Jty  plane,  passing  through  the  source  at  z  «=  z’  in  the  free  space.  Also  plotted  are  planar 

surfaces  5>  and  5<  slightly  above  and  below  the  source. 


with  the  unit  vector  directed  along  the  outward  normal 
to  the  surface  5,  =  ±  z;  and  iio  and  r)o  are  associated  with 
the  TM  and  TE  wave  impedances  for  region  (0)  and  de¬ 
fined  as 


Vo  = 


*0 


Vo  - 


Wfo  *0 

Incorporating  (20)  and  (27)  into  (26)  yields 


(29) 


(30) 


In  deriving  the  orthogonality  relationship  of  (27),  use  has 
been  made  of 


2r 


-f) 


«(? 


D. 


(31) 


Therefore,  from  (30),  (20),  (16),  (6),  and  (4),  the  z-prop- 
agation  PWS  represenution  of  the  free  space  dyadic 
Green’s  function  can  be  identified  as 


J  'V  =2if 

e-*(k„r)e''^(-k„r')\ 

-20"  / 

.  “Ufz'  -  2)  f  /«'^(*„  r)e'>i-k„  r’) 

J  \  =20^ - 

(32) 


The  PWS  for  the  fields  (Eo  and  Ho)  due  to  p,  in  free 
space,  and  hence  for  the  corresponding  free  space  dyadic 
Green’s  function  Q*’  given  above  provides  information  on 
the  general  form  of  the  PWS  solution  for  the  fields  E„  and 
for  the  multilayered  case  and  therefore  also  on  the 


dyadic  Green’s  function  for  the  multilayered  media,  which 
will  be  discussed  in  the  following  section. 


IV.  Construction  of  the  Multilayered  Dyadic 
Green’s  Function,  G"'® 

The  electric  dyadic  Green’s  function  for  the  multilay¬ 
ered  media  can  expressed  as  a  sum  of  9°  in  (32)  and 
another  contribution  to  account  for  the  field  scattered  by 
the  layered  media.  The  scattered  contribution  can  be  ex¬ 
press^  in  terms  of  a  PWS  integral  resembling  that  for  9‘’- 
Let  us  consider  an  arbitrarily  oriented  point  dipole  source 
in  a  general  multilayered  media  with  constitutive  param¬ 
eters  n„  and  as  shown  in  Fig.  1.  The  source  is  located 
in  region  (0)  with  constitutive  parameters  no  and  eq.  In 
order  to  find  the  explicit  value  of  the  fields  in  each  region, 
one  can  write  the  field  quantities  as  the  superposition  of 
the  four  traveling  waves  (two  oppositely  traveling  waves 
for  each  mode)  with  unknown  coefficients  and  then  solve 
for  the  unknown  coefficients  by  enforcing  the  continuity 
of  tangential  electromagnetic  fields  quantities  at  each  in¬ 
terface,  [7],  [8],  [21].  However,  we  pursue  another  ap¬ 
proach,  which  provides  a  useful  physical  interpretation 
for  the  dyadic  Green’s  function.  From  (21)  and  (22),  one 
can  see  that  the  continuity  of  the  tangential  field  quantities 
at  the  interface  m  imply 


ni-,  =n;; 


«».-l  flz 


l-n;.,  n;. 


and 


n  .  I  3  ...  1  3  ... 

nm-i  =  n„;  — n„_i  —  — 

M«-|OZ  UmOZ 


(33) 


(34) 


These  boundary  conditions  are  analogous  to  the  continu¬ 
ity  of  the  current  and  voltage  at  each  discontinuity  of  a 
piecewise  uniform  transmission  line  for  which  the  char¬ 
acteristic  impedance  (and  the  wave  number)  is  defined  in 
each  layer  as,  [6],  [9] 


Vm  = 


■  “Mm 
Vm  1 


(35) 
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where  prime  (')  and  double  prime  (")  are  asswiated_with 
TM;  and  TEj  cases  respectively,  and  k„  =  ylk\,  -  k, ,  is 
the  wave  number  in  the  f-direction. 

The  field  quantities  in  region  m  can  be  expressed  as  a 
superposition  of  known  continuous  solenoidal  eigenfunc¬ 
tions  that  propagate  in  indirection  with  the  unknown 
spectral  weights,  a„,  [9] 


dk,  (a: 


+  «;* 


(0)e;*) 


«•  =  J  dk,(a'„*(h'*  + 

+  +/?;*(0)A;*)).  (36) 

where  R*  (0)  =  R‘„*  and  RH,*  are  the  TM, 

and  TE  effective  reflection  coefficients  at  the  interfaces 
(m,  m  -t-  1)  and  (m,  m  -  1)  for  ( > )  and  ( < ).  respectively 
[7].  18],  [18],  [19],  [21].  As  discussed  in  the  Appendix, 
the  effective  reflection  coefficient  R*  for  region  m,  is  a 
function  of  reflection  coefficients  of  all  successive  layers, 
(i.e.,  m  1  1,  m  ±  2.  m  ±  3,  •  •  •  .;  (!fS;<))  of  the  mul¬ 
tilayered  media,  (in  particular  see  (A13)  and  (A14)).  Also 
the  modal  coefficients  a  *  of  region  m,  and  a  *  of  region 
n  on  either  side  of  the  source  are  related  via  the  effective 
transmission  coefficient,  T*„,  as  is  evident  from  the 
piece-wise  transmission  line  theory  discussed  in  the  Ap¬ 
pendix.  In  view  of  (All),  (A12),  (A16),  (21)  and  (22), 
one  will  have^ 

“«*!>) ft  * 


where  (8^ ,  OC* )  are  given  by 

8o*  =  ‘0  +  /fo*(0)Co*;  3Co*  =  *0*  +  /?o*(0)Ao*. 
and 

ffo*(0)  =  ffo*(Zo)«*'^-  (39) 

The  solenoidal  vector  functions  (8* .  3Co  )  satisfy  the  or¬ 
thogonality  relationship  on  the  planar  surface  of  5,  as  is 
evident  from  (27), 

JJ  •  (8o‘=(±*,)  X  -  8o='(T*,) 

5a 

X  3Co‘=(±*;))  =  (i»  •  £)2A  6ik,  -  *;).  (40) 

with 

A  =  Q(1  -  R^{zS)RoiZo)e-^'^^’^,  (41) 

where  do  =  Zo  ~  Zo  *s  ‘he  thickness  of  the  slab  0; 
2o  and  Zo  are  the  values  of  z  at  the  interfaces  of  region 
(0)  and  they  are  specified  in  Fig.  1 ,  and  Q  is  given  in  (28). 
Incoiporating  (36)  and  (40)  into  (38)  yields 

s  ^o(~kn  ^  ‘  Pe 

The  prime  (')  and  double  prime  (")  have  been  omitted  for 
convenience  in  (37)-(42).  Hence,  the  electric  dyadic 
Green’s  function  for  the  multilayered  media,  Q"  can 
be  written  via  (42),  (39),  (37),  (36),  (16)  and  (4)  as 


Q'”  \r.  r') 


*U(z  -  z 
-juno 


where 


—  !l!L  T 
m,n  ““  *  m.a* 


0«  *  — 
m,a 


for  TM  (')  case 

E  —  T  "  * 
n  * 

for  TE  (")  case. 


Hence,  one  only  needs  to  find  the  modal  coefficients 
flo*.  and  flo  *  in  region  0,  in  order  to  completely  specify 
the  fields  in  all  regions.  Specifying  (36)  for  region  0  (i.e., 
m  =  0)  and  invoking  the  Lorentz  reciprocity  theorem  to 
the  pair  of  fields  {£*,  Hq)  and  a  set  of  source  free  test 
fields  (8* ,  3Co  )  in  the  region  Kq,  bounded  by  the  planar 
surfaces  of  S<  and  S>,  slightly  below  and  above  the 
source  respectively  as  shown  in  Fig.  (1),  we  get 

J|  ds-  (E^  X  3Co*  -  fio*  X  H^) 

s>  +s< 

Vo 

=  So*  •  Pe  (38) 

’Note  that  T  is  the  ratio  of  the  incident  tangential  electrical  fields  of 
regions  m  and  n;  namely, 

X  tS)  -  e  x  «;). 


/q,>  g:^(*»  r)8r(-k,.  r‘) 

■  -2A' 

^  g:^(*M  f)So"^(-*M  r’)\ 

+  e^.o  _2a''  ) 

-JOifiO  J 

/«,<  g:^(*n  r)8i>(-k,.  r’) 

V®"’®  -2A' 

^  Q„<  ^:^ik„  r)Zr(-K,  r')\ 

+  e-..o  .jA"  ) 

-  p  6(r  -  r').  (43) 

AO 

where  (8  *,  3C  *)  are  given  by  (8  *  =  e  *  +  R^  (0)e*; 
X*  =  h*  +  R*(0)h^).  The  above  expression  for  S"' 
can  be  written  more  explicitly  using  (39),  (37)  and  (21)- 
(23)  as 

8"®  =  -^»(r  -  r')  +  ^Kz  -  z')  ^  J 

2ko 
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+  e->*-  •  ’•■ 


+  “UCz'  -z)’Y^ 
4ir 


[A"  T^o 

2kq 


(44) 

where  A  is  defined  as  (Q/A),  z^,  2„  are  specified  in 

Fig.  1,  and  ifc*  is  given  by 

k*  =  iA:,  +  Sky  ±  Ur,  1*,*  I  =  A,  =  uyfiiiti.  (45) 

and,  unit  vectors  A  ”,  and  A  -  are  defined  as 

~  SK  -#>i  ± 

li  •».  -  •  (46) 

Also  note  that  Rq  =  R^izo  ),  Rq  =  R(Zo  ),  and  /?*  = 
/?*(z„)  form  S  0.  The  physical  interpretation  of  the  pa¬ 
rameters  defined  here  will  be  discussed  in  the  following 
section. 


V.  Physical  Interpretation  of  the  Dyadic 
Green’S  Function  for  a  Multilayered  Media 


In  this  section  we  will  try  to  give  some  physical  insight 
to  the  dyadic  Green’s  function  of  the  multilayered  media 
derived  in  the  preceding  section. 

The  double  prime,  ("),  denotes  plane  waves  in  the  PWS 
representation  for  which  the  electric  field  is  normal  to  the 
plane  of  incidence,  (i.e.,  the  plane  defined  by  the  propa¬ 
gation  vector,  k,  and  the  direction  normal  2);  thus,  the 
polarization  of  electric  field  vector,  <1 ",  is  given  by 


-txk  ^  -  Skx 

12  X  *1  “  k, 


(47) 


Likewise  the  prime,  ('),  denotes  plane  waves  with  the 
electric  field  in  the  plane  of  incidence  (with  the  magnetic 
field  normal  to  the  plane  of  incidence).  In  this  case,  the 
polarization  of  the  electric  field  vector,  ',  is  given  by 

± j, 

"  *  in "  X  *1  kk,  ^  ^ 


Fig.  3.  Directions  of  k*,  and  on  either  side  of  interface  (0);  (m 

=  0.  I). 


where  is  for  the  wave  traveling  in  the  ±2  directions 
as  shown  in  Fig.  3. 

The  dyadic  Green’s  function  evaluated  in  the  region  (m) 
consists  of  the  spectrum  of  two  types  of  plane  waves  ex¬ 
cited  by  the  source  at  z  =  z'  in  region  (0);  these  are  the 
direct  (incident)  plus  reflected  waves.  The  total  “effec¬ 
tive”  incident  wave  at  z  =  Zo  ts  given  by  (see  also  (All) 
of  the  Appendix), 

A (ej^  ■  -f  R^  ’ '”); 

^  ^  T^JfRTr^’ 

and  A  is  the  sum  of  the  geometric  series, 

A=l-t-a-)-a^  +  a^-f  •••; 

a  =  R^(z;)R^iZo)e-''^^’>*  (50) 

Physically  A  in  (50)  is  the  total  sum  of  the  plane  waves 
traveling  in  +2  or  -2  directions  which  result  from  the 
infinite  number  of  bounces  at  the  interfaces  of  slab  (0), 
therefore  it  can  be  viewed  as  the  “effective”  incident 
wave  at  z  =  Zo  >  as  is  shown  geometrically  in  Fig.  4. 

The  total  incident  wave  at  z  =  Zo  ‘s  transmitted  through 
the  slabs  (0  to  m),  by  the  effective  transmission  coeffi¬ 
cients,  T^_o  (see  (A12)  of  the  Appendix), 

T^.o  =  (7’oe->-'‘'')(r2e--'«*)  •  •  •  (r„_  ,e-^‘"‘'"),  (51) 

where  </,  is  thickness  of  the  slab  (i),  (for  /  =  0  to  m).  At 
the  slab  m,  the  total  field  will  be  the  superposition  of  the 
effective  incident  field  plus  the  effective  reflected  field 
from  the  boundary  at  z  =  Zn  as  shown  in  Fig.  5. 

Note  that  the  ratio  of  k„Ko/ki)K„  in  the  TM  (')  part  of 
(44)  is  simply  the  ratio  of  the  cosine  of  the  angles  that  ko 
and  k„  make  with  the  normal  of  the  interface  which  is 
depicted  in  Fig.  6,  and  results  from  the  continuity  of  the 
tangential  TM  electric  fields  at  the  each  interface. 

Although  the  limits  of  the  spectral  integral  extend  from 
-00  to  00,  the  reflection  and  transmission  coefficients,  r„ 
and  T„,  for  each  interface  and  hence,  the  effective  reflec¬ 
tion  and  transmission  coefficients,  R„  and  T„,  have  an 
asymptotic  limit  for  large  value  of  k,.  Figs.  7-10  show  the 
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Fig.  4.  Plane  waves  bouncing  back  and  fonh  at  the  interfaces  of  the  slab  (0)  and  its  equivalent  representation. 


Fig.  S.  Physical  interpretation  of  incident  and  reflected  waves  in  the  stab 
m  due  to  the  point  current  dipole  source  in  the  slab  (0). 


0  I  «n-l  m  m*l 


Fig.  6.  Direction  cosines  that  to  and  k.  nuke  with  the  normal  f,  these 
result  from  the  continuity  of  the  tangential  t:  ,  electric  field  at  each  inter¬ 
face;  to  •  cos*'(«o/*o).  ”  COS‘”(lt„/*..). 

real  and  imaginaiy  parts  of  effective  reflection  and  trans¬ 
mission  coefficients  for  one,  two  and  three  layer  geome¬ 
tries  as  a  function  of  normalized  k„  (with  respect  to  the 
free  space  wave  number,  Aiq),  for  TM  and  TE  cases,  re¬ 
spectively.  It  is  evident  that  the  values  of  these  coeffi¬ 
cients  approach  certain  limiting  constants  for  large  values 
of  k,.  It  can  be  seen  from  Figs.  8  and  10  that  the  values 
of  effective  transmission  coefficients  approach  zero  for  k, 
larger  than  3;  physically  this  implies  that  no  evanescent 
wave  with  a  latge  transverse  wave  number  k,  can  pene¬ 
trate  through  the  layers.  One  can  of  course  predict  these 


phenomena  by  taking  the  limits  of  the  reflection  and  trans¬ 
mission  coefficients  of  (A12)-(A15)  as  k,  goes  to  infinity. 
That  is. 


j?  *  ^  r  * 

lim  =  lim  r* 


r 


9 

mik,»i^f 


\  ^  * 

\  ±  I 

/  Mm  ±  I  Mm 
VMm±l  Mm 


for  TM  (') 

for  TE  n 
(52) 


lim  r*  =  lim  t* 

fc  —  oo  fc-*oo 


C«  +  ±  1 

2Mm±l 
Mm  ±  1  Mm 


for  TM  (') 

for  TE  ("). 

(53) 


As  is  evident  from  (51)  for  any  multilayered  media  with 
a  nonzero  thickness,  we  will  have 


lim  T*o  —  0.  (54) 

0» 

The  numerical  implication  of  this  phenomena  is  that  for 
large  values  of  k„  the  effective  reflection  and  transmission 
coefficients,  R„  and  T„,  can  be  replaced  by  their  associ¬ 
ated  half-space  reflection  and  transmission  coefficients,  r„ 
and  T„.  Also  it  is  evident  from  Figs.  7  and  8  that  for  a  set 
of  constitutive  parameters  and  layer  thicknesses,  there  ex¬ 
ist  some  value  of  k,  for  which  the  denominators  of  effec¬ 
tive  reflection  and  transmission  coefficients  go  to  zero  and 
consequently  these  coefficients  become  singular.  These 
values  of  k,  correspond  to  the  surface  wave  modes,  and 
the  associated  residues  are  proportional  to  the  fields  of 
these  modes  where  are  launched  by  the  impressed  source 
[6],  [20].  Also,  the  sharp  variation  of  these  effective  re¬ 
flection  and  transmission  coefficients,  at  the  various  points 
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0.00  .500  1. 00  I. SO  2.00  2.50  3.00  3.50  ><.00  H.SO  5.00 


(kt) 


Fig.  8.  Real  and  imaginary  parts  of  elTective  TM  transmission  coefficients  as  a  function  of  normalized  k,  (with  respect  to  k^,) 
for  a  half-space,  as  well  as  for  one-layer  and  two-layer  media  on  a  half-space.  The  relative  constitutive  parameters  and  layer 
thicknesses  are:  -  1.0.  «o  ,  •  10),  (»»,  ,  -  1.2, -  3.25),  (mi.,  »  13.  t, ,  «  10.2),  (»i,  r  “  16,  e, .  -  2.2), 

•  0.1),  and  (d]/Xo  -  0.1). 
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Fi|.  9.  Real  and  imaginary  parts  of  effective  TE  reflr.tion  coefficients  as  a  function  of  normalized  k,  (with  respect  to  ko)  for  a 
half-space,  as  well  as  for  one-layer  and  two-layer  media  on  a  half-space.  The  relative  constitutive  parameters  and  layer  thick- 
nesaesare;  (jio.r  ■  10.  «o.,  ■  1.0).  “  1-2.  «i,r  “  3-25).  {iij.,  “  1.3.  sj,.  «  10.2).  (»»j ,  «  1.6,  «j ,  -  2.2),  - 

0,1),  and(<f,/Xo-0.l). 
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Fig.  10.  Real  and  imaginary  pans  of  effective  TE  transmission  coefficients  as  a  function  of  normalized  k,  (with  respect  to  ko) 
for  a  half-space,  as  well  as  for  one-layer  and  two-layer  media  on  a  half-space.  The  relative  constitutive  parameters  and  layer 
thicknesses  are;  -  1.0.  lo.,  «  1.0),  -  1.2,  e,.,  -  3.25),  •  1.3,  «j ,  -  10.2),  (m  ,  «  1.6,  «j ,  -  2.2), 

-0.1),  andfdi/Xo'O.I). 
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in  these  Figures  result  from  an  abrupt  phase  change  of  the 
associated  half-space  reflection  and  transmission  coeffl- 
cients  at  the  vicinity  of  k,  =  k„,  for  (m  =  0,  1,  2,  or  3). 


VI.  Conclusion 

A  relatively  simple  and  systematic  approach  is  taken  to 
drive  the  dyadic  Green’s  function  for  a  multilayered  di¬ 
electric/magnetic  media  via  the  two  (f)-directed  solenoi- 
dal  eigenfunctions,  and  the  utilization  of  the  Lorentz  re¬ 
ciprocity  theorem  such  that  it  provides  a  useful  physical 
interpretation.  It  is  shown  that  the  Green’s  dyadic  can  be 
written  in  terms  of  the  spectrum  of  plane  waves  (TE  and 
TM)  which  resemble  the  response  of  a  source  excited 
multiconnected  piece-wise  uniform  transmission  line.  The 
concept  of  effective  reflection  and  transmission  coeffi¬ 
cients  is  discussed,  and  the  physical  interpretation  of  the 
individual  terms  along  with  the  limiting  behavior  of  some 
of  these  terms  is  given. 


Appendix 

Piecewise  Uniform  Transmission  Line  Theory 

In  this  Appendix  we  briefly  review  the  piecewise  uni¬ 
form  transmission  line  theory.  As  explained  earlier,  the  z 
and  z'  functional  dependence  of  the  field  quantities  ex¬ 
cited  by  a  electric  point  dipole  current  source  in  a  general 
multilayered  media  is  analogous  to  the  problem  of  source 
excitation  of  a  piecewise  uniform  transmission  line.  The 
voltage  and  current  on  a  source  free  uniform  transmission 
line  with  wave  number  k„  and  characteristic  impedance 

can  be  expressed  as 

ym(z)  = 

Uz)  =  (Al) 

Vm 


where  and  f^mizo)  are  the  incident  voluge  and 

reflection  coefficient  respectively  at  point  z  -  Zq.  The  re¬ 
flection  coefficient,  /?„(z),  and  the  impedance,  Z„(z),  at  a 
point  z  are  related  by 


Rjz)  = 


2„(z)  - 
Z„(z)  +  ij«’ 


4.(2)  = 


Uz)  • 


(A2) 


It  is  desired  to  derive  some  expressions  for  a  piecewise 
uniform  transmission  line  that  relate  the  voltages  and  cur¬ 
rents  at  a  pair  of  points  on  the  line  which  are  located  in 
different  sections.  Let  us  first  consider  a  simple  configu¬ 
ration  shown  in  Fig.  1 1  which  consists  of  two  semi-infi¬ 
nite  transmission  lines  corresponding  to  regions  (n  -  1) 
and  (/I  +  I),  connected  with  a  finite  line,  d„  —  Zn~  Zn-i, 
corresponding  to  region  (n).  For  a  known  incident  voltage 
in  region  (n  -  1),  it  is  of  interest  to  find  voltages  and 
currents  in  different  sections  of  the  transmission  line.  For 
doing  so,  one  needs  to  find  the  incident  voluge  and  re- 


each  region.  The  reflection  coefficient  at  z„  -  i  in  region  (n 
—  1 )  can  be  written  as 


where 


Z(z„-,)  -  v„., 
Z(z„-t)  +  n«-i' 


(A3) 


1  -t- 

Z(Zb  - 1)  =  I  —  R  e  ~ 


Vn*\  -  Vn 


(A4) 


After  incorporating  (A4)  into  (A3),  the  reflection  coeffi¬ 
cient  R„  _ ,  can  be  expressed  as 


Rn-l 


r„-,  -F 

1  -F 


Vn  -  Vn-i 
Vn  +  Vn-i' 


(AS) 


Expression  R„-i  in  (AS)  is  called  “effective”  reflection 
coefficient  for  region  (n  -  I).  It  is  a  coefficient  that  relates 
all  interactions  from  the  presence  of  other  regions  to  the 
incident  voluge  in  region  (n  -  1).  One  can  also  relate  the 
incident  voltages  of  regions  (n  -  1)  and  (n)  in  the  follow¬ 
ing  form: 

K.-|(Z,-|)  =  Knf.»-l(Z«-l)(l  +  /?n-|(Zn-l)) 

=  Kn..n(^«-l)(l  +  (A6) 

hence;  F,„f  ,(z„-i)  can  be  expressed  in  terms  of 
K»f.n-l(2n-|)  as 

KncJZn  -  l)  =  7;  _  ,(Z,  _  ,)Knc.n  -  l(Z«  -  l).  (A7) 

where 


Tn-,  = 


1  +  Rn 


1  -F 


(A8) 


After  substituting  (AS)  for  /?n  - 1  in  (A8),  T„  _  i  can  be  ex¬ 
pressed  as 


rn-t 


(A9) 

r„-i  in  (A9)  is  called  “effective”  transmission  coeffi¬ 
cient.  It  is  a  coefficient  that  relates  the  incident  wave  of 
region  (n  -  1)  to  the  incident  wave  of  region  (n).  There¬ 
fore,  the  voluge  at  a  point  z  in  region  (n)  can  be  expressed 
in  terms  of  the  incident  voluge  at  point  Zq  in  region  (n  - 
I)  by  incorporating  (A7)  into  (Al);  hence, 

Vniz)  =  Kl„.,-i(Zo)e-‘""-"^-'-*«>r„_, €->•-*■ 

•  ■*'’).  (AlO) 

The  incident  voluge  in  region  (n  -F  1)  can  likewise  be 
found  in  terms  of  the  voluge  in  region  (n). 

This  formulation  can  be  generalized  to  the  toul  of  (^ 
-F  2)  number  of  finite  length  transmission  lines,  (0'''  and 
{N  -F  1)'^  regions  are  semi-infinite),  with  the  character¬ 
istic  impedance  and  wavenumber  of  ri„  and  k„,  respec¬ 
tively  for  (0  S  m  £  ^  -F  1),  as  shown  in  Fig.  12.  The 
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i’O  *1  iN 

Fig.  12.  General  piecewise  uniform  transmission  line;  incident  waves  travel  in  -t- {-direction. 


voltage  and  current  at  point  z  in  region  (m),  as  a  function 
of  the  incident  voltage  at  point  z  =  0  in  region  (0)  can  be 
written  as 

yjz)  =  yr.cd0)e  >  o(e  ->•"<'  - 

+ 

Liz)  = 

nm 

-  (All) 

where,  T,^,o  and  are  respectively  defined  as 

m  - 1 

T^o=  n  Tj'iZi)e~'“ 

(-0 


in  which  the  incident  held  travels  in  (-2)-direction,  pro¬ 
vided  K„  -»  -K„  and  (ffi=t')  -» (m±).  Hence;  the  effective 
reflection  and  transmission  coefficients  for  the  geometry 
depicted  in  Fig.  13  ate  respectively  defined  as 

r<  4.  D< 

D<(^  V  =  ^  m  +  _ . 

m\Zm)  1  + 


I  <  _  Vm  ~  I  Vm 


*  m 


Vm  —  I  Vm 


mzj  = 


1  +  r</f<.,e 


=  1  +  r<. 


(A15) 


TTiZi) 


f^miZm)  “  1  +  l<>  (A13) 

where  |  and  can  be  calculated  by  successive  ap¬ 
plications  of  (AS)  and  (A9),  starting  from  region  N.  The 
superscript  ( > )  explicitly  used  to  imply  that  the  incident 
field  travels  in  (+0-direction. 

All  equations  derived  here  ate  applicable  for  the  case 


m  I 

1,^.0=  n  r.^(z,)e-^*- (A16) 

i>0 

Note  that  in  this  case  the  subscript  m  of  the  indices  of  the 
layers  in  Fig.  13  is  monotonically  decreasing;  (i.e.,  m  s 
0;z„_,  <  zj. 

It  is  evident  from  the  above  analysis  that  once  the  in¬ 
cident  waves  on  either  side  of  the  source  in  region  (0)  are 
known,  the  voltages  and  currents  of  other  regions  of  the 
transmission  line  will  be  specified. 
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Fig.  13.  General  piecewise  uniform  transmission  line;  incident  waves  travel  in  -2-direciion. 
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Packet  Radio  Network  with  an  Adaptive  Array 
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Abstract — ^Thc  use  of  an  adaptive  antenna  array  is  presented  as 
a  means  to  improve  the  performance  of  a  slotted  ALOHA  packet 
radio  network.  An  adaptive  array  creates  a  strong  capture  effect 
at  a  packet  radio  terminal  by  automatically  steering  the  receive 
antenna  pattern  toward  one  packet  and  nulling  other  contending 
packets  in  a  slot  A  special  code  preamble  and  randomized  arrival 
times  within  each  slot  allow  the  adaptive  array  to  lock  onto  one 
packet  in  each  slot  The  throughput  and  delay  performance  of 
a  network  with  an  adaptive  array  is  computed  by  applying  the 
standard  Markov  chain  analysis  of  slotted  ALOHA  (1],  [2].  It  is 
shown  that  throughput  levels  comparable  to  CSMA  are  attainable 
with  an  adaptive  array  without  the  need  for  stations  to  be  able 
to  hear  each  other.  The  performance  depends  primarily  on  the 
number  of  adaptive  array  nulls,  the  array  resolution,  and  the 
length  of  the  randomization  interval  within  each  slot 


I.  Introduction 

Aloha  packet  radio  communication  systems  are  of  inter¬ 
est  because  they  provide  a  simple  way  of  multiplexing 
many  users  into  a  single  radio  channel.  In  these  systems  radio 
terminals  transmit  packets  to  each  other  whenever  they  have 
information  to  send,  regardless  of  whether  other  terminals  may 
be  transmitting  at  the  same  time.  Because  terminals  do  not 
coordinate  their  transmissions,  packets  from  different  terminals 
frequently  collide.  A  collision  destroys  all  packets  involved, 
and  these  packets  must  then  be  retransmitted  after  a  random 
delay.  Collisions  limit  the  maximum  throughput  at  one  receiver 
in  an  ALOHA  system  to  18%  if  the  system  is  unsiotted  and 
to  36%  if  it  is  slotted  [3]. 

Because  of  these  low  throughputs,  much  effort  has  been 
devoted  to  finding  improved  packet  radio  protocols.  One  well- 
known  improvement  is  carrier  sense  multiple  access  (CSMA) 
[4],  in  which  terminals  listen  to  the  channel  before  transmitting 
to  determine  if  it  is  busy.  If  the  channel  is  busy,  transmission 
is  delayed  until  the  channel  becomes  idle.  Kleinrock  and  To- 
bagi  have  shown  that  choosing  the  retransmission  probability 
carefully  in  a  CSMA  system  can  yield  high  throughputs  [4]. 
However,  the  usefulness  of  CSMA  depends  on  whether  all 
terminals  in  the  network  can  hear  one  another.  When  this  is 
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not  the  case,  as  in  satellite  or  mobile  communications,  CSMA 
is  less  effective. 

In  the  standard  slotted  ALOHA  analysis,  it  is  assumed 
that  if  two  or  more  packets  arrive  in  the  same  slot,  none  of 
them  is  received  correctly.  In  reality,  the  correct  reception 
of  a  packet  depends  not  only  on  whether  interfering  packets 
are  present,  but  also  on  the  received  power  of  each  packet. 
Roberts  [S]  first  noted  that  if  one  of  the  packets  is  of  much 
higher  received  power  than  the  others,  it  may  still  be  correctly 
received.  This  “power  capture”  effect  improves  the  throughput 
and  delay  performance  of  a  packet  radio  system.  Power  capture 
has  been  studied  by  Abramson  [3]  and  Nimislo  [7]  when  it 
occurs  naturally  as  a  result  of  different  propagation  distances 
from  transmitter  to  receiver  and/or  channel  fading.  Lee  [6] 
considered  assigning  random  signal  levels  to  the  stations  to 
induce  the  capture  effect.  Also,  since  the  received  power 
from  a  given  direction  is  proportional  to  the  receiver  antenna 
response  in  that  direction,  directional  antennas  can  be  used 
to  create  the  capture  effect  at  the  receiver.  Binder  et  al.  [8] 
have  considered  using  directional  antennas  to  resolve  potential 
crosslink  conflicts  in  a  multiple  satellite  packet  system.  In 
their  work  the  direction  to  which  an  antenna  is  steered  is 
obtained  a  priori  from  a  form  of  scheduling  used  to  set  up  each 
communication  link.  Their  scheduling  procedure,  in  addition 
to  providing  direction  information,  also  reduces  the  contention 
somewhat  at  the  expense  of  increased  packet  delay. 

In  this  paper,  we  examine  the  use  of  an  adaptive  antenna  ar¬ 
ray  to  create  a  capture  effect  and  thus  improve  the  performance 
of  a  slotted  ALOHA  system.  An  adaptive  array  is  an  antenna 
system  that  controls  its  own  pattern  in  response  to  the  signal 
environment  [9],  [10].  An  adaptive  array  can  capture  a  packet 
by  pointing  the  peak  antenna  response  toward  that  packet 
while  simultaneously  forming  pattern  nulls  on  other  interfering 
packets  [11],  An  adaptive  array  can  do  this  automatically 
without  requiring  any  a  priori  direction  information.  Thus, 
there  is  no  need  for  prearranged  scheduling  in  a  system 
with  an  adaptive  array  and  the  delay  performance  should  be 
improved.  Furthermore,  an  adaptive  array  provides  a  much 
stronger  capture  effect  than  an  ordinary  directional  antenna, 
because  pattern  nulls  are  placed  in  the  directions  of  contending 
packets.  We  shall  show  that  the  use  of  an  adaptive  array  can 
provide  throughput  and  delay  performance  comparable  to  that 
of  CSMA.  Moreover,  with  an  adaptive  array  there  is  no  need 
for  users  to  be  able  to  hear  each  other. 

In  Section  II  we  describe  the  communication  system  we 
shall  consider.  Section  III  gives  a  brief  overview  of  adaptive 
arrays.  Section  IV  describes  how  an  adaptive  array  can  acquire 
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the  first  packet  to  arrive  in  a  slot  while  nulling  subsequent 
packets  in  that  slot.  In  Section  V  we  calculate  the  throughput 
and  delay  performance  of  a  packet  system  using  an  adaptive 
array.  Section  VI  presents  numerical  results,  and  Section  VII 
contains  our  conclusions. 

II.  The  Communication  System  Model 

We  consider  a  simple  ALOHA  system  in  which  a  repeater 
links  a  network  of  radio  terminals,  as  shown  in  Fig.  1.  In  this 
network  terminals  transmit  messages  to  each  other  through 
the  repeater.  We  assume  time  is  slotted  and  that  the  network 
uses  a  slotted  ALOHA  packet  radio  protocol.  Transmissions 
between  terminals  occur  randomly  in  each  time  slot.  Each 
terminal  transmits  a  packet  in  a  given  slot  whenever  it  has 
one  to  send,  without  regard  for  whether  other  terminals  may 
be  transmitting  in  that  same  slot. 

All  packets  are  transmitted  to  the  central  repeater,  which 
retransmits  them  back  to  the  network.  The  repeater  is  assumed 
to  be  a  siore-and-fonvard  repeater.  It  demodulates  each  packet 
and  checks  it  for  errors.  If  there  are  no  errors,  the  packet  is 
retransmitted  on  the  downlink.  If  there  are  errors,  the  packet  is 
discarded.  The  repeater  downlink  is  on  a  different  frequency 
than  the  uplink,  so  both  the  repeater  and  the  local  terminals 
can  transmit  and  receive  at  the  same  time.  Since  only  the 
repeater  transmits  on  the  downlink,  there  is  no  contention  on 
the  downlink. 

Each  terminal  monitors  all  downlink  packets.  By  examining 
the  address  contained  in  each  packet,  a  terminal  determines 
whether  it  is  the  intended  recipient  of  that  packet.  A  terminal 
retains  packets  addressed  to  itself  and  discards  others.  More¬ 
over,  when  a  terminal  transmits  a  packet  of  its  own  over  the 
repeater,  it  listens  for  that  packet  on  the  downlink  to  determine 
if  the  packet  was  successfolly  forwarded.  If  the  packet  is  not 
heard  on  the  downlink,  it  is  assumed  that  the  packet  suffered 
a  collision  on  the  uplink,  and  the  packet  is  retransmitted  after 
a  delay  of  some  random  number  of  slots. 

We  assume  the  receiving  antenna  at  the  repeater  is  an 
adaptive  array.'  The  purpose  of  the  adaptive  array  is  to  aim  the 
repeater  antenna  pattern  at  the  first  packet  to  arrive  in  each  slot 
and  then  to  null  subsequent  interfering  packets  in  that  slot,  to 
prevent  them  from  destroying  the  first  packet.  This  technique 
will  allow  one  packet  to  be  received  successfully,  even  when 
several  packets  arrive  in  the  same  slot.  (In  a  conventional 
ALOHA  system,  all  packets  are  destroyed  when  a  collision 

*The  transmitting  antenna  at  the  repeater  is  assumed  to  cover  all  the  users 
of  the  network  so  that  each  terminal  can  hear  all  downlink  packets. 


Fig.  2.  An  adaptive  array. 


occurs.)  The  method  used  to  form  the  antenna  pattern  is 
described  in  Section  IV  below. 

Now  let  us  consider  this  system  in  more  detail.  We  begin 
in  the  next  section  by  reviewing  the  adaptive  array  concepts 
needed. 

111.  Adaptive  Arrays 

An  adaptive  array  is  an  antenna  system  that  controls  its  own 
pattern,  by  means  of  feedback,  while  the  antenna  operates  [9], 
[12],  [13].  The  signal  from  each  element  in  an  adaptive  array 
is  multiplied  by  a  weight  and  then  summed  to  produce  the 
array  output  signal.  A  control  system  adjusts  the  weights  to 
maximize  the  signal-to-interference-plus-noise-ratio  (SINR)  at 
the  array  output.  After  adapting,  the  pattern  of  an  adaptive 
array  has  a  beam  pointed  at  the  desired  signal  and  has  nulls  on 
interfering  signals.  In  a  packet  radio  system,  the  desired  signal 
is  just  the  first  packet  in  each  slot.  The  interfering  signals  are 
the  other  packets  contending  for  channel  access  in  that  slot. 

Fig.  2  shows  an  adaptive  array  with  N*  elements.  The  signal 
Xj(t)  from  element  j  is  multiplied  by  a  weight  Wj  and  then 
summed  to  produce  the  array  output  signal  s{t).  The  weights 
are  controlled  by  a  feedback  system  that  minimizes  the  mean- 
square  value  of  the  error  signal  i{t),  which  is  the  difference 
between  the  array  output  5(1)  and  a  signal  f(f)  called  the 
reference  signal.  The  reference  signal  is  a  locally  generated 
signal  that  determines  which  received  signals  are  retained  in 
the  array  output  and  which  are  nulled.  Minimizing  the  mean- 
square  value  of  i(t)  is  equivalent  (for  narrow-band  signals)  to 
maximizing  the  signal-to-interference-plus-noise  ratio  (SINR) 
at  the  array  output  and  causes  the  array  to  steer  a  beam  toward 
any  signal  correlated  with  the  reference  signal  and  to  null  any 
signal  uncorrelated  with  it  [9]. 

It  may  be  shown  [9]  that  the  optimal  (maximum  SINR) 
array  weights  are  given  by 

=  (I) 

where  IV  is  the  weight  vector. 


(2) 
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t  is  the  covariance  matrix, 

♦  =  (3) 

and  S  is  the  reference  correlation  vector, 

S  =  E[X-f(t)]-  (4) 

In  these  equations,  X  is  the  signal  vector,  i.e.,  a  vector 

containing  the  element  signals, 

X  =  (ii(t),X2W,---,iN.{«)r,  (5) 

£[]  denotes  expectation,  *  denotes  complex  conjugate,  and 
T  denotes  transpose.  The  weights  in  (1)  are  known  as  the 
Wiener  weights. 

A  well-known  method  of  controlling  the  weights  in  an 
adaptive  array  is  the  sample  matrix  inverse  technique  of  Reed, 
Mallett,  and  Brennan  [14].  In  this  technique,  the  element 
signals  are  sampled  periodically  in  /  and  Q  (inphase  and 
quadrature)  channels  and  an  estimate  of  the  covariance  matrix 
is  computed  from  the  sampled  signals.  If  X{j)  denotes  the 
value  of  the  signal  vector  X  at  sample  time  j,  the  sample 
covariance  matrix  is  computed  from 

K 

^  =  Y,X*U)X^U)  (6) 

2=1 

where  K  is  the  number  of  samples  used.  The  notation  4  is 
used  to  indicate  that  (6)  is  an  estimate  of  ^  in  (1).  The  sample 
reference  correlation  vector  S  is  computed  from 

=  (7) 

2=1 

where  f(j)  is  sample  j  of  the  reference  signal  f{t).  The 
optimal  weights  are  then  estimated  by  solving  the  system  of 
equations 

=  5  (8) 

for  the  weight  vector.  Reed  et  al.  [14]  have  shown  that 

this  technique  produces  an  average  SINR  within  3  dB  of  the 
optimal  SINR  if  the  samples  A’(j)  are  statistically  independent 
and  if  the  number  of  samples  K  is  approximately  twice  the 
number  of  array  elements. 

When  several  signals  are  incident  on  the  array,  the  reference 
signal  f(t)  determines  which  signals  are  retained  in  the  array 
output  and  which  are  nulled.  Any  signal  correlated  with  f(t) 

I  is  retained  in  the  array  output  and  any  signal  uncorrelated  with 

f(t)  is  nulled  [9].  To  use  an  adaptive  array  in  a  communication 
I  S3rstem,  the  main  challenge  is  to  find  a  way  to  obtain  a  refer¬ 

ence  signal  correlated  with  the  desired  signal  and  uncorrelated 
with  the  interference.  In  Section  IV  we  describe  a  method  for 
doing  this  with  packets. 

An  adaptive  array  has  two  limitations  that  are  important  for 
this  application.  The  first  is  that  an  array  with  Ne  elements  has 
only  Ne  -  i  degrees  of  freedom  in  its  pattern  [9].  Each  null 

I  or  beam  maximum  formed  by  the  array  requires  one  degree  of 

freedom.  In  our  case,  the  array  needs  to  form  a  beam  maximum 
on  one  packet  and  nulls  on  all  other  packets  in  a  slot.  Thus, 

I 


an  Ve -element  array  using  one  degree  of  freedom  to  form 
the  required  beam  maximum  can  also  form  nulls  on  up  to 
N  =  Ne- 2  packets.  When  there  are  more  interfering  signals 
than  the  available  degrees  of  freedom,  the  anay  will  not  be 
able  to  null  them  all  [9]. 

Another  limitation  of  adaptive  arrays  is  that  a  given  array 
has  only  a  certain  ability  to  resolve  signals  in  space.  If 
the  arrival  angles  of  an  interfering  packet  and  the  desired 
packet  are  too  close,  the  array  cannot  simultaneously  null 
the  interference  and  form  a  beam  on  the  desired  packet.  In 
this  case,  the  array  output  desired  signal-to-noise  ratio  drops 
and  the  adaptive  array  may  not  capture  the  desired  packet.  To 
characterize  the  resolution  capability  of  an  adaptive  antenna, 
we  define  the  resolution  width  6r  to  be  the  minimum  angular 
separation  between  two  signals  at  which  the  adaptive  array 
can  place  a  pattern  maximum  on  one  signal  and  null  the  other. 
The  resolution  width  6t  is  taken  to  be  6b  12,  where  9b  is  the 
beamwidth  of  the  array,  i.e.,  the  angular  separation  between  the 
first  nulls  on  each  side  of  the  mainbeam.  6b  depends  primarily 
on  the  array  aperture  size  but  also  to  a  lesser  extent  on  the 
element  patterns  and  the  number  of  elements.  In  the  analysis 
below,  we  relate  the  performance  of  the  packet  radio  system  to 
the  number  of  nulls  available  and  to  the  resolution  capability 
of  the  array. 

With  this  background,  we  now  describe  a  technique  for 
operating  an  adaptive  array  in  a  packet  radio  system. 

IV.  ACQUISITION 

The  main  difficulty  in  using  an  adaptive  array  in  a  packet 
radio  system  is  the  acquisition  problem,  i.e.,  the  problem  of 
forming  the  beam  on  the  first  packet  and  nulling  subsequent 
packets  in  the  slot.  Each  packet  to  be  received  by  the  array 
will  arrive  at  an  unknown  time  and  from  an  unknown  direction. 
The  array  must  form  its  pattern  on  a  packet  very  rapidly,  in 
time  to  receive  the  message  portion  of  the  packet.  To  allow  an 
adaptive  array  to  do  this,  we  add  a  special  two-part  preamble 
to  the  beginning  of  the  packet.  The  tet  part  of  this  preamble 
will  be  used  to  trigger  the  acquisition  process,  and  the  second 
part  will  be  used  to  form  the  array  pattern  on  the  packet. 

Fig.  3  shows  the  organization  of  a  packet.  A  packet  will  be 
foimed  by  first  adding  an  address  preamble  to  the  beginning  of 
a  fixed  number  of  message  bits,  as  shown  in  the  top  of  Fig.  3. 
The  address  preamble  will  identify  the  destination  terminal  and 
may  contain  other  information  such  as  the  originating  terminal 
or  a  packet  number.  Next,  the  combined  address  and  message 
segments  will  be  encoded  with  an  {n,k)  linear  block  code 
[IS],  which  will  be  used  for  error  detection  at  the  repeater. 
Finally,  after  encoding,  an  additional  two-part  preamble  will 
be  added  to  the  beginning  of  the  packet.  This  preamble,  called 
the  acquisition  preamble,  will  be  used  to  lock  the  array  pattern 
on  the  packet. 

The  acquisition  preamble  will  consist  of  two  consecutive 
code  sequences,  called  Codes  1  and  2.  Code  I  will  be  a 
13  bit  Barker  code  [16],  which  has  a  highly  peaked  aperiodic 
autocorrelation  function  as  shown  in  Fig.  4.  Code  2  will  be 
one  or  more  periods  of  a  pseudonoise  (PN)  code  [17].  The 
periodic  autocorrelation  function  of  such  a  codk  has  a  sharp 
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Fig.  3.  Packet  organization. 


Fig.  4.  Autoconelation  function  of  a  13  bit  Barker  code. 
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Fig.  3.  Autocorrelation  function  of  a  PN  code. 


peak  of  height  Nc  at  zero  shift  (and  at  shifts  of  any  multiple 
of  the  code  period)  and  then  drops  to  a  constant  value  of  -1 
for  shifts  over  1  bit  where  Nc  is  the  code  period,  as  shown 
in  Fig.  5. 

To  allow  the  packet  acquisition,  the  width  of  the  slot  T,  will 
be  made  larger  than  the  packet  width  Tp  by  an  uncertainty 
interval  Tu,  as  shown  in  Fig.  6.  To  exploit  the  autocorrelation 
properties  of  the  preamble  codes,  the  starting  times  of  packet 
transmissions  from  all  terminals  will  be  randomized  over  the 
interval  as  in  [18].  The  uncertainty  interval  also  makes  the 
acquisition  process  fair  (by  preventing  stations  closest  to  the 
repeater  from  always  acquiring  the  repeater  first)  and  gives  the 
designer  control  over  the  probability  that  two  packets  arrive 
at  almost  the  same  instant. 

The  adaptive  array  will  operate  as  follows.  At  the  beginning 
of  each  slot,  when  the  repeater  is  ready  to  acquire  a  new 
packet,  the  array  weights  will  be  set  so  the  array  pattern  covers 
all  users  in  the  net.  Such  a  pattern  is  easily  obtained  by  turning 
one  array  weight  on  and  the  rest  off.  With  one  weight  on,  the 


Fig.  6.  Slot  width,  packet  width,  and  uncertainty  interval. 


Fig.  7.  Packet  acquisition  circuitry. 


array  pattern  is  just  the  pattern  of  the  element  that  is  turned 
on.  This  element  pattern  will  be  chosen  so  it  covers  the  entire 
net.  We  call  this  the  uniform  coverage  mode.  In  this  mode, 
any  user  can  access  the  system. 

To  acquire  an  incoming  packet,  we  use  the  following 
technique.  At  the  array  output  is  a  filter  matched  to  Code  1, 
followed  by  a  threshold  detector,  and  then  a  reference  signal 
generation  circuit,  as  shown  in  Fig.  7.  Assume  first  that  only 
one  packet  arrives  during  the  slot.  With  the  array  in  its  unifoim 
coverage  mode,  the  incoming  packet  will  pass  through  the 
array  and  into  the  matched  filter.  The  output  of  this  filter  will 
contain  a  sharp  peak  at  the  end  of  Code  1.  This  peak  will 
serve  as  a  timing  spike  to  trigger  generation  of  a  reference 
signal  during  Code  2.  The  reference  signal  will  be  a  signal 
modulated  by  the  same  PN  code  as  in  Code  2.  The  timing 
spike  will  start  the  reference  signal  at  the  proper  time  so  it 
is  correlated  with  the  received  packet  during  Code  2.  The 
reference  signal  will  continue  only  during  Code  2.  The  array 
pattern  will  be  adapted  during  Code  2.  Because  the  reference 
signal  code  is  synchronized  with  Code  2  in  the  packet,  the 
array  will  optimize  its  weights  for  reception  of  the  packet.^ 
At  the  end  of  Code  2,  the  array  weights  will  be  frozen.  The 
array  pattern  will  then  be  held  fixed  during  the  address  and 
message  portions  of  the  packet. 

Now  suppose  two  or  more  packets  are  received  in  the  same 
slot.  Each  of  these  packets  will  cause  a  timing  spike  at  the 
matched  filter  output.  But  only  the  first  timing  spike  will 
trigger  reference  signal  generation  and  begin  array  adaptation. 
Timing  spikes  due  to  later  packets  will  be  ignored  by  the 
system,  because  the  acquisition  circuit  will  be  designed  so 
that  once  it  has  been  triggered,  it  will  not  trigger  again  in  the 
same  slot. 

Because  the  reference  signal  code  will  be  aligned  with 
Code  2  of  the  first  packet,  it  will  be  essentially  uncorrelated 

^The  reference  signal  does  not  have  to  be  locked  in  frequency  or  phase  to 
the  received  packet  for  this  process  to  work.  The  only  requirements  are  that 
the  PN  codes  be  synchronized  to  within  about  one  fourth  of  a  code  bit,  and 
that  the  difference  between  the  reference  signal  frequency  and  the  received 
signal  frequency  be  less  than  the  reciprocal  of  the  adaptation  time  [19],  (20). 


296 


IEEE  TRANSACTIONS  ON  COMMUNICATIONS.  VOL  40.  NO.  2.  FEBRUARY  1992 


with  the  second  packet  as  long  as  the  second  packet  is  at 
least  one  bit  later  than  the  first.  This  is  so  because  the 
autoconelation  function  of  a  PN  code  has  a  very  low  value  for 
shifts  of  1  bit  or  more.  (See  Fig.  5.)  The  second  packet  and  all 
later  packets  will  therefore  be  regarded  as  interference  by  the 
adaptive  anay  and  will  be  nulled.  At  the  end  of  Code  2,  the 
array  pattern  will  be  optimized  for  receiving  the  first  packet 
and  will  have  nulls  on  later  packets. 

If  the  second  packet  arrives  less  than  one  bit  after  the  first, 
the  first  two  packets  will  be  correlated.  The  adaptive  array 
will  not  null  the  second  packet  in  this  case  and  there  will 
be  no  throughput.  In  this  case  we  say  that  the  first  packet  is 
not  acquired.  With  the  uncertainty  interval  Tu  properly  chosen, 
however,  the  probability  of  this  event  is  small.  The  throughput 
analysis  below  takes  this  possibility  into  account. 

The  uncertainty  interval  Tu  and  the  durations  of  Codes  1 
and  2  will  be  chosen  so  that  all  packets  in  a  given  slot  begin 
no  later  than  during  the  Code  2  preamble  of  the  first  packet 
in  the  slot.  For  this  reason  it  is  possible  to  finish  adapting  the 
anay  weights  at  the  end  of  Code  2  and  fix  the  array  pattern 
during  the  address  and  message  segments.  The  adapted  pattern 
at  the  end  of  Code  2  will  have  nulls  on  the  interfering  packets, 
and  these  will  be  retained  for  the  rest  of  the  slot. 

In  the  analysis  below,  we  assume  that  the  packet  SNR  is 
high  enough  so  that  if  a  packet  is  present,  it  is  always  detected 
by  the  acquisition  circuitry.  We  also  assume  that  the  possibility 
of  a  false  alarm,  i.e.,  the  triggering  of  a  reference  signal 
without  the  presence  of  a  corresponding  packet,  is  negligible. 
We  assume  the  array  acquires  the  first  packet  to  arrive  in  each 
slot  as  long  as  another  packet  does  not  arrive  in  that  slot 
less  than  one  bit  after  the  first.  However,  even  if  a  packet 
is  acquired,  it  may  still  not  be  successful.  An  acquired  packet 
will  unsuccessful  in  either  of  two  cases: 

1)  when  more  interfering  packets  arrive  during  a  slot  than 
the  number  of  available  nulls,  or 

2)  when  another  packet  arrives  too  close  in  angle  to  the 
acquired  packet. 

At  the  end  of  each  slot,  the  array  is  reset  into  its  uniform 
coverage  mode,  and  the  acquisition  cycle  starts  over  for  the 
next  slot. 

We  now  consider  the  throughput  and  delay  performance 
of  a  packet  radio  repeater  using  an  adaptive  array  with  this 
acquisition  technique. 

V.  Throughput  AND  Delay  Analysis 

To  determine  the  throughput  and  delay  performance,  we 
apply  the  Markov  chain  analysis  of  a  slotted  ALOHA  network 
[1],  [2]  to  include  the  effects  of  the  adaptive  array  and  the 
acquisition  process. 

We  consi^r  a  finite  population  of  M  terminals  transmitting 
to  a  central  repeater  equipped  with  an  adaptive  array.  At  the 
beginning  of  each  slot,  each  terminal  is  either  blocked  or 
unblocked,  depending  on  whether  its  previously  transmitted 
packet  was  unsuccessful  or  successful.  An  unblocked  tenninal 
transmits  a  packet  with  probability  p„  in  a  slot.  Only  un- 
Mocked  terminals  generate  new  packets.  A  blocked  terminal 
retransmits  its  backlogged  packet  with  probability  pr  in  each 


slot  until  successful,  at  which  time  it  becomes  unblocked  and 
resumes  transmitting  new  packets.  Typically,  p,  >  Pn  so  that 
backlogged  packets  are  quickly  cleared.  At  the  end  of  each 
slot,  the  downlink  transmission  provides  immediate  feedback 
to  the  terminals  regarding  the  success  of  their  packets. 

Let  Xk  denote  the  number  of  blocked  terminals  at  the 
beginning  of  slot  k.  The  number  of  blocked  terminals  at  the 
end  of  the  slot  depends  only  on  the  number  at  the  beginning 
of  the  slot  and  the  events  occurring  during  the  slot.  Thus, 
the  time-varying  state  of  the  network  can  be  described  by 
a  Markov  chain,  where  the  state  represents  the  number  of 
blocked  terminals.  At  slot  k,  the  state  Xk  can  vary  between 
0  and  M.  We  shall  compute  the  one-step  transition  matrix 
P  —  and  then  the  equilibrium  probabilities  of  the 

Markov  chain  describing  this  system. 

In  a  given  slot,  there  will  be  a  total  of  nt^n„  +  rir  packets 
transmitted  where  n„  and  rtr  are  the  number  of  new  and 
previously  backlogged  packets  transmitted  in  the  slot.  Given 
the  state  Xk  =  i,n„  and  are  independent  Bernoulli  random 
variables  with  distributions 

g„(I|t)  4  Pr{n„=/|JV*  =  i}=("-'y„(l 

Qrm  ^  Pr{n.  =  ipr*  =  z}  =  -  Pr)*''.  (,o) 

Thus,  the  distribution  of  the  total  number  of  packets  per  slot  is 

i 

4  Pr{n,  =  l\Xk  =  i)  ^TQniB\i)Qril  -  *10- 

«X0 

(11) 


Let  Pt{l)  be  the  probability  that  a  packet  is  successful 
given  that  /  packets  are  transmitted  in  the  slot.  The  success 
probabilities  F«(0>  which  depend  on  the  adaptive  array  char¬ 
acteristics  and  the  acquisition  parameters,  will  be  determined 
below.  Given  T«(/),  the  transition  probabilities  Pij  may  be 
found  by  enumerating  the  possible  ways  that  each  transition 
may  occur, 

•  j  <  i  -  1,  i  s=  2,  •  •  • ,  Af :  Not  possible,  since  at  most  one 
backlogged  packet  can  be  cleared  in  a  slot. 

Pij  =  0.  (12) 

•  j  =  t  -  l,t  =  l,-  -,Af: 

1)  n„  =  O.rtr  >  1,  and  one  backlogged  packet  is 
successful. 

=  Qnmj^QrmW  (13) 

(bI 

•  j  =  i  +  Jfc,  i  =s  0,  •  •  • ,  A/,  ik  =  0,  •  •  • ,  Af  -  i  : 

1)  n„  s  ^  -FI,  nr  >  0,  and  one  packet  is  successful. 
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2)  n„  =  fc.Tir  >  0,  and  none  of  the  transmitted  packets 
are  successful. 

I 

Pi.i+k  =  Qn{k  +  l|t)  Y,  QrUmil  +  *  +  1) 

i=0, 

i 

+  Qn{k\i)YQrm{l-P,(l  +  k)). 

1=0 

(14) 


This  Markov  chain  analysis  is  similar  to  that  of  Namislo  [7], 
(Namislo  determines  the  success  probabilities  for  a  fading 
environment  by  using  a  Monte-Carlo  simulation.  We  will 
derive  them  directly  for  the  adaptive  array.) 

To  compute  the  P«(/),  we  first  note  the  distinction  between 
acquired  packets  and  successful  packets.  An  acquired  packet 
is  one  for  which  the  array  acquisition  circuitry  generates  a 
reference  signal  that  is  not  correlated  with  any  other  packets. 
Note  that  for  a  packet  to  be  successful,  it  must  first  be  acquired 
by  the  array.  Once  a  packet  is  acquired,  it  is  successful  only  if 
the  adaptive  array  can  form  a  beam  on  the  acquired  packet  and 
place  pattern  nulls  in  the  directions  of  the  other  contending 
packets. 

Given  that  there  are  /  packets  in  a  slot,  we  characterize 
each  packet  by  an  arrival  time  U,  i  =  l,--J  within  a  slot 
and  an  anival  angle  $i,i  =  1, ■  ■  • ,/.  In  accordance  with  the 
acquisition  procedure  in  Section  IV,  we  assume  that  the  U  are 
i.i.d.  random  variables  uniformly  distributed  on  the  uncertainty 
interval  [0,T«]  within  the  slot.  We  also  assume  packet  arrival 
angles  are  i.i.d.  random  variables  (independent  of  the  arrival 
times)  uniformly  distributed  in  azimuth  [0,  27rj  about  the 
central  repeater  node.  Then 

P.(i)  =  P«(i)P.|„(I)  (15) 

where  Pa{l)  is  the  probability  that  a  packet  is  acquired  given  I 
packets  are  incident,  and  P«|a(0  is  the  probability  that  a  packet 
is  successful  given  it  is  acquired  and  I  packets  are  present  in 
the  slot.  The  Pa(/)  depend  on  the  arrival  times  and  the  length 
of  the  uncertainty  interval,  while  the  P«|a(f)  depend  on  the 
arrival  angles,  the  resolution  capability  of  the  adaptive  array, 
and  the  number  of  available  nulls. 

With  the  preamble  code  structure  described  in  Section  IV, 
the  first  packet  in  a  slot  is  acquired  as  long  as  all  subsequent 
packets  in  that  slot  arrive  at  least  one  bit  duration  Tt  later  than 
the  first  packet.  If  the  first  packet  is  not  acquired,  no  packets 
are  acquired  for  that  slot.  Thus, 

Pa(''  =  /Pr{t2  ><i  +  Ti.fa  >  h +  T,,,- ■  ■  ,t,  >  h  +  n) 

(16) 


For,  I  >  2,  we  use  the  uniform  distribution  of  the  transmission 
times  to  write 

T.-Tk  T„  /  \I 

/  /  ■■■  /  (18) 
0  «i+Tk  T,+Tk 

Thus,  from  (17)  and  (18), 

w) = { (, .  ; ;  09) 

where  u  =  Tu/Tb  is  the  length  of  the  uncertainty  interval  in 
bits. 

Once  a  packet  is  acquired,  two  conditions  must  be  satisfied 
for  it  to  be  successful.  First,  there  must  be  no  more  than 
N  =  Ng  -  2  additional  packets  transmitted  in  the  slot,  be¬ 
cause  the  adaptive  array  can  place  pattern  nulls  in  at  most 
N  directions.  Second,  no  other  packet  can  arrive  from  an 
angle  within  0|,/2  of  the  acquired  packet  arrival  angle.  If 
this  happens,  the  adaptive  array  will  be  unable  to  resolve 
the  acquired  and  interfering  packets  and  there  will  be  no 
throughput  for  the  slot. 

The  P»|o(0  may  be  computed  as  follows.  First,  we  have 

P,\a{l)  =  1  (20) 

since  with  only  one  packet  present  there  are  no  other  packets 
to  interfere  with  the  acquired  packet.  Moreover,  because  the 
adaptive  array  has  only  N  nulls,  we  set 

P.la(/)  =  0,  1>N  +  1.  (21) 

To  find  P,|a(/)  for  2  <  /  <  )V  +  1,  recall  that  0i  is  the 
arrival  angle  of  the  acquired  packet  and  define  Di  = 
[0i-eb/2,9i+9b/2].  Then 

p.iJi)  =  Pr{02  f?  r>i,  03  s?  £»1,  •  •  • ,  0i  ^  r»i } 

=  Ee,  (Pr{02  ^  D^,9^^  Di,  ■■■, 9,  i  DM] 

■  i 

=  Ee,  ]lPt{9.iDM  (22) 

.<=2 

where  Ee^  []  denotes  an  expectation  over  the  random  variable 
01,  and  we  have  taken  advantage  of  the  independence  of  the 
arrival  angles. 

However, 

Pr{0.$?f7i|0i}=(l-^),  (23) 

which  is  independent  of  0i .  Thus,  (22)  becomes 

\  2<j<N  +  \.  (24) 

Hence,  from  (IS),  (19),  and  (24),  the  success  probabilities 

are 


where  the  factor  of  I  accounts  for  the  fact  that  any  of  the  I 
packets  transmitted  can  be  the  first  packet  in  the  slot.  If  only 
a  single  packet  is  transmitted  in  a  slot,  it  is  acquired,  so 


/  =  0 
1  =  1 

2<l<N  +  l' 
l>N-\-l 


(25) 


P.(l)  =  1. 


(17) 


0: 
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Given  that  the  system  is  in  state  j,  the  probability  of  a 
successful  packet  transmission  is  the  conditional  throughput 
S{j),  given  by 

M 

5(j)  =  ^Q,(/|j)P,(/).  (26) 

/=! 

The  average  number  of  new  packets  entering  the  system  in 
state  j  is 

5.„(j)  =  (M-j)p„.  (27) 

The  Markov  chain  described  above  is  irreducible.  Since  we 
assumed  a  finite  population,  all  states  are  recurrent  non-null. 
The  states  are  also  aperiodic.  Consequently,  this  Markov  chain 
has  a  limiting  distribution  denoted  by 

ir=[rr(0),7r(l),---,7r(M)]  (28) 

where 

2r(j)  =  Pr{A’oo  =  j}  =  lim„_oo  Pr{.Vfc+„  =  j\Xk  =  i}. 

(29) 

The  steady-state  probabilities  are  found  by  solving  the  linear 
system  of  equations  [21] 

X  =  irP  (30) 

along  with  the  constraint  that 

M 

(31) 

j=o 

Once  the  z(j)  are  found,  they  can  be  used  to  determine  the 
average  throughput,  delay,  and  backlog  of  the  system. 

Given  x(j),  the  average  number  of  blocked  terminals  B  is 


(a) 


Fig.  8.  Conditional  throughput  comparison.  For  the  curves  with  an  adaptive 
array:  =  10°,  u  =  62,  (a)  M  =  50,  p,.  =  0,002,  pr  =  0,2.  (b)  M  = 

SO,  p„  =  O.OOC.  Without  the  adaptive  array,  pr  =  0.1;  pr  =  0.2545  with 
the  adaptive  array. 


VI.  Results 


M 

B  =  (32) 

i=o 

and  the  average  throughput  is 

M 

S  =  Y,S{jMj).  (33) 

>=0 

In  the  steady  state,  the  average  input  rate  equals  the  average 
throughput,  so 


5i„  =  5u,(5)=5.  (34) 

We  use  Little’s  theorem  [23]  to  express  the  average  delay  "D 
experienced  by  a  new  packet  as 


2J  = 


(35) 


We  now  use  these  results  to  examine  the  performance  of  a 
*  slotted  ALOHA  system  with  an  adaptive  array. 

I 


First  we  examine  the  conditional  throughput  S(j)  of  systems 
with  and  without  an  adaptive  array.  We  consider  a  network 
of  50  users.  We  start  with  an  example  where  p„  =  0.002 
and  Pr  =  0.2.  For  this  case,  Afp„  =  0.1,  which  is  a  low 
traffic  situation  where  slotted  ALOHA  may  typically  be  used. 
Fig.  8(a)  shows  the  conditional  throughput  5(j)  and  the  new 
packet  input  rate  Sin(j)  versus  the  state  j.  Curves  for  various 
numbers  of  adaptive  array  nulls  are  also  shown.  For  these 
curves  we  have  Bi,  =  10°  and  u  =  62.  There  is  a  significant 
increase  in  conditional  throughput  as  the  adaptive  array  is 
added  and  the  number  of  nulls  is  increased.  Also,  note  that 
there  is  a  fixed  number  of  nulls  above  which  little  further 
improvement  is  gained. 

The  stability  problems  of  ALOHA  systems  have  been  well 
documented  [1],  [2],  [22].  The  finite  population  ALOHA 
model  is  said  to  be  stable  if  there  is  a  single  intersection 
point  of  the  S{j)  and  5i„(j)  curves  and  this  intersection  point 
is  in  a  region  of  low  delay.  In  Fig.  8  we  have  intentionally 
chosen  pr  high  enough  so  that  the  system  without  an  adaptive 
array  is  unstable.  The  curves  with  an  adaptive  array  are  stable. 
Moreover,  for  an  adaptive  array  with  4  nulls  or  more,  the 
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Fig.  9.  Conditional  throughput  for  a  network  of  50  users  with  =  0.018, 

as  the  number  of  adaptive  array  nulls  is  varied.  =  10°  and  u  =  62. 

value  of  Pn  could  be  raised  substantially  without  introducing 
instability.  Thus,  it  is  seen  that  the  adaptive  array  has  a 
stabilizing  effect  on  the  system. 

In  Fig.  8(b)  we  compare  two  stable  cases  for  p„  =  0.006.  In 
each  case  we  have  chosen  the  largest  retransmission  probabil¬ 
ity  possible  for  stable  operation.  Without  the  adaptive  array, 
Pr  is  set  to  0.1,  which  results  in  an  average  throughput  of 
5  =  0.28S  packets/slot,  an  average  backlog  of  B  =  2.01 
users,  and  an  average  delay  of  D  —  6.99  slots/packet. 
The  maximum  possible  average  throughput  is  Mpn  =  0.3 
packets/slot.  With  an  ^aptive  array,  pr  is  set  to  0.2545, 
resulting  in  S  =  0.299,  B  -  0.241,  and  D  =  0.806  slots.  For 
such  low  traffic  scenarios,  the  adaptive  array  provides  only 
a  slight  increase  in  throughput  but  a  marked  improvement  in 
the  delay  performance. 

The  main  advantage  of  using  an  adaptive  array  in  an 
ALOHA  network  is  the  ability  to  handle  much  higher  traffic 
rates  and  operate  at  a  much  higher  throughput  than  is  possible 
in  a  standard  ALOHA  system.  In  Fig.  9,  we  consider  a  case 
with  Pn  =  0.018,  so  that  on  average,  more  than  Mpn  =  0.9 
packets  (new  plus  backlogged)  are  transmitted  per  slot.  We 
fix  Pr  =  0.2.  To  have  a  stable  system,  the  adaptive  anay 
needs  at  least  5  nulls.  For  N  >  5,  the  average  throughput  is 
0.8  packets/slot.  This  example  shows  how  performance  can 
be  improved  by  increasing  the  adaptive  array  capabilities.  We 
note  that  a  throughput  of  0.8  is  comparable  to  typical  values 
attainable  by  CSMA  [24],  and  with  slotted  ALOHA  under 
other  capture  mechanisms  [5]-[7]. 

In  general,  performance  improves  as  the  number  of  adaptive 
array  nulls  increases  or  as  the  array  beamwidth  is  reduced. 
Increasing  the  number  of  available  nulls  allows  more  collisions 
to  occur  without  reducing  the  number  of  successful  packets. 
Reducing  the  array  beamwidth  allows  the  array  to  success¬ 
fully  null  interfering  packets  over  a  larger  angular  region. 
Performance  is  also  improved  as  the  length  of  the  uncertainty 
interval  is  increased.  (Of  course,  a  longer  uncertainty  interval 
requires  a  longer  slot  width  and  reduces  *he  number  of 
message  bits  transmitted  per  unit  time.)  As  the  adaptive 
array  capabilities  (resolution,  number  of  nulls)  are  increased, 
average  throughputs  close  to  unity  can  be  approached.  The 


(a) 


Fig.  to.  Average  'B,  B  performance.  Without  the  adaptive  array, 
Pr  =  0.1.  With  the  adaptive  array,  pr  =  0.2,  9i,  =  10°,  u  =  62.  (a) 
Average  delay  versus  p„.  (b)  Average  throughput  versus  p,,.  (c)  Average 
backlog  versus  p„. 

limiting  case  of  9*  =  0®,  u  =  oc(Tt,  =  0),  N  =  M  -  1 
corresponds  to  perfect  capture  where  one  packet  is  successful 
in  every  slot  in  which  at  least  one  packet  is  transmitted. 

Fig  10  compares  the  average  delay,  throughput,  and  back¬ 
log  performance  of  systems  with  and  without  an  adaptive  array 
for  the  case  Bb  =  10®,  u  =  62,  and  N  =  6.  The  retransmission 
probability  pr  is  0.1  without  the  adaptive  anay  and  0.2  with  the 
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array.  These  curves  were  obtained  by  varying  p„  and  comput¬ 
ing  5,  “D,  and  B  from  (32)-(35).  We  see  from  Fig.  10(a)  that 
the  delay  with  the  adaptive  array  is  always  better  than  without 
it,  and  the  difference  is  greater  as  is  increased  (as  the  input 
traffic  is  increased).  Fig.  10(b)  shows  the  average  throughput. 
For  low  traffic,  both  systems  are  stable  and  provide  nearly  the 
maximum  possible  throughput.  However,  the  system  without 
the  adaptive  array  becomes  unstable  at  relatively  small  pn 
while  the  throughput  with  the  adaptive  array  keeps  increasing, 
to  a  maximum  of  near  0.83.  Finally,  if  p„  is  increased  too 
far,  the  system  with  the  adaptive  array  also  becomes  saturated 
and  the  network  becomes  highly  backlogged.  The  average 
backlog  for  the  two  cases  is  shown  in  Fig.  10(c).  Again,  these 
curves  indicate  that  by  using  an  adaptive  array,  we  can  achieve 
acceptable  delay  at  throughput  levels  that  are  much  higher  than 
are  possible  in  a  standard  ALOHA  system. 

VII.  Conclusion 

In  this  paper  we  have  shown  how  an  adaptive  antenna 
array  may  be  used  to  improve  the  performance  of  a  slotted 
ALOHA  packet  radio  network.  The  adaptive  array  creates 
a  capture  effect  by  separating  packets  in  angle  and  thereby 
preventing  collisions  at  the  receiver.  We  described  how  an 
adaptive  array  could  be  used  in  a  slotted  system  and  analyzed 
the  performance  of  such  a  system.  Typical  performance  results 
were  presented.  It  was  shown  that  this  technique  achieves 
a  performance  level  comparable  to  CSMA.  Unlike  CSMA, 
however,  a  slotted  ALOHA  system  with  an  adaptive  array 
does  not  require  that  all  users  be  able  to  hear  each  other  in 
order  to  attain  high  throughput.  The  performance  is  determined 
primarily  by  the  array  resolution,  the  number  of  nulls,  and  the 
length  of  the  uncertainty  interval  in  each  slot. 
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A  Study  of  Discretization  Error  in 
the  Finite  Element  Approximation 
of  Wave  Solutions 
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Abstract— \  dispersion  analysis  is  used  to  study  the  errors 
caused  by  the  spatial  discretiiation  of  the  finite  element  method 
for  the  twoMlimensional  scalar  Hcimholti  equation.  It  is  shown 
that  the  error  can  be  determined  analytically  for  a  uniform  mesh 
of  infinite  extent.  Numerical  results  arc  presented  to  show  the 
effects  of  several  parameters  on  the  error.  These  parameters  arc 
the  nodal  density,  the  electrical  slie  of  mesh,  the  direction  of 
propagation  of  the  incident  wave,  the  type  of  clement,  and  the 
type  of  boundary  condition. 


I.  Introduction 

IN  the  past  several  years  the  use  of  the  finite  element 
method  in  electromagnetics  has  increased  rapidly  because 
of  its  versatility  at  handling  very  complex,  arbitrary  geome¬ 
tries.  A  primary  consideration  in  any  approximate  numerical 
technique  is  the  sources  of  potentiid  enon  in  the  solution. 
Without  a  good  understanding  of  the  causes  of  numerical 
error,  one  caimot  have  any  confidence  in  the  accuracy  of 
their  solution.  In  the  finite  element  method,  a  major  source  of 
error  is  introduced  by  the  spatial  discretization  of  the  prob¬ 
lem  doinain  into  elements.  Within  each  element,  the  behavior 
of  the  fields  is  described  by  a  polynomial  approximation. 
This  approximation  results  in  an  error,  which  we  will  hence¬ 
forth  refer  to  as  the  discretization  error. 

Currently,  there  is  a  widespread  belief  that  the  solution 
accuracy  is  dependent  mainly  on  the  nodal  density  per  wave¬ 
length  if  we  exclude  geometrical  considerations.  The  nodal 
densi^  used  to  generate  results  in  the  literature  is  usually 
between  10  and  20  nodes/X  where  X  is  the  wavelength. 
Bayliss  et  al.  [I]  perform^  a  mathematical  and  numerical 
stuify  of  discretization  error  in  which  they  showed  that  the 
use  of  a  fixed  nodal  density  does  not  guarantee  accuracy  in 
the  solution.  They  found  t^t  the  accuracy  also  depends  on 
the  electrical  size  of  the  problem  domain.  Fang  (2]  did  a 
similar  numerical  study  for  the  finite-difFetence  time-domain 
(FDTD)  method  and  showed  that  the  discretization  error  in 
FDTD  has  the  same  dependence  as  the  finite  element  method 
on  the  electrical  length  of  the  problem  domain.  Recently, 
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work  has  appeared  on  discretization  error  for  the  one-dimen¬ 
sional  case  [3],  which  confirms  the  results  from  [1]. 

In  this  paper,  we  sdek  to  characterize  die  discretization 
error  by  means  of  a  dispersion  analysis  for  the  twoslimen- 
sional  problem.  The  dispersion  analysis  for  many  different 
elements  has  been  done  by  several  researchers  [4]-[6].  From 
the  dispersion  analysis,  we  will  show  that  the  error  can  be 
obtainnl  analytically  for  the  case  of  an  infinite  mesh.  Fur¬ 
thermore,  we  will  demonstrate,  either  analytically  or  numeri¬ 
cally,  the  effect  of  various  parameters  on  the  discretization 
error.  Several  factors,  excluding  geometrical  considerations, 
which  affect  discretization  error  are  the  electrical  size  of  die 
mesh,  the  electrical  size  of  the  elements  in  the  mesh,  the 
order  of  the  function  used  to  approximate  die  fields  in  each 
element,  the  boundary  conditions  which  are  ^lied,  and  the 
type  of  field  excitation.  In  this  paper,  we  will  consider  all 
these  factors  and  explain  their  effects  on  the  discretization 
error. 

n.  Analysis 

Although  this  pqier  is  pritiuuily  a  numerical  study  of 
discretization  error  in  the  finite  element  method,  a  secondary 
goal  is  to  analytically  characterize  die  error  in  such  a  way 
that  we  can  gain  a  better  understanding  of  the  causes  and 
effects  of  the  erro; .  To  this  end,  a  simple  geometry  is  chosen 
for  the  study.  The  geometry  is  a  free  space  region  on  which  a 
square  mesh  is  embedded  in  the  x  -  >  plane.  The  geometry 
is  assumed  to  be  two  dimensional,  so  the  fields  do  not  vary  in 
Z.  Hie  excitation  is  a  plane  wave  propagating  in  free  qiace 
and  passing  through  the  mesh  at  an  arbitrary  angle  in  the 
X-  y  plane.  Because  of  the  sirrqilicity  of  this  problem,  die 
aiudytical  solution  is  known,  so  comparisons  can  be  easily 
made  between  the  exact  and  the  numerical  solution. 

The  finite-element  mesh  covers  an  a  x  a  square  region. 
An  example  of  such  a  mesh  is  shown  in  Fig.  1  where  we  use 
bilinear  four-node  square  elements  in  the  mesh.  The  nodal 
separation  is  h.  For  our  numerical  study,  the  number  of 
elements  in  the  mesh  is  variable.  By  selecting  a  uniform 
mesh,  we  remove  the  errors  due  to  distorted  elements.  Fur- 
diermore,  the  arulysis  of  the  discretization  error  is  gready 
simplified.  It  should  be  noted  that  the  numerical  error  is 
strongly  dependent  on  the  geometry  under  consideration.  For 
example,  finer  discretization  is  necessary  around  a  peifscdy 
conducting  comer  because  of  the  rapid  field  variatimi  near 
the  comer.  We  have  purposely  chosen  our  geometry  to  avoid 
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Fif.  1.  Aa  a  X  a  flniie  elcmefn  meth  sqiufc  etemenu  with  tides  of  lengdi 
k.  Tile  legtoo  encompassed  by  the  meth  it  attumed  to  be  free  tpace  with  a 
plane  wave  incidem  at  an  angle  of  d'. 

such  geometrical  considerations.  Instead,  we  seek  to  charac¬ 
terize  discretization  error  over  a  region  where  the  field 
variation  is  solely  due  to  frequency.  In  this  section,  we  will 
first  briefly  review  the  fiiute-element  method.  Then  we  will 
discuss  the  errors  in  terms  of  the  dispersion  relation  associ¬ 
ated  with  a  given  discretization. 

A.  Finite  Element  Formulation 

For  the  geometry  shown  in  Fig.  1,  we  must  solve  the 
twoKlimensional  Helmholtz  equation.  An  ^iplication  of  the 
method  of  weighted  residues  [7]  guarantees  diat  the 
Helmholtt  equation  is  satisfied  in  the  weak  sense.  Assuming 
a  TM,(£  =  SB,  H  •  polarization,  the  weighted 

residual  erqiression  is  given  1^ 

//  (1) 

sriiere  die  weighting  fiinctions  ^jU  «  1,2,*'*)  constitute  a 
set  of  first-order  differentiable,  scalar  weight  functions  which 
we  choose.  The  variable  A:  is  the  free  space  wavenumber, 
and  *  Stbjbx  +  ^bjby.  By  using  Green's  first  identior, 
we  get 

-  /  (<;^(«  v£)lrf;.o  (2) 
•'as 

where  dS  is  die  line  enclosing  S  and  fl  is  die  outward  unit 
normal  on  bS.  The  field  £,  can  be  represented  by  an 
appropriate  set  of  expansion  funcdons.  Equation  (2)  is  then 
applied  to  each  element  in  the  mesh  whm  5  is  now  the 
eionent  itself  and  dS  is  the  element  boundary.  Because  die 
geometry  is  fitee  space,  die  integral  along  dS  at  interelement 


boundaries  cancels  out  during  the  assembly  of  element  equa¬ 
tions.  Therefore,  this  term  only  exists  on  the  outer  boundary 
of  the  mesh  and  becomes  the  vehicle  for  the  application  of 
appropriate  boundary  conditions  on  the  mesh  boundary. 

Using  Galerkin’s  approximation,  we  choose  the  expansion 
functions  to  be  the  same  as  the  weighting  functions.  We 
consider  two  specific  elements,  the  isqiarametric  bilinear 
four-node  quadrilateral  and  the  isqiarametric  quadratic  nine- 
node  quadrilateral  [7].  In  order  to  simplify  the  analysis,  the 
quadrilaterals  are  chosen  to  be  squares.  Both  these  elements 
lead  to  a  matrix  equation  which  is  sparse  and  banded. 


B.  Dispersion  Analysis 

It  is  well  known  that  finite-difference/finite  element  ap¬ 
proximations  to  the  wave  equation  are  always  dispersive. 
This  means  that  the  |diase  velocity  of  the  numerical  solution 
is  frequency-dqiendent  even  in  the  absence  of  any  dispersion 
in  the  actual  m^ia.  We  can  obtain  the  numeric^  dispersion 
relation  which  relates  the  numerical  wavenumber  k  to  the 
exact  free  space  wavenumber  of  the  plane  wave  propagating 
through  the  grid.  For  the  four-node  square  element,  die 
derivation  of  the  dispersion  relation  has  been  presented  in 
[6].  We  will  review  the  analysis  for  the  four-node  square 
element  and  also  consider  a  special  case  for  the  nine-node 
square  element. 

To  remove  the  effects  of  the  boundary  condition  from  the 
dispersion  analysis,  we  assume  that  the  mesh  is  of  infinite 
extent  in  x  and  y.  We  first  consider  the  solution  using  the 
four-node  bilinear  square  elements.  For  this  choice  of  ele¬ 
ment,  all  die  rows  of  the  matrix  equation  are  identical.  Thus, 
the  numerical  dispersion  relation  is  obtained  by  considering 
only  the  I'th  row  in  the  matrix  equation.  The  fth  weighting 
fruxnion,  which  generates  row  /,  has  support  only  over  the 
four  elements  that  share  node  /,  so  let  us  consider  die 
localized  grid  around  node  i  shown  in  Fig.  2(a).  The  equa¬ 
tion  for  row  i  is 


36 


/•«-4 


1+8 


16£,+  Z  +  4  E  E. 


ii>i+i 


w-I+S 


<+S 
2  £ 


ll>i+I 


0  (3) 


where  £„  is  die  unknown  field  quantity  at  node  n.  Assuming 
a  plane  wave  passing  through  tte  me^  at  an  angle  4f  with 
respea  to  the  x  axis,  we  can  write  our  numerical  solution  at 
no^  n  as 

E.ix,,  yj  -  (4) 


where  (x„,  y„)  is  the  coordinate  of  node  n.  Substitutmg  (4) 
into  (3),  we  can  solve  for  die  numerical  wavenumber  k.  The 
general  case  requires  die  solution  of  a  transcendental  equa¬ 
tion.  We  can  consider  two  special  cases.  The  first  is  the  case 
where  the  plane  wave  is  propagating  along  die  x  direction 
ac  0*).  We  obtain  the  dis^rsion  relation 

*  »  .  -.fi-W/a 

*  -  -  C05  A 

*  kh  [  1  +  (khf/6 


(5) 
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BfraiiM  the  expansion  (unction  for  the  fields  varies  linearly 
along  the  x  dirKtion,  the  above  dispersion  relation  is  equiva¬ 
lent  to  the  one  that  we  would  olMain  for  the  linear  three-node 
triangular  element.  Also,  since  the  fields  associated  with  the 
|riane  wave  only  varies  with  x,  (S)  is  the  dispersion  relation 
for  the  one-dimensional  linear  two-node  element.  The  second 
case  that  we  consider  is  the  one  where  the  plane  wave  is 
propagating  diagonally  across  the  square  mesh  (^'  »  4S*). 
The  dispersion  relation  for  this  case  is 


k  y/i  ,  r  1  - 

—  -cos”  - = - 

k  kh  I  +  (khf  in 


(6) 


From  (S)  and  (6),  die  depen^nce  of  Ic  on  frequency  is 
aiqiarent.  More  specifically,  k/k  depends  on^  kh  where 
k/k~*  1  as  A:A-»0.  In  both  cases,  the  rado  k/k~*  1  as 

From  Fig.  2(a),  we  see  that  node  /  is  coupled  to  eight 
other  nodes  to  form  the  resulting  dispersion  relations  in  (3) 
and  (6).  For  the  quadratic  square  element,  the  dispersion 
relation  is  significai^y  more  complex  since  node  i  (Fig.  2(b)) 
is  now  coupled  to  24  other  nodes.  It  should  be  noted  that  h  is 
the  separation  distance  between  the  nodes  rather  than  the 
width  of  the  element.  Unlike  the  bilinear  element,  the  finite 
element  a[^roximation  of  the  wave  equation  is  different  for 
different  nodes  in  the  quadratic  element.  The  rows  associated 
wtdi  nodes  /  to  /  4-  8  ^ffer  from  those  associated  with  nodes 
i  +  9  to  i  + 20  which  in  turn  differ  from  those  associated 
with  nodes  /  4-  21  to  /  24.  Thus,  the  dispersion  analysis  is 

not  straightforward.  To  simplify  the  analysis,  let  us  consider 
the  ^ecial  case  of  a  plane  wave  traveling  in  the  x  direction. 
The  dispersion  relation  in  this  case  is  the  same  as  the 
one-dimensional  dispersion  relation  for  a  three-node  quadratic 
element  (Fig.  3).  As  the  figure  depicts,  tiie  exterior  nodes 
have  been  assigned  odd  numbers  wlule  the  interior  nodes 
have  been  assigned  even  numbers.  The  finite  element  equa¬ 
tion  for  the  odd  node  £2<i4-i  ** 
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Fig.  2.  A  localized  teclioa  of  grids  used  in  the  dispenioo  analysis.  The 
two  elements  considered  are  (a)  the  bilinear  element  and  (b)  the  quadratic 
element. 
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Fig.  3.  The  grid  used  to  evaluate  die  dispersioa  analysis  for  the  one-dimen- 
sional  quadratic  element. 


-(5  4.2(A:A)*)(£2,.,4-^,,,5) 
4.(40  4-4(kfi)*)(£2,4-£2,.,,) 
4-2(-35  4-8(kA)*)£2,^,-0 


The  above  internal  iKxle  condensation  procedure  allows  us  to 
obtain  a  reduced  system  of  identical  equations  of  tiie  form 
(10)  for  all  exterior  (odd)  nodes.  A  standard  dispersion 
(7)  an^ysis  of  (10)  produces  the  following  tUspersion  rel^on: 


a^e  for  die  interior  nodes  and  £2^4-2  obtain, 
reqieetively, 

(10  4.  (kkf)Ein-x  +  (-20  4-  8(^A)*)£2, 

4-(10  4-(*A)*£2,.„-0  (8) 

(10  4-  4-  (-20  4-  %{khf)E,,^t 

+  (l0  +  (kh)^Ej„^,^0.  (9) 

Equations  (8)  and  (9)  are  then  used  in  (7)  to  eliminate  the 
interior  nodes  £^„  £^«42  8^ 

-l(W)"  4-  4(khf  +  15]  (£2,.,  4-  £2,.,2) 

+  2(3(^fi)*-26(*fi)*4.15]£2,^,-0.  (10) 


2(kh)*  -  ll(kh)^4- 15 
(kh)*  4-  4(kh)^  4-  15 


.  (11) 


A  simple  study  of  the  expression  under  the  radical  reveals 
that  for  frequencies  below  cutoff  (kh  s  r)  the  numerical 
solution  does  not  exhibit  artificial  dating,  except  for  a 
cutoff  region  given  by  s  kh  S  VT. 

Without  the  introduction  of  boundary  conditions,  die  error 
can  now  be  determined  from  (3)  and  (1 1)  for  the  case  of  a 
plane  wave  traveling  along  the  x  or  ^  direction  in  a  mesh 
with  square  elements  which  have  either  bilinear  or  quadratic 
variation.  Furthermore,  (6)  can  bemused  to  find  the  error 
when  die  plane  wave  is  traveling*  diagonal  to  die  mesh 
composed  of  square  elements  with  bilinear  variation.  The 
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exact  solution  is  given  by 

*  ^->*(jteot4'+/unV) 


(12) 


From  our  dispersion  analysis,  we  find  that  the  numerical 
solution  can  be  written  as 


tot  *y  tin 


The  predicted  error  in  the  absence  of  boundary  conditions 
does  not  simulate  the  actual  enor  when  the  boundary  condi¬ 
tions  are  present,  but  it  provides  an  approximate  quantitative 
measure  of  the  expected  enor.  Therefore,  a  chart  that  pro¬ 
vides  the  error  in  the  absence  of  boundary  conditions  can  be 
very  useful  in  choosing  the  nodal  density  for  a  given  prob¬ 
lem.  From  our  analysis,  a  plane  wave  that  travels  a  distance 
/,  accumulates  a  phase  error  of  {k  -  k)t  rad  in  the 
absence  of  boundary  conditions.  In  Fig.  4,  the  nomudized 
phase  error  (in  degrees  per  wavelength)  /\=  (k  -  k)  is 
plotted  as  a  function  of  the  nodal  density  normalized  by  the 
wavelength,  i.e.,  X/fi.  Three  curves  are  shown.  Two  of  the 
curves  conespond  to  an  x  propagating  wave  traveling  in  a 
mesh  composed  of  either  bilinear  or  quadratic  square  ele¬ 
ments.  The  third  curve  is  the  case  of  a  |dane  wave  traveling 
diagonally  along  a  mesh  composed  of  bilinear  square  ele¬ 
ments.  From  this  figure,  we  can  estimate  the  phase  error  for 
a  given  mesh  in  free  space.  As  an  example,  consider  a  mesh 
similar  to  the  one  in  Fig.  1,  where  a  »  lOX.  Assume  that  we 
are  using  bilinear  square  elements  where  the  nodal  separation 
is  X/A  s  10.  If  a  plane  wave  is  incident  at  an  angle  of 
d'  =  0*.  then  we  can  estimate  from  Fig.  4  that  there  will  be 
a  phase  error  of  56*  at  the  right  border  of  the  mesh  relative 
to  the  left  border  of  the  mesh. 

It  should  be  noted  that  the  finite  element  expansion  func¬ 
tion  varies  bilinearly  along  the  diagonal  direction,  whereas 
the  variation  along  the  x  and  y  direction  is  linear.  Because 
ofthis  variation,  the  largest  fdiase  enor  occurs  at  »  n90*, 
and  the  smallest  enor  occurs  at  »  45*  4-  n  90*  where  n 
‘<^is  an  integer.  The  error  for  any  other  angle  should  be 
bounded  by  the  error  given  for  these  two  sets  of  angles. 
Thus,  the  numerical  solution  is  dqiendent  on  die  angle  of 
incidence  of  the  incoming  wave.  This  numerical  anisotropy 
has  also  been  observed  in  the  FDTD  method  [8].  It  is  also 
interesting  to  observe  that  the  phase  error  is  significandy  less 
fbr  the  quadratic  element  than  for  die  bilinear  element.  Fixmi 
die  point  of  view  of  computational  efllciency,  we  should  be 
comparing  both  the  phase  error  and  the  computation  time 
associated  with  each  element.  In  the  next  section,  wt  perform 
these  comparisons  by  running  several  numerical  experiments. 


m.  Boundary  Condthons 

In  the  dispersion  analysis  for  an  infinite  mesh,  we  showed 
diat  the  discretization  error  can  be  stricdy  characterized  as  a 
phase  error.  For  realistic  problems  of  iiderest,  the  mesh  must 
he  truncated,  and  a  boundbuy  condition  imposed  at  the  mesh 
^cundaiy.  The  boundary  co^ition  can  significantly  alter  the 
ditcretization  error  that  we  obtained  for  die  infinite  mesh.  To 
dMw  this  effect,  we  ctmsider  two  boundary  conditions.  One 
^  *  radiation  boundary  condition  that  perfecdy  absorbs  die 


Fig.  4.  Ploi  of  the  phase  error  for  an  infinite  mesh.  Resulu  am  shown  for  a 
|4ane  wave  propagating  through  the  mesh  at  two  different  angles  (d‘  •  0* 
and  4S*)  for  ttw  bilinear  element  and  one  angle  for  the  quadratic  element 
(4'  -  0*). 

plane  wave.  The  second  is  the  essential  (Dirichlet)  boundary 
condition,  where  we  qiecify  die  value  of  the  fields  on  die 
boundary.  A  third  possibility  is  the  natural  (Neumann) 
boundary  condition,  ^t  this  case  is  not  considered  because 
the  size  of  the  error  produced  is  exacdy  the  same  as  the  error 
from  the  essential  boundary  condition. 

For  the  radiation  boundary  ctmdition,  we  consider  a  plane 
wave  propagating  in  both  the  diagonal  and  the  x  direction. 
The  differential  equation  is  given  by 

{Vjl,  +  k^)E{x,y)^0  (14) 

where  the  boundary  conditions  for  the  diagonally  propagating 
plane  wave  are 

E{x  =  0,y)toe-^^'^\ 

£(x,  yr  -  0)  = 

For  an  X  propagating  wave,  the  boundary  conditions  are 

^(Jf  *  0,y)  «=  1,  +yAj£(x«  a,y')  =  0, 

dE(x.y^O)  ^  d£(x.y«o)  ^ 

9y  "  ’  dy^ 

(16) 

Before  we  calculate  the  numerical  lolutions  to  die  above 
finite  element  problems,  let  us  consider  the  case  of  the  x 
propagating  wave  more  closely.  This  problem  is  really  one 


S46 


IEEE  TRANSACTIONS  ON  ANTENNAS  AND  PROPAGATION.  VOL.  40,  NO.  3.  MAY  199} 


difflensional.  The  related  one-dimensional  numerical  problem 
for  (14)  and  (16)  is  described  by  the  differential  equation 

(17) 

with  boundary  conditions 


and  the  jrfiase  error  at  that  same  point  to  be 


phase  error  =  1 9  -  9 1 . 


(22) 


Another  parameter  of  importance  is  the  percentage  rms  error 
over  the  entire  mesh,  which  we  define  to  be 


^(0)  =  1  (^+y^)£(a)-0.  (18) 

The  term  E  is  used  to  distinguish  the  numerical  solution 
from  the  analytical  one.  The  boundary  conditions  are  the 
0^  associated  with  the  exact  wavenumber  k.  Actually, 
E{x)  does  not  satisfy  (17),  but  rather  the  system  of  difference 
equations  pertinent  to  the  type  of  element  used  in  the  numeri¬ 
cal  discretization.  Nevertheless,  the  model  of  (17)  and  (18) 
has  a  straightforward  analytic  solution  that  allows  us  to 
illustrate  the  effects  of  the  radiation  condition  on  the  dis¬ 
cretization  error  in  a  simple  manner.  The  resulting  solution  is 

.  8 

sin  ibr  (19) 

where  i  ^  k  -  Ic.  i  can  bt  assumed  to  be  small  if  we 
consider  nodal  densities  greater  than  five  nodes/X.  From 
(19),  we  can  see  the  effect  of  the  radiation  boundary  condi¬ 
tion  directly.  The  first  term  in  (19)  is  the  solution  for  the  case 
of  an  infinite  mesh.  The  second  term  is  the  perturbation  due 
to  the  boundary  condition.  The  periodic  behavior  of  the 
perturbation  will  be  evident  in  the  plots  of  error  shown  later 
in  this  paper.  For  the  case  of  the  diagonally  propagating 
wave,  there  is  no  one-dimensional  equivalent.  Thus,  we  must 
rely  on  a  numerical  solution  in  this  instance. 

For  the  case  where  essential  boundary  conditions  are  ^ 
plied,  we  consider  the  same  differential  equation  as  in  (14) 
widi  the  boundary  conditions, 

£(jc  -  0,  y)  - 

£(x  -  a,  y)  » 

E{x,  y  -  0)  -  e--'*'*"*', 

E{x,  y  -  o)  -  (20) 

Note  diat  (20)  describes  the  boundary  conditions  for  a  plane 
wave  of  arbitrary  iiKidence.  Unlike  the  radiation  boundary 
condition,  there  is  no  situation  where  the  numerical  solution 
degenerates  to  the  one-dimensional  case.  Although  die  analyt¬ 
ical  sdution  far  the  X  propagating  wave  is  one  dimensional, 
die  numerical  errors  due  to  the  essential  boundary  condition 
are  two  dimensional;  therefore,  h  is  necessary  to  evaluate  the 
atdution  numerically  for  the  essential  bounds^  conditions. 

In  order  to  describe  the  error,  we  introduce  several  error 
parameters.  Let  us  define  the  exact  solution  to  be  £* 

I  £|e^  and  the  numerical  solution  to  be  |£|e^.Then 
we  define  die  percentege  magnitude  error  at  some  point 
(x„,  y„)  in  the  mesh  to  be 


\  \  fO  fO  .  Il/J 

rms  error  = -I  y  J  \E{x,  y)  -  E{x,  y)\^  dxdy 

X  100%.  (23) 

To  show  the  effects  of  various  parameters  on  the  dis¬ 
cretization  error,  numerical  solutions  are  generated  for  three 
square  regions  which  differ  from  each  other  in  electrical  size 
(a  =  0.4X,  1.2X,  4.0X).  Four  nodal  densities  (X/h  =  10, 
is,  20,  and  2S)  are  considered  for  a  plane  wave  incident  at 
angles  of  =  0*  and  =  45*.  Bilinear  square  elements 
are  used  to  compute  solutions  for  bodi  boundary  conditions. 
In  addition,  we  generate  numerical  solutions  for  the  essential 
boundary  condition  using  quadratic  square  elements. 

In  Table  I,  we  present  numerical  results  for  the  radiation 
boundary  condition  using  bilinear  square  elements.  The 
columns  marked  Max.  Mag.,  and  Max.  Phase  indicate  the 
maximum  magnitude  and  phase  error,  respectively,  over  all 
the  nodes  in  die  mesh.  The  rms  error  is  also  shown  in  the 
table.  The  remaining  two  columns  show  the  average  magni¬ 
tude  and  phase  error  over  all  the  nodes.  By  examining  the 
table  it  is  evident  that  the  majority  of  the  error  for  -  0*  is 
in  the  phase,  as  predicted  by  the  one-dimensional  analysis.  In 
fact,  the  error  is  mostly  phase  error  even  for  d' s  4S*.  The 
amount  of  phase  error  is  very  close  to  the  predictions  from 
Fig.  4  for  an  infinite  mesh.  The  size  of  the  error  is  dependent 
on  the  electrical  size  of  the  mesh  as  well  as  the  nodal  density, 
which  agrees  with  the  results  in  [1].  It  should  also  be  noted 
that  the  error  for  a  diagonally  propagating  wave  is  signifi¬ 
cantly  less  than  for  a  wave  propagating  in  the  x  direction. 
The  distribution  of  the  error  across  the  mesh  is  not  evident 
from  the  table.  In  Figs.  S  and  6,  we  plot  the  magnitude  and 
phase  errors  as  a  function  of  position  for  die  case  a  «  1.2  X, 
X/A  >  20,  and  d'  *  0*.  We  see  that  die  phase  error  accu¬ 
mulates  as  the  wave  travels  across  the  mesh.  Also,  a  periodic 
ripple  is  present  in  both  the  magnitude  and  phase  error  plots 
as  predicted  from  (19).  The  errors  do  not  vary  with  y,  so  the 
numerical  solution  is  one  dimensional. 

In  Table  D,  we  consider  die  numerical  solution  for  die 
essential  boundary  condition  using  bilinear  square  elements. 
The  size  of  the  error  as  a  function  of  nodal  density,  electrical 
size  of  mesh,  and  angle  of  incidence  of  die  plane  wave  is 
similar  to  the  case  for  the  radiation  boundary  condition,  but 
die  characteristics  of  the  error  is  significantly  different.  Both 
magnitude  and  phase  error  are  present.  In  addition,  the 
growth  of  the  error  with  increasing  mesh  size  is  considerably 


I  £(  Xm  ,  y^)  I  -  I  ^(  t  y^)  I  ^  radiation  boundary  condition.  The  distribu- 

“  - 1  -  X  100*  tion  of  the  magnitude  and  phase  ferror  over  the  mesh  are 

*  ^  shown  in  Figs.  7  and  8.  The  geometrical  parameters  (a, 

(21)  X/A,^')  are  the  same  as  those  shown  in  Figs.  S  and  6.  The 
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Fi|.  3.  Plot  of  the  magnitude  error  of  over  the  grid  for  the  radiation 
boundary  condition. 


x/x 

Fig.  6.  Pl«  of  the  phaK  error  of  £,  over  the  grid  for  the  radiation 
boundary  conmtion. 


TABLE  1 

Eaaons  Associatso  with  the  Raoution  Boundaev  Condition 
Foa  Biuneae  Elements 


TABLE  n 

Eeeoes  Associated  with  the  Essentul  Boundaev  Condition 
FOB  Bilineae  Elements 


s 

X/h 

♦' 

(deg) 

Mex. 

Mag. 

(*) 

Average 

Mag. 

(*) 

Max. 

phaxe 

(deg) 

Average 

Phaie 

(deg) 

RMS 

Ettm 

(*) 

• 

X/h 

♦' 

(deg) 

Xtax. 

Mag. 

(») 

Average 

Mag. 

(») 

Max. 

Phaie 

(deg) 

Average 

Phaie 

(deg) 

RMS 

Error 

(») 

10 

0 

0.90 

0.30 

2.74 

1.60 

3.42 

10 

0 

2.06 

0.31 

0.32 

0.06 

0.89 

0.4  X 

13 

0 

0.46 

0.24 

1.23 

0.73 

1.34 

0.4  X 

13 

0 

0.91 

0.27 

0.14 

0.04 

0.42 

20 

0 

0.27 

0.14 

0.70 

0.42 

0.87 

20 

0 

0.51 

0.17 

0.08 

0.03 

0.23 

23 

0 

0.17 

0.09 

0.45 

0.26 

0.36 

25 

0 

0.33 

0.11 

0.05 

0.02 

0.16 

10 

43 

1.32 

0.40 

0.93 

0.41 

1.10 

10 

45 

1.03 

0.23 

0.15 

0.03 

0.44 

0.4  X 

13 

43 

0.38 

0.18 

0.43 

0.19 

0.30 

0.4  X 

15 

43 

0.46 

0.14 

0.07 

0.02 

0.21 

20 

43 

0.32 

0.10 

0.23 

0.11 

0.28 

20 

45 

0.26 

0.09 

0.04 

0.01 

0.12 

23 

43 

0.21 

0.06 

0.16 

0.07 

0.18 

25 

45 

0.16 

0.06 

0.03 

0.01 

0.08 

10 

0 

1.38 

0.67 

6.46 

3.11 

6.62 

10 

0 

29.37 

7.11 

13.00 

3J6 

14.42 

1.2  X 

13 

0 

0.64 

0.32 

2.97 

1.44 

3.03 

1.2  X 

15 

0 

12.30 

2.92 

3.86 

1.66 

6.09 

20 

0 

0.37 

0.18 

1.69 

0.82 

1.72 

20 

0 

6.78 

1.63 

3.31 

0.93 

3.38 

23 

0 

0.24 

0.12 

1.09 

0.33 

1.11 

23 

0 

4.25 

1.06 

2.12 

0.62 

2.16 

10 

43 

2.02 

0.37 

3.88 

1.43 

3.21 

10 

45 

12.40 

2.83 

8.06 

1.38 

6.17 

1.2  X 

13 

43 

0.90 

0.23 

1.73 

0.63 

1.43 

1.2  X 

13 

43 

3.03 

1.23 

3.37 

0.72 

2.64 

20 

43 

0.31 

0.14 

0.99 

0.37 

0.82 

20 

45 

2.79 

0.71 

1.91 

0.41 

1.48 

23 

43 

0.32 

0.09 

0.64 

0.24 

0.33 

25 

45 

1.77 

0.46 

1.21 

0J7 

0.94 

10 

0 

1.46 

0.68 

23.07 

11.70 

23.38 

10 

0 

73.82 

24.30 

49.78 

17.40 

43.39 

4.0  X 

13 

0 

0.72 

0.33 

10.42 

3.24 

10.63 

4.0  X 

13 

0 

62.27 

19.11 

28.49 

10.63 

32.86 

20 

0 

1.12 

0.24 

3.91 

2.97 

3.98 

20 

0 

46.20 

14.40 

18.02 

6.83  - 

23.94 

23 

0 

0.26 

0.13 

3.78 

1.89 

3.83 

23 

0 

34.32 

10.89 

12.27 

4.84 

17.72 

10 

43 

3.39 

0.83 

14.76 

3.33 

11.40 

10 

43 

69.65 

13.00 

32.14 

6.60 

27.17 

4.0  X 

13 

43 

1.31 

0.37 

6.64 

2.41 

3.17 

4.0  X 

15 

43 

23.20 

5.30 

13.06 

2.70 

9.96 

20 

43 

0.83 

0.21 

3.73 

1.37 

2.92 

20 

43 

12.06 

2.81 

7.21 

1.33 

3.35 

23 

43 

0.33 

0.13 

2.41 

0.88 

1.88 

23 

45 

7.54 

1.79 

4.80 

0.99 

3.36 

errors  are  in  the  form  of  large  standing  waves  in  both  the 
mignitude  and  phase  widi  a  one  wavelength  periodicity  almtg 
the  direction  of  propagation.  We  see  diat  the  errors  are  two 
dimensional,  which  produces  a  two-dimensional  numerical 
solution  to  a  onenlimensional  problem.  The  dUferences  in  the 
anmerical  results  between  the  two  boundary  conditions  imply 
ttat  the  effect  of  die  boundary  condition  on  discretization 
error  is  variaUe;  therefore,  in  dioosing  a  boundary  trunca¬ 
tion  scheme,  we  must  coeoider  not  only  the  accuracy  and 
HBierical  efficiency  of  the  scheme  but  also  hs  effect  on  the 
ffiscredzation  error.  For  a  ■  4X,  we  see  from  Table  n  that 
the  essfwial  boundary  conditions  produce  unaccqxable  er- 
ran  even  fr>r  a  nodal  density  of  25  nodes/X  where  the  rms 


error  is  17.7%  for  «  0.  The  correqionding  error  for  die 
radiation  boundary  condititm  is  only  3.8%.  It  is  evidmt  that 
the  sdutioo  with  die  radiation  boundary  condition  is  more 
conqwtationaUy  efficimit  for  die  sim|de  geometry  considered 
here. 

The  next  consideration  is  the  effect  of  dmnging  the  type  of 
element  used  in  the  mesh.  The  erron  are  presented  in  Table 
m  for  the  quadratic  nine-node  square  element  with  essential 
boundary  conditions.  A  similar  table  is  not  considered  for  die 
radiation  boundary  condition  because  the  errors  in  this  case 
are  basically  the  same  as  diose  obtained  from  die  infinite 
medi  geometry.  If  we  compare  die  errors  obtained  in  Table 
n  to  those  shown  in  Table  m,  we  observe  one  major 
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Fig.  7.  Plot  of  the  magnitude  emr  of  £,  over  the  grid  for  the  etieiuial 
boundary  conditioa. 


Fig.  t.  Plot  of  the  phaie  error  of  £,  over  the  grid  for  the  euemial 
boundary  cooditioB. 


difference.  The  size  of  the  error  has  been  substantially  re¬ 
duced  by  the  use  of  quadratic  elements.  In  many  instances, 
the  error  has  been  reduced  by  a  factor  of  ten. 

As  we  mentioned  earlier  in  this  paper,  a  major  concern  in 
the  finite  element  method  is  the  computational  tune  necessary 
to  obtain  a  solution  for  a  given  accuracy.  Usually,  most  of 
the  computation  time  is  spent  in  the  solution  of  the  finite 
element  matrix  equation.  Assuming  the  use  of  a  banded 
matrix  stdver,  the  number  of  floating  point  operations  needed 
to  solve  the  matrix  equation  is  dependent  on  the  number  of 
unknowns  and  the  half-bandwidth  of  the  matrix.  The  numeri¬ 
cal  errors  in  Table  n  and  ni  are  based  on  a  nodal  density 
radier  than  element  density,  so  the  number  of  unknowns  is 
the  same  for  both  types  of  elements.  The  difference  is  in  the 
half-bandwidth  of  the  matrix.  From  Fig.  2,  we  see  that  for 
the  bilinear  element,  each  node  is  connected  to  eight  other 
nodes  while  for  the  quadratic  element,  each  node  connects  to 
24  other  nodes.  Thus,  the  half-bandwidth  of  the  matrix  for 
the  quadratic  elements  is  greater  than  the  half-bandwidth  of 
the  matrix  for  the  bilinear  element.  In  Table  IV,  we  record 
die  CPU  time  (for  a  Cray  YMP)  needed  to  fill,  factor,  and 
solve  the  finite  element  matrix  equation  for  the  cases  where 
we  use  bilinear  and  quadratic  square  elements  with  essential 
boundary  conditions.  Also,  die  table  provides  the  rms  error 
and  the  half-bandwidth  of  the  correqxmding  matrix  equation. 
From  the  table,  we  see  that  the  half-bandwidth  increases  by  a 
betor  of  two  s^n  the  elements  are  switched  from  bilinear  to 
quadratic.  The  corresponding  increase  in  the  compuution 
time  is  anywhere  from  a  fimtor  of  1.03  to  a  fiictor  of  three. 
Although  the  confutation  time  is  greater  for  the  quadratic 
element,  the  gain  in  the  accuracy  of  the  numerical  solution 
suggests  that  this  element  is  much  more  compuutionally 
eflkient.  As  an  exanfle,  consider  die  case  where  a  •  4X. 
The  solution  obtained  for  quadratic  dements  with  a  nodal 
density  of  X/A  *  10  is  considerably  better  than  the  solution 
dblained  for  bilinear  dements  widi  X/A  «  25  while  the 
computation  time  fbr  the  bilinear  elemenu  is  seven  times 
gicaier  diaa  the  quadratic  case.  Another  consideration  is  the 
memory  requirements  tor  a  given  problem.  Aldwugh  the 
half-bandwidth  is  larger  for  quadratic  dements,  the  corre- 


TABLE  m 

Emom  Assocuns  with  tme  Essential  Boundaby  Conottion 
K>E  Quadeatk  Elements 


• 

X/A 

a' 

(deg) 

Mix. 

Mig. 

(») 

Avenge 

Meg. 

(*) 

Max. 

Phue 

(deg) 

Avenge 

Phate 

(deg) 

RMS 

Error 

(») 

10 

0 

0.180 

0.054 

0.026 

0.005 

0.092 

0.4  X 

IS 

0 

O.OSI 

0.014 

0.005 

0.00) 

0.022 

20 

0 

0.016 

0.005 

0.001 

4.2e-4 

0.007 

25 

0 

0.007 

0.002 

S.8e-4 

1.8e-4 

0.003 

10 

45 

0.060 

0.018 

0.008 

0.002 

0.031 

0.4  X 

IS 

45 

0.018 

0.005 

0.001 

S.Oe-4 

0.007 

20 

45 

0.006 

0.002 

5.2*-4 

0.008 

2S 

4S 

0.002 

7.2e4 

2.2e<4 

7.2e-5 

0.003 

10 

0 

2.300 

0.560 

1.250 

0.330 

1.183 

1.2  X 

IS 

0 

0.490 

0.120 

0.260 

0.072 

0.247 

20 

0 

0.155 

0.039 

0.082 

0.024 

0.080 

2S 

0 

0.066 

0.016 

0.034 

0.010 

0.033 

10 

45 

0.560 

0.130 

0.380 

0.074 

0.283 

1.2  X 

IS 

4S 

0.110 

0.028 

0.075 

0.016 

0.058 

20 

45 

0.036 

0.009 

0.024 

0.005 

0.019 

2S 

4S 

0.015 

0.004 

0.010 

0.002 

0.008 

10 

0 

21.30 

7.36 

7.00 

2.95 

11.83 

4.0  X 

IS 

0 

5.70 

1.84 

1.68 

0.69 

2.92 

20 

0 

1.91 

0.62 

0.54 

0.22 

0.97 

2S 

0 

0.79 

0.26 

0.23 

0.09 

0.40 

10 

45 

2.25 

0.52 

1.36 

0.30 

I.OS 

4.0  X 

IS 

45 

0.48 

0.11 

0.27 

0.06 

0.21 

20 

45 

0.15 

0.04 

0.09 

0.02 

0.07 

2S 

45 

0.06 

0.01 

0.04 

0.01 

0.03 

spending  increase  in  accuracy  means  that  a  smaller  nodal 
density  is  necessary  for  a  given  accuracy  requirement.  In 
nK»t  cases,  the  increase  in  memory  requirements  due  to  die 
fanger  bandwidth  for  quadratic  elements  is  more  than  out- 
weighted  by  a  decrease  in  memory  requirements  due  to  the 
smaller  number  of  unknowns. 

IV.  Conclusion 

From  the  results  of  this  study  on  discretization  error,  diere 
are  several  observations  to  make.  First,  the  bet  that  the 
discretization  error  increases  with  die  electried  size  of  the 
mesh  has  serious  implications  widi  reflect  to  the  approximate 
radiation  boundary  conditions  [9],  which  require  die  mesh  to 
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TABLE  IV 

CoMrAKMON  OP  Emiors  Betwrn  the  Bilinear  and  Quadratic  Case.  The  Computatatton 
times  Necessary  to  Fill,  Factor,  and  Solve  the  Correspondino  Finite  Element 
Matricbs  are  also  Ijsteo 


• 

X/A 

♦'(deg) 

Bilinear 

Quadratic 

HBW 

CPU(s) 

RMS  Error  (S) 

HBW 

CPU(s) 

rms  Error  (%) 

10 

0 

9 

S.9e-3 

0.89 

14 

6.1e-3 

0.092 

0.4  X 

13 

0 

13 

1.4e-2 

0.42 

22 

1.6e-2 

0.022  ■ 

20 

0 

17 

2.6e-2 

0.2S 

30 

3.1e-2 

0.007 

23 

0 

21 

4.3e-2 

0.16 

38 

3.3e-2 

0.003 

10 

43 

9 

3.9e-3 

0.44 

14 

6.1e-3 

0.031 

0.4  X 

13 

43 

13 

1.4e-2 

0.21 

22 

l.6e-2 

0.007 

20 

43 

17 

2.6e-2 

0.12 

30 

3.le-2 

0.008 

23 

43 

21 

4.3e-2 

0.08 

38 

3.3^-2 

0.003 

to 

0 

23 

6.Se-2 

14.42 

46 

8.Se-2 

1.183 

1.2  X 

13 

0 

37 

0.172 

6.09 

70 

0.26 

0.247 

20 

0 

49 

0.383 

3.38 

94 

0.70 

0.080 

23 

0 

61 

0.712 

2.16 

118 

1.44 

0.033 

10 

43 

23 

6.3e-2 

6.17 

46 

8.SC-2 

0.283 

1.2  X 

IS 

43 

37 

0.172 

2.64 

70 

0.26 

0.038 

20 

43 

49 

0.383 

1.48 

94 

0.70 

0.019 

23 

43 

61 

0.712 

0.94 

118 

1.44 

0.008 

10 

0 

81 

1.68 

43.39 

138 

3.82 

11.83 

4.0  X 

IS 

0 

121 

3.29 

32.86 

238 

13.3 

2.92 

20 

0 

161 

16.10 

23.94 

318 

47.20 

0.97 

23 

0 

201 

29.00 

17.72 

398 

86.30 

0.40 

10 

43 

81 

1.68 

27.17 

138 

3.82 

1.03 

4.0  X 

13 

43 

121 

3.29 

9.96 

238 

13.30 

0.21 

20 

43 

161 

16.10 

3.33 

318 

47.20 

0.07 

23 

43 

201 

29.00 

3.36 

398 

86.30 

0.03 

extend  b  significant  distance  tirnty  from  the  geometry  of 
mteiest  in  order  to  obtain  an  accurate  solution.  More  rigor¬ 
ous  truncation  techniques,  such  as  the  hybrid  FEM/integral 
equation  technique  [10]  or  the  bymoment  method  [11],  al¬ 
lows  fix’  the  use  of  a  coarser  mesh  to  obtain  the  same 
accuracy  because  the  mesh  can  be  truncated  close  to  the 
geometry  of  interest.  The  second  observation  is  that  the 
solutioa  widi  quadratic  elements  is  always  more  computation¬ 
ally  efficient  than  die  solution  with  bilinear  elements.  Even 
the  memtxy  storage  requirements  are  usually  smaller  for 
quadratic  efements.  A  third  point  to  note  is  the  effect  of  die 
boundary  condition  on  discretization  error.  The  results  indi¬ 
cate  that  radiation  boundary  conditions  produce  lower  levels 
of  error  than  estemial  boundary  conditions.  Finally,  we  show 
diat  the  discretization  error  can  be  analytically  characterized 
as  phase  error  fix'  an  infinite  mesh.  The  curves  in  Fig.  4  can 
be  used  as  an  initial  estimate  on  the  size  of  the  error  as  a 
ftmction  of  nodal  density,  element  type,  and  the  electrical 
size  (rf  the  mesh  with  the  understanding  diat  errors  due  to 
geometry  and  boundary  conditions  arc  not  incorporated  into 
the  curves. 
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Two-Dimensional  Angle  and  Polarization 
Estimation  Using  the  ESPRIT  Algorithm 

Jian  Li  and  R.  T.  Compton,  Jr. 

Abstrael— it  it  tbowa  bow  ibe  ESPRIT  algoritbm  may  be  ated  with  a 
aqoare  array  of  croned  dipoi**  to  esUmale  both  the  Iwo^timciitioaai 
a^val  aagics  and  Ibe  poiariiatloas  of  incoming  narrow4iand  tignalt. 
The  ESPRIT  algorithm  exploits  the  invariance  propertiet  of  inch  an 
array  to  that  both  angle  and  polarixation  estimates  may  be  compaled. 
Some  typical  examplet  showing  the  ate  of  this  approach  arc  presented. 

I.  Introduction 

The  ESPRIT  algorithm  [1]  can  be  used  with  an  array  of  cross- 
polarized  elements  to  estimate  both  the  directions  of  arrival  (DOA) 
and  the  polarizations  of  incoming  plane  waves.  In  a  previous  paper 
[2],  the  authors  described  how  to  use  ESPRIT  with  a  unifonn  linear 
array  of  crossed  dipoles  to  compute  signal  directions  in  one  spatial 
angle,  along  with  the  polarizations.  In  this  communication,  we 
generalize  these  results  to  two  spatial  angles.  The  arriving  signals 
are  assumed  to  be  narrow-band,  so  the  signals  received  on  different 
array  elements  differ  only  by  a  phase  factor. 

In  this  correspondence,  we  consider  a  square  array  consisting  of 
1}  pairs  of  crossed  short  dipoles.  We  show  how  the  ESPRIT 
algorithm  can  be  used  with  such  an  array  to  estimate  signal  direc- 
tkms  in  two  spatial  angles  and  signal  polarizations.  We  also  illus¬ 
trate  the  effects  of  signal  direction  and  polarization  on  the  perfor¬ 
mance  of  the  estimator. 


Fig.  1.  Crossed  dipoles. 


into  the  array,  we  consider  the  polarization  ellipse  produced  b\  the 
electric  field  as  the  incoming  wave  is  viewed  from  the  coordinate 
origin.  Note  that  unit  vectors  e„,e,,  -  e,,  in  that  order,  form  a 
right-handed  coordinate  system  for  an  incoming  signal.  Suppose  the 
electric  field  has  transverse  components  and 

£  =  £***  +  £■»«»•  (1) 


n.  Problem  Formulation 

We  consider  the  array  shown  in  Fig.  1 .  The  array  consists  of  l} 
pain  of  crossed  dipoles,  or  a  total  of  21^  elements.  The  signal  from 
each  dipole  is  to  be  processed  separately.  The  //th  dipole  pair, 
where  /,  /  -  1,2,-  ••,  L,  has  its  center  at  {x,  y)  =  ((/  -  1)5, (/  - 
1)5).  The  distance  5  between  adjacent  dipoles  is  assumed  to  be  a 
half- wavelength.  At  the  i/th  dipole  pair,  x,/(r)  denotes  the  signal 
received  on  the  x-axis  dipole  and  y„(l)  the  signal  received  on  the 
/-axis  dipole. 

Suppose  K  (with  K  s  I?)  continuous  wave  (CW)  signals  im- 
ph^  on  the  array  from  angular  directions  (5^^,  4/,),  k « 
1.2,'  •',K,  where  r,  6,  and  ^  denote  standard  polar  coordinates, 
as  shown  in  Fig.  1.  Assume  each  signal  has  an  arbitrary  elliptical 
dectrotnagnetk  pdarization  (5]. 

To  specify  the  signal  pdarizations,  we  use  the  following  defini¬ 
tions.  Given  a  transverse  electromagnetic  (TEM)  wave  propagating 
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(We  call  £^  the  horizontal  component  and  £,  the  venical  compo¬ 
nent  of  the  field.)  In  general,  as  time  progresses,  £,  and  £« 
describe  a  polarization  ellipse  as  shown  in  Fig.  2.  Given  this  ellipse, 
we  define  a  and  0  to  be  the  ellipticity  and  the  orientation  angles, 
respectively  (see  [2]).  We  define  0  to  be  in  the  range  0  s  ^  <  t.  a 
is  always  in  the  range  -  x  /4  s  o  s  »  /4. 

For  a  given  signal  polarization,  specified  by  a  and  the  electric 
field  components  are  given  by  (aside  from  a  common  phase  factor) 

£^  =  £cos  y,  £0  =  £ sin  ye^  (2) 

where  y  and  ij  can  be  computed  from  a  and  [6],  [2].  y  is  always 
in  the  range  0  s  7  s  x /2.  and  is  in  the  range  -  x  s  n  <  x.  a 
and  P  can  also  be  computed  from  7  and  1)  [6],  [2]. 

Thus  an  arbitrary  plane  wave  coming  into  the  array  may  be 
characterized  by  four  angular  parameters  and  an  amplitude.  For 
exanqrle,  the  Jrth  sigiul,  k  ^  1,2,-  -  A,  will  be  characterized  by 
iu  arrival  angles  (9^^,  ^^),  its  polarization  ellipticity  angle  and 
orienution  angle  0^,  and  its  amplitude  £^  (i.e.,  £0  is  the  value  of 
£  in  (2)  for  the  Arth  sigiul).  We  will  say  the  Ath  signal  is  defined  by 
(9*,  oi0,  00,  £0). 

We  assume  that  each  dipole  in  the  array  is  a  short  dipole  whose 
output  voluge  is  proportional  to  the  electric  field  along  the  dipole 
An  incoming  signal  with  arb.traiy  electric  field  c  mponents  £,  and 
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Fig.  2.  Polarization  ellipse. 


Ef  has  X,  y,  z  components: 

E  =  +  Eftf 

=  (  £,  cos  ®  cos  ♦  -  E^  sin  ^)ej, 

+  ( £«  cos  0  sin  0  +  £^  cos  <^)ty 

+  (£,sin0)e,.  (3) 

When  £^  and  £«  are  expressed  in  terms  of  £,  y,  and  17  as  in  (2), 
the  electric  field  components  become 

E  =  £[  (sin  y  cos  0  cos  -  cos  y  sin 

+  (sin  y  cos  0  sin  +  cos  >  cos  <ti)ty 

-  (sin  Y  sin0e''’')e,] .  (4) 

Let  us  define  the  space  phase  factors 

2wi  2rt 

p  =  \  sin  0  cos  0,  ^  =  e-'  ^  sin  0  sin  0,  (5) 

where  X  is  the  wavelength  of  the  signal.  Including  the  time  and 
space  phase  factors  in  (4),  we  find  that  an  incoming  signal  character¬ 
ized  by  (0, 0,  a,  0,  £)  produces  a  signal  veaor  in  the  crossed 
dipole  pair  centered  at  ( Jf,  y)  =  ((1  -  1)5,  (/  -  1)6)  as  follows: 

z„=  =us(Op'-V-‘  (6) 

where 

^  _  sin  T  cos  0  cos  0e-'’'  -  cos  y  sin  0 
[  sin  T  cos  0  sin  0e-^''  -F  cos  y  cos  0 
and 

s(f)  =  £■«■«“'+♦>  (8) 

with  u  the  frequency  and  0  the  carrier  phase  of  the  signal  at  the 
coordinate  origin  at  /  »  0. 

We  assume  that  K  such  signals,  specified  by  (0,^,  0,^,  0^, 

Eh),  km  1, 2."  * ,  £,  are  incident  on  the  array.  The  carrier  phase 
a^es  0^  are  assumed  to  be  random  variables,  each  uniformly 
distributed  on  (0, 2  t)  and  all  statistically  independent  of  each  other. 
In  addition  we  assume  a  thermal  noise  voltage  vector  n^/(r)  is 
present  in  each  signal  vector  X//(t).  The  n^,(r)  are  assumed  to  be 
zero  mean,  complex  Gaussian  processes  statistically  independent  of 
each  ocher,  with  covariance  a^l,  where  I  denotes  the  identity 
matrix. 

Under  these  assumptions,  the  total  signal  vector  received  by  the 
crossed  dipole  pair  centered  at  (x,  y)  «  ((/  -  1)5,  (/  -  1)5)  is 


given  by 

*,7(0=  E  “*'y*(0pi''9*'' +  “,/(0.  /./ =  1.2,-  -,  £ 

t- 1 

(9) 

where  u*.  p*,  </*,  and  s*(r)  are  given  by  (7),  (5),  (5).  and  (8), 
respectively,  with  subscript  k  added  to  the  amplitude  £  and  to  each 
angular  quantity. 

Let  z(r).  s(0,  and  n(t)  be  column  vectors  containing  the  received 
signals,  incident  signals,  and  noise,  respectively,  i.e 

z(r)  =  [zr,(o  •••  •••  *[,(0  •••  1^(01^  (10) 

»(0  =  [5,(0  5z(f)  ^^(0]’'  (W 

“(0  =  l“n(0  •••  “[1(0  •••  “L(0  ••• 

(12) 

where  (-)^  denotes  the  transpose.  The  received  signal  vector  is  then 

z(/)  =  As(t)  +  n(/)  (13) 

where  A  =  [a,  a2  * "  tjd  is  a  2L^  x  £  matrix  with  each  col- 
unm  given  by 

“*9*  •••  -iPt 

.  «[/>*■ '9* 

•••  (14) 

The  columns  a,^  are  assumed  linearly  independent.  They  define  a 
^-dimensional  signal  subspace  in  a  2Z.’-dimensional  space. 

By  assuming  linearly  independent  columns  in  A,  we  are  exclud¬ 
ing  from  consideration  degenerate  cases,  such  as  when  two  signals 
arrive  from  the  same  direction  with  the  same  polarization,  when 
more  than  two  signals  of  arbitrary  polarization  arrive  from  the  same 
direction,  or  when  a  signal  yields  zero  output  at  the  x-  and  j'-axis 
dipoles  at  the  same  time. 

We  assume  that  the  element  signals  are  sampled  at  N  distinct 
times  f„,  n  =  1 , 2,  -  •  • ,  M  The  problem  of  interest  is  to  determine 
the  quantities  (0*,  0*.  o*,  0*),  k=  1,2, •••,£,  from  the  mea¬ 
surements  z(r„),  n  =  1, 2,-  •  IV. 

in.  Appucation  of  THE  ESPRIT  Algorithm 

The  array  geometry  described  above  possesses  several  invariance 
properties  that  may  be  exploited  by  the  ESPRIT  algorithm.  We  shall 
first  consider  the  case  where  the  array  covariance  matrix  and  the 
number  of  iiKident  signals  are  known.  We  then  consider  the  practi¬ 
cal  situation  where  only  a  finite  number  of  data  samples  is  available 
and  the  number  of  incident  signals  is  unknown. 

The  array  covariance  matrix  has  the  form 

R  =  £{z(/)z"(f)}  =Ro-l-a*I,  (15) 

where 

Ro  =  AR,A".  (16) 

(•)^  denotes  the  complex  conjugate  transpose,  R,  =  E{sit)%'^it)} 
is  the  source  covariance  matrix,  and  £(■)  denotes  expectation. 

From  the  array  covariance  matrix,  the  signal  directions  and 
polarizations  may  be  calculated  as  follows  [1],  [7],  Let  X,  +  2 

X2  +  0*  a  •  •  •  a  Xj^  -F  •  •  •  •  =  o’  be  the  eigenvalues 

of  R,  and  R|,P2>" +  ^  ^  corresponding 

orthonormal  eigenvectors.  Since  the  noise  contribution  to  R  for  this 
ideal  case  is  simply  o’ I,  the  eigenvectors  of  R  are  also  the 
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eigenvectors  of  Rg.  It  can  be  shown  that  the  columns  in  E,  =  (e, 
C2  " '  c^]  span  the  same  signal  subspace  as  the  column  vectors  in 
A  (3].  Therefore,  there  exists  a  unique  nonsingular  T  such  that 

E,  =  AT.  (17) 

The  columns  in  E,  are  the  signal  subspace  eigenvectors.  The 
signal  directions  and  polarizations  are  computed  from  them. 

Consider  first  the  calculation  of  the  space  factors  k  = 

1.2, *'*,  A.  From  Fig.  1,  we  note  that  the  overlapping  subarrays 

consisting  of  the  first  and  the  last  L  -  1  >-axis  rows  of  the  cross^ 
dipoles  are  the  same  except  for  the  displacement  6  parallel  to  the 
x-axis.  For  the  A:th  incident  signal,  the  displacement  6  results  in  the 
space  factor  p,^.  The  subvectors  of  consisting  of  the  first  and  the 
last  2HJL  —  1)  elements  of  differ  by  the  factor  p^,  as  can  also 
be  seen  from  (14).  (Note  that  is  a  two-element  column  vector,  as 
in  (7).)  Let  A^,  and  be  the  2L{L  -  1)  x  A  submatrices  of  A 
consisting  of  the  first  and  the  last  2LiL  -  1)  rows  of  A,  respec¬ 
tively.  Then  A^j  =  where  is  the  diagonal  matrix  with 

diagonal  elements  p^,  k  -  1,2,-  ■  K.  Let  E^,  and  E^,  be  the 
2L(L  -  1)  X  A’  submatrices  formed  from  E^  in  the  same  way  that 
Ap,  and  Apj  ate  formed  from  A.  Then  the  diagonal  elements  p^, 
^  =  1,2,"  ',  A,  of  are  the  eigenvalues  of  the  unique  matrix 
♦p  =  T~  '♦pT  that  satisfies  [1] 

=  Ep.i-p.  (18) 

Consider  next  the  calculation  of  the  space  factors  k  = 

1.2, ‘ ",  A.  From  Fig.  1,  we  note  that  the  overlapping  subarrays 

consisting  of  the  left  and  the  right  L  -  1  x-axis  columns  of  the 
crossed  dipoles  are  the  same  except  for  a  displacement  5  parallel  to 
the  >-axis.  For  the  Arth  incident  signal,  the  displacement  5  results  in 
the  space  factor  as  can  also  be  seen  from  (14).  The  subvectors 
of  consisting  of  the  elements  of  numbered  2L{i  -  1)  -f  /  and 
2L(i  -  1)  -►/-»-  2,  respectively,  for  /  =  1,2,"  •,2(L  -  1)  and 
i  =  1,2,- ",  L,  differ  by  the  factor  9*.  Let  A,,  and  A^j  be  the 
2L(L  -  1)  X  A  submatrices  of  A  consisting  of  the  rows  of  A 
numbered  2L(i  -  1)  +  /  and  2L(i  -  1)  -1-  /  2,  respectively,  /  = 

1.2, " ’,2(1,  -  1)1  =  1,2,‘",  I.  Then  A, 2  -  A,,#,,  where 

is  the  diagonal  matrix  with  diagonal  elements  q^,  k  =  1,2,"  ■,  A. 
Let  E,,  and  Eg2  be  the  2I.(L  -  1)  x  A  submatrices  formed  from 
E,  in  die  same  way  that  A,,  and  Ap2  stc  formed  from  A.  Then  the 
diagonal  elements  q^,  k  =  1,2,’ ",  A,  of  are  the  eigenvalues 
of  the  unique  matrix  =  T~  that  satisfies 

(19) 

Finally,  consider  the  calculation  of  the  ratios  from  which  the 
polarization  angles  may  be  calculated,  where  is  the  ratio  between 
die  first  and  the  second  elements  of  n^,  i.e., 

sin  cos  9^  cos  ^i,e^‘  -  cos  -y^  sin 
*  sin  7*  cos  9*  sin  -f  cos  7*  cos  ’ 

*=1,2,".  A.  (20) 

From  Fig.  1,  we  note  that  both  dipoles  in  a  given  crossed  dipole 
pair  have  die  same  qiace  factors  p^  or  q,^.  Moreover,  in  any  dipole 
pair,  the  ^-axis  dipole  output  is  related  to  the  x-axis  dipole  output 
by  a  factor  as  seen  in  (6)  and  (7).  Because  of  this,  the  subvectors 
of  a^  consisting  of  the  even  and  the  odd  numbered  elements  of  a« 
differ  by  the  factor  r^.  Let  A,.,  and  A,2  be  the  x  A  submatrices 
of  A  consisting  of  the  even  and  the  odd  numbered  rows  of  A, 
respectively.  Then  A,.2  =  where  is  the  diagonal  matrix 

with  diagonal  elements  r^,  *  =  1,2,"  ■,  A.  Let  E^i  and  E,2  be 
the  X  A  submatrices  formed  from  E,  in  the  same  way  that  A,., 
and  A,2  ate  formed  from  A.  Then  the  diagonal  elements  r^. 


k  =  1,2." •,  A,  of  ♦,  are  the  eigenvalues  of  the  unique  matrix 
♦,  =  T"'*,T  that  satisfies 

e,2  =  (21) 

With  multiple  incident  signals,  it  is  necessary  to  determine  the 
grouping  of  the  eigenvalues  of  ♦p,  and  i.e.,  we  must 
determine  which  eigenvalues  of  %p  correspond  to  which  eigenval¬ 
ues  of  itg  and  to  which  eigenvalues  of  One  way  could  be  to  use 
the  MUSIC  spectrum  [3]  to  determine  the  grouping  [8].  This 
method,  however,  requires  finding  the  extra  eigenvectors 

and  searching  over  A^  possibilities.  Instead,  we 
introduce  a  different  approach  below. 

The  proper  grouping  of  the  eigenvalues  of  fi'p,  f',,  and  %  may 
be  determined  in  two  steps:  1)  by  pairing  the  eigenvalues  of  f'p, 
and  1',,  and  2)  by  pairing  the  eigenvalues  of  fi'p  and  if,.  To  pair 
the  eigenvalues  of  if^,  and  fi',,  note  that 

=  =  (22) 

Thus  the  eigenvalues  9*  of  ♦p,.  A:  =  1.2,-  •,  A,  are  the  ratios 
between  the  eigenvalues  of  fi’p  and  their  corresponding  eigenvalues 
of  Therefore,  for  A:,  =  1,2,"  •,  A,  the  eigenvalue  of  that 
corresponds  to  the  eigenvalue  p^  of  fi'p  is  the  element  in  the  set 
{9*i>  *2  =  1, 2,-  ",  A)  that  correspond  to  the  minimum  of 


,  At 


2* 


^3 


(23) 


Similarly,  the  eigenvalues  of  ♦p,  =  ♦"‘♦p, f*.  A:  =  1,  A, 
are  also  the  ratios  between  the  eigenvalues  of  fi'p  and  their  corre¬ 
sponding  eigenvalues  of  %.  Thus  the  eigenvalues  of  f'p  and  if, 
can  be  paired  in  the  same  way  as  those  of  f'p  and  From  the 
paired  sets  of  eigenvalues  of  fp  and  and  of  f'p  and  if,,  we  cm 
determine  the  grouping  (/>*,  9*.  r*).  A:  =  1,2,"  •,  A. 

The  arrival  angles,  ellipticity  angles,  and  orienution  angles  can 
be  computed  from  the  sets  (A>*,9*,r*),  A:  =  1,2,"  •,  A.  The 
arrival  angles  (9*,^*),  k  =  1,2,‘",  A,  are  calculated  from  p* 
and  q/c  as 


=  tan  ' 


"8(P*) 


(24) 

(25) 


To  determine  the  ellipticity  angles  and  the  orientation  angles 
we  must  first  find  7^  and  from  r^.  7^6[0,  t/2]  and 
X,  x)  can  be  determined  frum 

7*  =  tan-'(|{*|),  (26) 

=  (27) 

where 

_  •‘tCos<t>*  +  sin  <t>e 
*  cos sin  + cos  ^ 

From  "Yu  and  ri/,,  we  can  determine  a^6[-x/4,  x/4]  and 
10.  X)  [6],  [2]. 

This  approach  may  be  used  to  estimate  the  signal  directions  and 
polarizations  as  long  as  the  matrices  A,  Ap,,  A,,,  and  A„  are  all 
of  full  column  rank,  a  condition  that  is  satisfied  in  most  cases.  We 
shall  restrict  our  consideration  to  the  cases  where  this  approach  is 
applicable.  For  these  cases,  when  the  array  covariance  matrix  is 
known  exactly,  the  signal  directions  and  polarizations  can  be  found 
exactly. 
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In  practical  situations,  however,  only  a  finite  number  of  noisy 
measurements  are  made  at  the  dipole  outputs.  The  estimates  of  the 
signal  directions  and  polarizations  must  then  be  made  from  the 
available  measurements.  Also,  the  number  of  incident  signals  is 
unknown  and  must  be  estimated  from  the  measurements.  We  shall 
use  the  minimum  description  length  (MDL)  criterion  described  by 
Wax  and  Kailath  (9]  to  estimate  the  number  of  incident  signals.  The 
total  least  squares  (TLS)  algorithm  [1].  [10]  is  then  used  to  estimate 
and  The  estimation  steps  in  the  signal  subspace 
approach  are  as  follows. 

1)  Compute  the  maximum  likelihood  estimate  the  array 
covariance  matrix  R 

R  =  i  E  (29) 

^  n»  I 

where  N  denotes  the  numter  of  measurements. 

2)  Compute  the  eigenvalues  X,  a  ^  2  •  •  •  a  Xil^  of  R. 

3)  Estimate  the  number  of  incident  signals  K  using  the  MDL 
criterion. 

4)  Obtain  E,  whose  columns  are  the  eigenvectors  of  R  that 
correspond  to  the  /(  largest  eigenvalues  of  R. 

5)  Form  Ep,.  Ep,-  E,,.  and  E,,  from  E,  in  the 

same  way  that  Epi.  Ep’.  E,|.  Epi.  E,,.  and  E^2 
formed  from  Ej. 

6)  Calculate  the  TLS  solution  ♦p  (IJ.  [10]  from  Ep,  and  Ep,. 

7)  Calculate  the  TLS  solution  from  E^,  and  E^j. 

8)  Calculate  the  TLS  solution  from  E^,  and  E^^' 

9)  Compute  p*,.  p*,.  and  k^,  k.,  kj.  k^.  = 

1. 2, " by  determining  the  eigenvalues  of  'I'p. 

♦p,  =  '  i'p.  and  i'p,  =  '  i'p.  respectively. 

10)  Determine  the  grouping  scheme  (p*.  k  = 

1. 2. -  ■  -  ,  as  discussed  in  (22)-(23). 

11)  Calculate  the  direction  and  polarization  estimates 

(8*.  i*.  a*. /3*).  k=l,2---,k,  from  as 

discussed  in  (24)-(28). 

IV.  Simulation  Results 

We  show  below  several  examples  of  the  use  of  this  technique  for 
direction  and  polarization  estimation.  These  results  were  obtained 
by  using  50  Monte  Carlo  simulations.  All  incident  signals  are 
assumed  to  have  the  same  unit  amplitude  £«.  The  signal-to-noise 
ratio  (SNR)  used  in  the  simulations  is  - 10 log  ,o<7*  =  20  dB.  The 
number  of  data  samples  taken  at  each  dipole  output  was  TV  =  31. 

Before  presenting  these  simulation  examples,  however,  we  first 
describe  the  method  we  shall  use  to  describe  the  accuracy  of  the 
estimates.  For  polarization  estimates,  we  define  the  estimation  error 
to  be  the  spherical  distance  between  the  two  points  M  and  M  on 
the  Poincare  sphere  that  represent  the  actual  signal  polarization 
(a.  )3)  and  the  estimated  polarization  (a,  [6],  [2].  Similarly,  we 

define  the  error  of  a  direction  estimate  (9,  i)  to  be  the  angular 
separation  between  (9,  i)  and  the  actual  arrival  angle  (9,  as 
measured  at  the  coordinate  origin  in  Fig.  1.  The  direction  and 
polarization  estimate  variances  plotted  below  are  the  mean-squared 
values  of  these  errors. 

There  is  one  other  feature  that  must  be  handled.  For  the  special 
case  where  9  =  0,  the  angle  <t>  has  the  same  effect  on  the  signal  as 
the  angle  0.  When  9  =  0,  changing  either  ^  or  0  simply  rotates  the 
principal  axis  of  the  polarization  ellipse.  (The  principal  axis  is 
defined  relative  to  e^.)  To  eliminate  this  ambiguity  between  0  and 
0,  we  always  define  0  =  0  when  9=0. 

We  now  present  a  few  examples.  We  begin  with  the  case  of  a 
single  incident  signal.  The  array  used  for  this  case  consists  of  four 


(a) 


Fig.  3.  Variance  of  estimales  versus  ft  for  a  linearly  polarized  signal 
(a  =  0*.  <a  =  0",  SNR  =  20  dB.  N  =  31).  (a)  Variance  of  direction  esti¬ 
mates.  (b)  Variance  of  polarization  estimates. 

(L  =  2)  pairs  of  crossed  dipoles.  Consider  first  a  linearly  polarized 
signal  (or  =  0°)  that  arrives  from  azimuth  angle  0  =  0*  and  eleva¬ 
tion  angle  9.  (For  the  case  of  one  incident  signal,  we  drop  the 
subscript  k.) 

For  such  a  signal.  Fig.  3(a)  shows  the  variance  (in  decibels  with 
respect  to  degree  squared)  of  the  direction  estimates  as  a  function  of 
0  for  several  elevation  angles  9.  (The  curves  shown  are  the  aver¬ 
ages  of  the  results  for  the  50  Monte  Carlo  simulations.)  Note  first 
that  0  has  little  effect  on  the  direction  estimates  when  9  is  small. 
The  reason  is  that  for  small  9,  the  outputs  of  the  x-  and  y-axis 
dipoles  are  not  close  to  zero  at  the  same  time.  For  large  9,  however, 
0  has  more  effect.  When  9  is  large,  the  total  power  received  by  the 
X-  and  3'-axis  dipoles  becomes  small  as  0  approaches  90*.  This 
causes  the  performance  of  the  direction  estimates  to  deteriorate. 
Also,  note  from  Fig.  3(a)  that  the  accuracy  of  the  direction  estimates 
becomes  worse  as  9  increases.  This  result  occurs  because  the 
estimates  9  become  worse  due  to  the  arcsin  (•)  in  (243  As  sin"  ’  ( w) 
approaches  90*,  the  slope  of  sin" '  ( *v)  approaches  infinity.  When  9 
is  near  90*,  a  small  perturbation  in  the  argument  of  the  arcsin  in 
(24)  causes  a  large  error  in  9. 

Fig.  3(b)  shows  the  variance  (in  decibels  with  respect  to  degree 
squared)  of  the  polarization  estimates  as  a  function  of  0  for  several 
values  of  9.  In  general,  if  we  start  with  9  near  zero  and  then 
increase  9,  the  accuracy  of  the  polarization  estimates  at  first  im¬ 
proves  with  9  but  then  finally  becomes  worse  as  9  nears  90*.  The 
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Fig.  4.  Variance  of  estimates  versus  0  for  a  circularly  polarized  signal 
(or  *  45*,  SNR  =  20  dB,  N  =  31).  (a)  Variance  of  direction  estimates,  (b) 
Variance  of  polarization  estimates. 

improvement  with  6  continues  up  to  a  higher  value  of  $  when  iS  is 
near  90*  Oian  for  other  values  of  ff.  This  behavior  is  a  result  of  the 
complicated  dependence  of  the  polarization  estimates  on  8,  i,  and 
r,  as  seen  from  (28). 

Fig.  4  shows  another  example,  for  a  single  circularly  polarized 
signal  (a  =  45*).  Fig.  4  shows  the  variance  of  the  diiection  and 
pcrfarization  estimates  as  a  function  of  ^  for  several  9.  Note  that  the 
accuracy  of  both  the  direction  and  polarization  estimates  depends 
little  on  ^  but  is  better  for  small  9. 

Now  we  present  examples  that  illustrate  how  the  separation  in 
diiection  and  polarization  between  two  incident  signals  affect  die 
performance  of  the  estimator.  The  array  used  in  the  examples 
consists  of  25  (L  «  S)  pairs  of  crossed  dipoles. 

Consider  first  the  case  where  the  two  incident  signals  have  closely 
spaced  arrival  angles  with  9,  «  5*  and  9]  =  10*  and  <b|  =  dz  « 
0*.  Fig.  5(a)  shows  the  variances  of  the  direction  and  polarization 
estimates  of  the  first  signal  as  functions  of  Aa  when  a,  =  45*  and 
ctj  •  45*  -  ^or  and  ffi  ^  0j  »  0*.  Fig.  5(b)  shows  the  variances 
of  the  direction  and  polarization  estimates  of  the  first  signal  as 
ftinctions  of  Afi  when  a,  »  Oj  »  30*  and  ff,  *  0*  and  =  0* 
+  A/}. 

Fig.  5  illustrates  that  the  direction  estimates  are  improved  signif¬ 
icantly  by  increasing  the  polarization  separation.  The  reason  is  that 
when  the  two  signals  arrive  from  closely  spaced  directions  with 
simitar  polarizations,  the  columns  of  matrix  A  in  (13)  become 


4a  (degrees) 

(a)  ' 


45  (depccs) 

(b) 


Fig.  5.  Variance  of  estimates  for  the  first  of  the  two  signals  from  (8,  =  5*. 
4,  =  0*)  and  (8j  =  10*,  4z  =  0*)  with  SNR  =  20  dB  and  N  =  31.  Vari¬ 
ance  versus  (a)  Aa  when  (a,  =  45*,  fi,  =  0*)  and  (a,  =  45*  -  Aa. 

=  0*),  (b)  A/S  when  (o,  =  30*,  9,  =  0*)  and  (o,  =  30*.  9,  =  0*  + 
A9). 


almost  identical.  A,  A^,,  A^,.  and  A,,  then  become  ill-condi¬ 
tioned.  This  ill-conditioning  makes  the  signal  subspace  approach 
more  sensitive  to  noise.  For  exaiTq;>le,  an  ill-conditioned  A  results  in 
an  ill-conditioned  in  (16).  Since  the  noise  contribution  to  R  is 
different  from  o^l  when  the  nutnber  of  data  samples  is  finite,  the 
signal  subspace  eigenvectors  of  R  are  perturbed  by  the  noise  from 
the  true  eigenvectors  of  R,,.  The  ill-conditioning  of  R,,  then  makes 
the  signal  subspace  eigenvectors  of  Rq  more  sensitive  to  this 
perturbation  lllj. 

On  the  other  hand,  Fig.  5  shows  that  the  polarization  estimates 
improve  very  little  with  larger  polarization  separation.  The  reason  is 
that  the  ill-conditioning  of  A,|  is  not  reduced  by  increasing  the 
polarization  separation. 

Next  consider  a  case  of  two  circularly  polarized  incident  signals 
with  a,  »  oj  »  45*.  Fig.  6(a)  shows  ^  variances  of  the  '*=-'«ion 
and  polarization  estimates  of  the  first  signal  as  frmetions  of  A9 
when  the  signals  arrive  fitmi  elevation  angles  9,  =  5*  and  92  =  5* 
-h  A9  and  azimuth  angles  Ai  =  Aj  =  0*.  Fig.  6(b)  shows  tne 
variances  of  the  direction  and  polarization  estimates  of  the  first 
signal  as  functions  of  AA  when  the  signals  arrive  from  elevation 
angles  9,  »  92  =  30*  and  azimuth  angles  Ai  0*  and  Az  »  0*  -f 
AA- 

Fig.  6  show;,  that  both  the  polarization  estimates  and  the  direction 


IEEE  TRANSACTIONS  ON  ANTENNAS  AND  PROPAGATION,  VOL.  40.  NO.  5.  MAY  1992 


555 


V.  Conclusion 

We  have  described  the  use  of  the  ESPRIT  algorithm  for  estimat¬ 
ing  two-dimensional  arrival  angles  and  polarizations  of  arbitrarily 
polarized  signals  with  a  square  array  of  crossed  dipoles.  The 
ESPRIT  algorithm  exploits  the  invariance  properties  of  such  an 
array  so  that  both  angle  and  polarization  estimates  may  be  com¬ 
puted.  Some  typical  examples  showing  the  use  of  this  approach  have 
been  presented. 
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i4  (degrees) 
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Fig.  6.  Variance  of  estimates  for  the  first  of  the  two  circularly  signals  with 
01  =  0}  =  45*.  SNR  =  20  dB,  and  Af  =  31.  Variance  versus  (a)  dtf  when 
(0,  -  5’,  -  0*)  and  (9j  -  3*  +  A9.  =  O’),  (b)  A0  when  (« ,  =  30*. 

-  0*)  and  {»,  =  30*.  ♦2  =  0*  + 

estimates  have  been  improved  by  increasing  the  direction  separa¬ 
tion.  Increasing  the  direction  separation  of  the  two  signals  reduces 
the  ill-conditioning  of  A,  A^,,  A,,,  and  A,,. 

We  remark  that  the  MDL  criterion  provided  accurate  estimates  of 
the  number  of  incident  signals  K  for  all  simulations  conducted. 
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Uniform  GTD  solution  for  the  diffraction  by  metallic 
tapes  on  panelled  compact-range  reflectors 

G.A.  Somers 
P.H.  Pathak 


Indexing  terms:  Panelled  rectors.  Compact  range.  Diffraction,  Scattering 


.*  Abstract:  Metallic  tape  is  commonly  used  to 

I  cover  the  interpanel  gaps  which  occur  in  panelled 

I  compact-range  reflectors.  It  is  therefore  of  interest 

I,  to  study  the  effect  of  the  scattering  by  the  tape  on 

the  field  in  the  target  zone  of  the  range.  An  ana¬ 
lytical  solution  is  presented  for  the  target  zone 
&lds  scattered  by  2D  metallic  tapes.  It  is  formu¬ 
lated  by  the  generalised  scattering  matrix  tech¬ 
nique  in  conjunction  with  the  Wiener-Hopf 
procedure.  An  extension  to  treat  3D  tapes  can  be 
accomplished  using  the  2D  solution  via  the  equiv¬ 
alent  current  concept.  The  analytical  solution  is 
compared  with  a  reference  moment  method  solu¬ 
tion  to  confirm  the  accuracy  of  the  former. 


1  Introduction 

In  present-day  compact-range  systems  the  main  reflector 
may  be  physically  very  large  for  operation  over  a  wide 
bandwidth,  necessitating  the  reflector  to  be  manufactured 
in  sections.  Once  these  panelled  sections  are  aligned,  one 
can  use  metallic  tape  to  cover  the  interpanel  gaps,  as 
shown  in  Figs.  I  and  2.  It  is  therefore  of  interest  to  study 
the  cflect  of  the  scattering  by  the  tape  on  the  fields  in  the 
target  zone  of  the  range.  Previously,  Gupta  and  Burnside 
[I3  have  examined  tUs  problem  in  two  dimensions  (2D) 
by  the  method  of  moments  (MoM);  however,  this  is  a 
low-fiequency  technique  and  therefore  there  are  practical 
limitations  due  to  computational  effort  on  the  electrical 
size  of  the  reflector.  As  the  fluencies  of  interest  rise,  or 
the  reflectors  become  electrically  large,  the  MoM 
becomes  inefficient.  In  three  dimensions  the  MoM  solu¬ 
tion  proves  to  be  intractable  due  to  the  large  electrical 
area  of  typical  compact-range  reflectors.  This  scattering 
problem  is  well  suited  for  i^ysis  by  a  high-frequency 
technique  such  as  the  geometrical  tiMory  of  diffraction 
(GTD)  or  one  of  its  uniform  versions.  Within  the  frame¬ 
work  of  the  GTD,  scattered  fields  from  a  three- 
dimensional  (3D)  geometry  can  easily  be  derived  from  a 
2D  diffraction  co^dent,  providing  that  the  radius  of 
curvature  of  the  reflector  is  large  compared  to  a  wave¬ 
length.  This  can  be  accomplished  using  the  equivalent 
current  method  [2-4]  or  the  incremental  diffraction  coef¬ 
ficients  [3,  Q.  Gupta  and  Burnside  [1]  empirically  con¬ 
structed  a  2D  diffraction  coefficient  for  the  fields 
scattered  by  a  metallic  tape  by  examining  the  trends  of 
the  data  from  various  moment  method  cases. 
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In  this  paper  an  asymptotically  rigorous  uniform  dif¬ 
fraction  coefficient  for  the  tape  geometry  will  be  devel¬ 
oped  for  the  2D  case  by  superimposing  the  fields 
scattered  by  the  two  edges  of  the  tape  (steps).  The  fields 
diffracted  from  each  step  are  found  by  combining  the 
fields  scattered  from  two  simpler  canonical  geometries 
via  the  generalised  scattering  matrix  technique  (GSMT) 
[7,  pp.  207-210].  This  method  produces  an  analytical 
solution  which  is  computationally  efficient,  and,  further¬ 
more,  the  computation  time  is  independent  of  the  electri¬ 
cal  size  of  the  structure,  making  this  an  idea!  solution 
technique  for  the  electrically  large  reflector  and/or  the 
high-frequency  regime.  Typically,  reflectors  that  are 
manufactured  in  panelled  sections  have  an  array  of  strips 
of  tape  on  the  surface.  It  will  be  shown  numerically  that 
the  coupling  oetween  the  different  tapes  is  negligible, 
thereby  allowing  for  a  superposition  of  the  tape-scattered 
fields  which  can  be  calculated  under  the  assumption  that 
each  tape  is  isolated.  This  implies  that  the  multiple  dif¬ 
fraction  between  the  different  strips  of  tape  need  not  be 
considered. 

An  analytical  development  of  the  composite  tape- 
diffraction  coefficient  will  be  presented.  As  mentioned 
previously,  the  tape-diffraction  coefficient  is  formed  by 
superimposing  the  fields  scattered  from  both  steps  which 
form  the  boundaries  of  the  tape.  The  individual  step  dif¬ 
fraction  is  constructed  from  the  solutions  of  two  canon¬ 
ical  problems;  one  is  the  interior  modal  scattering  by  a 
planar  short  circuit  within  a  simple  2D  parallel  plate 
waveguide  problem  for  which  the  solution  is  well  known, 
the  other  is  a  Wiener-Hopf  solution  of  the  plane  wave 
scattering  by  a  semi-infinite  ground  plane  over  an  infinite 
ground  plane.  These  solutions  will  Aen  be  combined  by 
the  GSMT  to  form  the  diffraction  coeflkient  for  each  of 
the  two  steps  which  form  the  tape.  The  two  step¬ 
scattering  solutions  will  be  superimposed  as  shown  in 
Fig.  3  to  form  the  composite  tape-scattering  diffraction 
co^cient 

An  time  convention  is  assumed  and  suppressed 
throughout  this  paper. 

2  Tap*  diffraction  coafficiant 

The  fields  in  the  target  zone  of  a  compact  range  consist  of 
the  desired  reflected  geometrical  optics  (GO)  field  and  the 
undesired  fields  which  arise  from  the  edges  of  the  reflec¬ 
tor  as  well  as  from  any  discontinuity  in  the  reflecting 
surface,  such  as  an  interpanel  gap  or  from  a  metallic  tape 
covering  an  interpanel  gap  (see  Fig.  1).  The  upper  and 
lower  reflector  edge-diffract^  fields  in  the  target  zone 
can  be  reduced  by  treating  the  reflector  edges  with 
resistive  materials,  by  serrating  the  edges,  or  by  using  a 
blended  rolled  edge.  These  edge-diffracted  fields  will  not 
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be  addressed  here.  We  will  concentrate  on  the  diffracted 
fields  that  arise  from  a  surface  discontinuity  due  to  per¬ 
fectly  conducting  metallic  tape  on  the  reflector  surface. 


upper  edge- diffracted  roy 


Fig.  1  Ray  mechanisms  contributing  to  the  total  field  in  the  target 
zone 


The  mataliic  tape  constitutes  a  perfect  electrically  con¬ 
ducting  (PEC)  rectangular  cylinder  on  a  parabolic  cylin¬ 
der.  However,  since  the  tape  width  is  significantly  smaller 
than  the  size  of  the  reflector,  it  will  be  modelled  locally  by 
a  PEC  rectangular  cylinder  on  an  infinite  planar  surface, 
as  shown  in  Fig.  2. 


Fig.  2  Tape  geometry 


The  solution  to  the  electromagnetic  problem  in  Fig.  3 
can  be  obtained  by  adding  the  transverse  electric  (TE,) 
and  the  transverse  magnetic  (TM,)  solutions,  which  are 
uncoupled.  TE,  refers  to  the  case  for  which  the  electric 
field  is  polarised  entirely  in  the  plane  of  the  paper,  and 
similarly  TM,  refers  to  the  case  for  which  the  magnetic 
field  is  polarised  entirely  in  the  plane  of  the  paper.  Indi¬ 
vidually,  the  TE,  and  TM,  formulations  can  be  solved  as 
scalar  problems. 

The  steps  in  the  ground  plane  that  form  the  tape  are 
assumed  to  be  isolated  scattering  centres.  This  approx¬ 
imation  allows  the  tape-diffracted  fields,  to  be  cal¬ 
culated  in  two  parts,  namely  by  the  superposition  of  the 
two  step-diffracted  fields,  and  ■  Thus, 

+  0) 

as  shown  in  Fig.  3,  where  U  represents  the  scalar  y- 
directed  magnetic  field  for  the  TE,  polarisation  and  the 
scalar  y-directed  electric  field  for  the  TM,  polarisation.  In 
the  far  field  of  the  tape, 

*  U\Q)  S';  t;  WO  ^  (2) 


where  0‘ ;  i;  W')  is  the  tape  diffraction  coefficient. 

{tmI  designations  on  the  field  coefficients  are  implied 
and  will  be  omitted  for  simplicity.  It  will  be  shown  later 
that  when  the  isolated  scattering  centre  approximation 
breaks  down  it  becomes  necessary  to  include  multiple 


Fig.  3  Tape-diffracted  fields  in  the  far  zone  formed  by  superposition  of 

the  step-diffracted  fields 

Step-diffraction  terms  to  account  for  the  step-to-step 
coupling. 


2.1  Step  diffraction 

The  GSMT  can  be  used  to  resolve  the  step  (Fig.  4)  into 
two  less  formidable  scattering  problems  provided  that  a 


I 


Fig.  4  Step  in  ground  plane 


PEC  lip  of  length  5  is  temporarily  introduced  to  the  step, 
as  shown  in  Fig.  S.  As  mentioned  previously,  this 
problem  can  be  analysed  by  combining  (via  the  GSMT) 


Fig.  S  Step  in  ground  plane  with  FEC  lip 


the  solutions  to  two  canonical  problems  discussed  below 
and  shown  in  Figs.  6  and  7.  A  related  problem  of  the  dif¬ 
fraction  by  a  thick  halfplane  in  free  space  was  treated  by 
Mittra  and  Lee  [8]  and  later  by  Volakis  and  Ricoy  [9]. 


2.1.1  Canonical  problem  of  scattering  by  a  semi¬ 
in  finite  ground  plane  over  an  infinite  ground  plane: 
The  canonical  problem  of  Fig.  6  can  be  solved  by  the 
Weiner-Hopf  technique.  Let  the  exterior  and  interior 
regions  of  Fig.  6  be  denoted  by  reaqns  I  and  2,  respec¬ 
tively.  Define  the  incident,  scattered, 

waveguide  modes  by  eqns.  3  and  4,  respec¬ 
tively.  Note  that  this  structure  cannot  support  an  n  - 
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0  TMy  mode,  but  it  can  support  all  TE,  modes,  including 
the  n  =  0  mode.  So,  for  the  TM„  case,  n  can  take  on 
integer  values  from  1  to  oo,  and,  for  the  TE^  case,  n 
ranges  from  0  to  oo.  The  modal  fields  are  normalised  so 
that  all  propagating  modes  contain  the  same  power.  The 


Fig.  6  PEC  semi~in/inite  ground  plane  over  a  PEC  infinite  ground 
plane 


M 


PEC 


Fig.  7  Short  terminated  semi-infinite  waveguide  below  ground  plane 


bar  above  the  waveguide  modal  field  symbols  signifies 
the  normalisation.  There  is  no  physical  interpretation  of 
this  normalisation  for  the  evanescent  modes. 
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e, 

and 


fl  if  n  /  0 
'"*12  ifn  =  0 


(3) 


(4) 


(5) 


Vn  (6) 


The  reflection  of  an  nth  waveguide  modal  field  from  the 
open  end  of  the  waveguide  when  an  mth  waveguide  mode 
is  incident  upon  the  open  end  is  characterised  by  the 
modal  reflection  coefficient  R^.  The  transmission  coeffi¬ 
cient  which  describes  the  coupling  of  an  incident  plane 
wave  field  from  region  1  into  the  nth  waveguide  mode  in 
region  2  is  represented  by  7*^(0'),  and  the  transmission 
coefficient  that  relates  the  radiation  of  the  nth  modal  field 
into  region  1  via  the  open  end  is  given  by  T^’fd).  Here  6 
and  S'  are  measured  in  a  positive  sense,  i.e.  clockwise, 
from  the  upward  normal  to  the  ground  plane.  Only  one 
of  these  transmission  coefficients  needs  to  be  calculated 
by  the  Wiener-Hopf  technique  since  they  are  related  by 
reciprocity.  The  coefficient  that  describes  the  scattering  of 
the  incident  plane  wave  field  back  into  region  1  from  the 
edge  discontinuity  is  given  by  0,^6,  ff). 
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The  Wiener-Hopf  technique  is  used  to  calculate  the 
reflection,  the  transmission  and  the  edge-diffraction  coef¬ 
ficients,  /l,„,  R^‘(0)  and  O'),  respectively,  of  the 

canonical  geometry  shown  in  Fig.  6.  The  particular  for¬ 
mulation  of  the  Wiener-Hopf  equation  is  via  Jones’s 
method  [7,  pp.  97-99].  The  Fourier  transform  of  <f>  is 
defined  as  follows 

${X,  s)  =  I  <Kx,  z)  C***  dz  (7) 

where  the  caret  indicates  a  spectral  quantity.  Two  differ¬ 
ent  types  of  illumination  will  need  to  be  considered  in 
this  analysis.  Specifically,  case  (a)  will  deal  with  an  inte¬ 
rior  waveguide  modal  excitation  of  the  geometry  in  Fig. 
6,  and  case  (h)  will  deal  with  an  external  plane  wave  exci¬ 
tation. 


Case  (a).  Interior  waveguide  modal  excitation:  The  fol¬ 
lowing  field  representations  are  the  exact  wave  number 
spectral  domain  fields  when  the  nth  waveguide  mode 
(eqn.  3)  is  incident  on  the  open  end 
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e-tta-n  x>b 
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sinh  (yx) 
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Lsinh  (yb) 
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s/(2ne,p,) 
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s-p,y 
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cosh  (yx) 


sinh  (yb) 


X  <b 


where 

y  =  njis^  -  k^)  Im(y)  ^  0 


(8) 


(9) 


(10) 


and  the  Weiner-Hopf  factors  are  given  by  [7,  pp.  91-94] 
xexp[^(l-c+ln(g)+.!)] 

-Ll“(-s)  01) 

and 

LV(s)  =  i  (s  -f-  k)  L^"(s)  =  L?(-s)  (12) 


where 

c  0.0S7721 . . .  (Euler’s  constant)  (13) 

These  spectral  solutions  of  the  radiated  (transmitted)  and 
reflected  fields,  eqns.  8  and  9,  must  be  converted  to  the 
spatial  domain  by  the  inverse  Courier  transform.  This 
results  in  a  contour  integral  representation  of  the  con¬ 
figuration  space  field. 
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The  complex  s-plane  topologies  of  the  radiated  and 
reflected  fields  are  shown  in  Figs.  8  and  9,  respectively. 
With  the  exception  of  the  transverse  electromagnetic 
(TEM)  waveguide  mode  pole,  the  topologies  of  the  two 
polarisations  are  similar. 


Fig.  8  s-pUine  representation  of  the  fields  radiated  into  region  1  due  to 
an  incident  waveguide  mode  and  the  ^Ids  diffracted  back  into  region  J 
due  to  an  incident  plane  wave  arriving  at  an  angle  ff 


Fig.  8  t-plane  representatUm  of  fields  reflected  back  into  region  2  due 

to  an  bieidem  wiKeguide  mode 


The  contour  integration  for  the  scattered  fields  for 
x<b  due  to  a  waveguide  mode  excitation  is  shown  in 
Fig.  9.  For  z  >  0,  widch  corresponds  to  fields  reflected 
back  into  the  waveguide  interior,  the  contour  is  closed  in 
the  lower  halfplahe  at  infinity  (dashed  contour)  to  facili¬ 
tate  the  use  of  the  residue  theorem.  It  can  be  shown  that 
this  dashed  contour  does  not  contribute  to  the  integral, 
thereby  allowing  the  reflected  fields  in  the  waveguide  to 
be  equated  to  the  residue  contributions  which  are  preci¬ 
sely  the  waveguide  modal  fields.  By  inspection  of  the 
reflected  fields  in  the  spatial  domain,  the  reflection  coefii- 
cient  can  be  extracted  and  is  given  in  eqns.  14  and  IS. 


>TE 


X  L"0JJ  LVifiJ 


(15) 


The  radiated  wave  number  spectra  of  the  fields  in  region 
1  contain  a  branch  cut,  as  does  the  field  in  any  infinite 
region,  which  prevents  an  exact  evaluation  of  the  inverse 
transform  (see  Fig.  8).  However,  the  far  field  can  be  well 
approximated  by  evaluating  the  integral  using  the 
method  of  steepest  descent.  Note  that,  in  the  spectra  of 
the  radiated  field,  eqns.  8  and  9,  the  apparent  pole  at 
s  due  to  the  l/(s  —  fij)  term  is  remov^  by  the  zeros 
of  the  Li**  (s)  or  L”(s)  functions. 

Before  the  steepest  descent  approximation  is  applied,  it 
is  convenient  to  make  the  following  transformation  to  the 
angular  spectrum 


s  =  k  sin  Cl) 


(16) 


along  with  the  following  substitutions 

x  —  b  =  p  cos  6  (17) 


and 

z  =  p  sin  6 


(18) 


Under  the  transformation  given  in  eqn.  16,  the  s-plane  is 
transformed  to  the  ci>-plane.  This  co-plane  is  shown  in 
Fig.  10.  The  co-plane  representation  is  convenient  to 
perform  the  steepest  descent  approximation  since  all  the 
branch  cuts  have  been  remov^.  The  steepest  descent 
path  (SDP),  the  saddle  point,  and  the  contour  C  onto 
which  the  original  s-plane  integration  path  was  mapped 
are  indicated  in  Fig.  10.  After  performing  the  steepest 
descent  analysis  and  inspecting  the  solution,  the  trans¬ 
mission  coefficients  can  be  extracted.  Note  that  the  solu¬ 
tion  is  very  efficient  since  it  contains  only  elementary 
functions  and  is  in  closed  form. 


r“™(0)  = 


_i_^  ^  ^j/Wcos£ 

V(2a)ft'  ksine  +  p,* 


1 


X  sin  0)  exp 


7'»”(9)  = 


1 


:(-!)'■ 


1 


(-i) 

V(2sk)'“‘'  ksinO  +  p,^"^'^ 


(19) 


(20) 


Case  (h).  External  plane  wave  excitation:  To  find 
DrifJlS.  we  need  to  determine  the  edge  scattering  by 


Fig.  10  to-plane  representation  of  the  fields  radiated  into  region  I  due 
to  an  incident  waveguide  mode  and  the  fields  diffracted  back  Into  region  I 
due  to  incident  plane  wave  arriving  at  an  angle  9 
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an  incident  plane  wave  field  as  shown  below 

with  an  assumed  form  of  the  reflected  geometrical  optics 
(GO)  field  given  by 

The  scattered  field  is  the  difference  between  the  total  field 
and  the  incident  field  plus  the  assumed  reflected  field.  The 
wave  number  spectrum  of  the  edge-scattered  field  for 
X  >  h  is  given  by 


2k  cos  ff 
■sj{2n)  s  —  k  sin  O' 
X  Ll"(s) 


L+“(fc  sin  O') 


“  ~ '  l(~')  — r~^  ~ 

yl\nj  s  —  ksinff  y 

X  L”(s)  (24) 

The  scattered  field  spectrum  must  be  converted  to  the 
spatial  domain  by  the  inverse  Fourier  transform  The 
complex  s-plane  topology  for  both  polarisations  of  the 
scattered  (diffracted)  field  is  also  shown  in  Fig.  8.  The 
residue  of  the  pole  at  s  =  ksinO'  shown  in  eqns.  23  and 
24  is  the  GO  contribution  which  corrects  the  assumed 
reflected  field  given  in  eqn.  22.  If  the  GO  pole  (at  <o  =  0') 
in  the  diffracted  field  co-plane  (Fig.  10)  is  to  the  left  of  the 
saddle  point,  then  it  is  necessary  to  include  the  residue 
contribution  of  the  pole  because  it  would  be  enclosed  by 
the  SDP  and  C.  The  diffracted  fields  in  region  1  can  be 
evaluated  asymptotically  by  the  method  of  steepest 
descent  in  a  similar  manner  to  the  radiated  fields  in  case 
(a).  For  convenience,  the  spectra  will  also  be  transformed 
into  the  angular  domain  by  eqn.  16,  along  with  the  sub¬ 
stitutions  given  in  eqns.  17  and  18.  The  corresponding 
diffracted  field  co-plane  is  shown  in  Fig.  10. 

By  inspection  of  the  steepest  descent  solution,  the 
edge-diffraction  coefficients  can  be  expressed  as 

X  L™(k  sin  O')  exp  ^  ~  ^  (25) 

X  L”(k  sin  O')  exp  ^  -  i  ^  (26) 

As  mentioned  earlier,  j,  related  to 

by  reciprocity,  as  will  be  shown  later  in  eqn. 
32. 

2.12  Canonical  problam  of  reflection  by  a  planar  short 
within  a  aemi-infinite  parallel  plate  waveguide:  The 
second  canonical  problem  is  shown  in  Fig.  7.  The  solu¬ 
tion  for  this  case  can  be  found  in  many  elementary  elec¬ 
tromagnetic  textbooks,  and  therefore  it  will  be  simply 
stated  here  without  proof.  The  excitation  is  assumed  to 
be  a  waveguide  mode  travelling  to  the  right,  vrnirn^im^ 
whidt  is  incident  on  a  planar  short  at  z  ■■  0  (see  Fig.  T). 
The  only  reflected  modal  field  is  given  by 


The  ratio  of  «  0)/'^"'^^^ir(r  =  0),  the 

reflection  coefficient,  is  given  by  where 

is  the  Kronecker  delta  function 


_  fl  if  m  =  n 
|0  if  m  n 


2.1 3  Generalised  scattering  matrix  formulation:  The 
scattering  matrices  required  in  the  GSMT  prcx:edure  can 
be  defined  in  terms  of  the  reflection,  transmission  and  dif¬ 
fraction  coefficients  pertaining  to  the  two  canonical  prob¬ 
lems  as  follows  [7,  pp.  207--10] 

5(rAr/r£)  ^  ^  (28) 

(29) 

(■S|Tv/r£,]^  =  (30) 

[jjTir/rz,]  ^  (31) 

and  by  reciprocity  it  can  be  shown  that 


l[5)ru,r£)]r 


When  implementing  the  solution  on  the  computer,  it  is 
not  possible  to  include  the  effects  of  an  infinite  number  of 
evanescent  modes  since  that  would  require  the  matrices 
to  be  of  infinite  order.  For  solutions  of  engineering  accu¬ 
racy,  it  is  typically  sufficient  to  use  scattering  matrices  of 
order  N  x  N,  where  N  is  the  number  of  propagating 
modes  plus  S. 

The  total  scattering  coefficient,  accounting  for 

all  of  the  multiple  interactions,  is  given  below.  The 
{TMITE}  superscripts  are  omitted  for  notational  simpli¬ 
city;  however,  they  are  implied 

=  Su  +  • 

•  (W  -  [S22][F][Sr][/>])-  ‘[Su]  (33) 

In  eqn.  33,  [P],  the  transmission  line  scattering  matrix,  is 
independent  of  polarisation 

=  (34) 

is  the  propagation  constant  of  the  nth  mode  of  the 
parallel  plate  waveguide,  S  is  the  length  of  the  PEC  lip. 

The  step-diffraction  coefficient  is  recovered  by  taking 
the  limit  as  6  0  of  the  scattered  field  solution  in  region 

1  (eqn.  33) 

iTmTE)jyu,^g.^  gl. 

-  Si  1  +  [S2,][Sr]([/]  -  [S22][Sr])-  ‘[S.,]  (35) 
The  first  term  in  this  expression  is  due  to  the  scattering 
from  the  edge  of  the  semi-infinite  ground  plane  over  an 
infinite  ground  plane,  and  the  second  term  is  due  to  the 
energy  that  is  coupM  into  the  waveguide  of  vanishing 
length  and  is  then  reradiated  back  into  region  1.  The 
total  step-diffracted  field,  u',  can  be  calculated  if  the  inci¬ 
dent  field,  u',  at  the  discontinuity  is  knowiL  Thus, 

u'  =  ii"™/’'*>D“"(0*,ff';l)^  (36) 

VP 

where  p  is  the  distance  from  the  edge  to  the  observation 
point.  If  the  polarisation  of  interest  is  TM,,  then  iP  and 
vf  represent  the  y-directed  electric  field.  Similarly,  for 
TE,,  iP  and  u'  represent  the  y-directed  magnetic  field. 

22  First-order  diffraction  coefficients  for  a  tape  on 
the  compact-range  reflector 
To  facilitate  the  locally  planar  approximation  of  the  tape 
and  the  ground  plane  we  assume  a  plane  wave  field  inci¬ 
dent  on  the  tape.  Since  the  width  of  the  tape  is  very  small 
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compared  to  the  distance  from  the  tape  to  any  point  in 
the  target  zone,  we  can  also  assume  that  the  rays  diffract¬ 
ed  from  the  two  steps  that  form  the  tape  arriving  at  any 
point  in  the  target  zone  are  parallel.  Therefore,  the  com¬ 
posite  tape-diffraction  coefficient  can  be  calculated  as 
follows 

e‘;  t;  IV) 

=  exp  ^  -  ik  y  (sin  0*  +  sin  0*)  r) 


+  MP 


(sin  ff*  +  sin  0*) 


X  -  O’,  n  -  e*;  t)  (37) 

where  0*  and  0*  are  the  scattered  and  incident  field  direc¬ 
tions,  respectively,  measured  from  the  normal  as  shown 
in  Fig.  3.  Since  the  target  zone  is  in  the  far  zone  of  the 
tape-scattered  fields,  we  can  ignore  the  GO  tape-scattered 
field  (the  spectral  width  of  the  GO  tape-scattered  field 
shrinks  to  zero  in  the  far  field). 

23  Obtaining  the  3D  tape -scattered  fields  in  the 
target  zone  by  the  equivalent  current  method 
The  tape-scattered  fields  in  the  target  zone  of  the  reflector 
can  be  obtained  via  the  equivalent  current  method 
(ECM)  [2-4]  or  the  incremental  length  diffraction  coeffi¬ 
cients  [S,  6]  by  using  the  2D  tape-diffraction  coefficient 
developed  in  Section  2.2.  The  idea  behind  the  ECM  is  to 
determine  the  locally  tangent  equivalent  free  space  elec¬ 
tric  (/)  and  magnetic  (M)  currents  along  the  midline 
(centre)  of  the  upper  face  of  the  3D  tape.  The  currents  are 
determined  by  assuming  that  the  tape  is  two  dimensional 
and  that  the  direction  of  incidence  and  diffraction  make 
an  angle,  Pi,  and  po  •  respectively  with  the  vector  tangent 
to  the  length  of  the  tape.  It  is  noted  that  and  P^  are 
functions  of  (position  along  the  length  of  the  tape  [3,  4]. 
Thus, 

“  V[«n  (fi'o)  sin  (Po)l  V  V  k  AZoi 


Iw'*(Q£)  V[»in(/iysin(/lo)] 
where  Qc  is  an  illuminated  point  on  the  tape,  f  is  the 
local  unit  tangent  to  the  len^h  of  the  tape,  and  To  and 
Zq  are  the  free  space  admittance  and  impedance,  respec¬ 
tively. 

These  equivalent  currents  are  then  inserted  into  a  radi¬ 
ation  integral  which  integrates  along  the  entire  directly 
illuminated  finite  length  of  the  tape 

[/fxAxii+roPxAfe]—dr 


P  is  the  observation  point  in  the  target  zone,  R  is  the 
vector  from  Qe  to  P,  and  here  P.  is  the  unit  vector  in  the 
R  direction.  Since  the  radiation  integral  is  finite  in  the 
spatial  domain,  diffraction  from  the  endpoints  of  the  tape 
are  inherent  in  this  formulation  under  the  assumption 
that  the  endpoints  of  the  tape  do  not  perturb  the  equiva¬ 
lent  currents. 

9  Mumerieal  raeulta 

The  cases  presented  in  this  section  simulate  the  tape- 
scattered  fields  from  a  2D  compact  range  with  a  focus 


7.62  m  (25  ft)  and  a  target  zone  12.19  m  (40  ft)  from  the 
vertex  of  the  parabola.  All  data  are  normalised  by  the 
GO  fields  of  a  perfect  infinite  parabola.  The  solid  curves 
result  from  an  application  of  the  theory  presented  in  this 
paper.  The  reference  solution  shown  by  the  dotted  lines 
was  formed  by  subtracting  a  method  of  moments  (MoM) 
solution  of  the  scattered  fields  for  a  finite  smooth  (no 
tape)  parabola  from  the  MoM  computed  scattered  fields 
for  the  same  parabola  with  a  metallic  tape  on  the  surface. 
This  subtraction  process  attempts  to  'cancel'  all  but  the 
tape-scattered  fields,  and  does  so  very  well.  However,  at 
low  levels  in  the  TE,  polarisation  case  there  is  some 
noticeable  interaction  between  the  tape  and  the  end  of 
the  parabola  that  does  not  cancel  completely  in  the  sub¬ 
traction.  This  interaction  manifests  itself  in  an  oscillation 
about  the  true  tape-scattered  fields. 

Fig.  11  shows  the  TM,  tape-scattered  fields  in  the 
target  zone  for  three  different  tape  widths  and  three  dif¬ 
ferent  tape  thicknesses.  In  all  cases,  the  agreement  is  very 
good  and  seems  to  improve  as  the  tape  becomes  wider. 
This  is  consistent  with  the  fact  that  the  steps  interact  with 
each  other  less  and  less  as  the  tape  widens.  Note  the 
trend  of  an  increase  of  6  dB/(doubling  of  tape  width). 

Fig-  12  examines  a  tape  width  of  10.16  cm  (4  in)  with  a 
thickness  of  0.254  cm  (0.1  in)  at  three  different  fre¬ 
quencies.  The  agreement  is  again  excellent,  and  it  appears 
to  improve  as  the  frequency  increases.  This  corresponds 
to  the  tape  becoming  electrically  wider  and  hence  multi¬ 
ple  diffraction  (which  is  not  included)  becoming  less  sig¬ 
nificant. 

When  multiple  tapes  are  placed  on  the  same  reflector, 
they  will  interact  with  each  other  (on  the  tape  level  as 
opposed  to  the  step-to-step  level).  Fig.  13  attempts  to  put 
these  multiple  tape  interactions  into  perspective.  The 
MoM  solution  was  performed  with  both  tapes  present 
and  therefore  contains  all  higher-order  tape  interactions. 
The  present  solution  is  a  superposition  of  the  first-order 
tape-diffracted  fields.  Since  the  first-order  analysis  for  this 
size  tape  (w=  10.16  cm  (4  in),  t  =  0.254  cm  (0.1  in)  at 
1  GHz)  was  shown  in  the  previous  figures  to  be  quite 
accurate.  Fig.  13  is  a  measure  of  the  tape-to-tape  inter¬ 
action.  The  tape-scattered  fields  are  plotted  for  various 
vertical  separations  of  0.305  m  (1  ft),  0.914  m  (3  ft),  and 
1.83  m  (6  ft).  For  all  three  cases  the  two  solutions  track 
remarkably  well  implying  that,  for  TM,  polarisation, 
tape-to-tape  interactions  are  not  significant. 

The  first-order  results  for  the  TE,  polarisation  is  not 
as  promising  as  the  first-order  results  for  the  TM,  polari¬ 
sation  (see  Fig.  14).  In  this  example  we  are  presenting 
comparisons  for  three  different  widths;  1.35/1, 0.6772,  and 
0.3392.  It  is  obvious  that,  compared  to  the  TM,  case,  the 
step-to-step  interactions  are  high,  resulting  in  poor  agree¬ 
ment  with  the  reference  solution.  This  is  b^use  the  step- 
scattered  grazing  fields  for  the  TM,  polarisation  must 
vanish,  yielding  small  step-to-step  coupling,  whereas  the 
TE,  polarisation  fields  do  not  vanish  on  the  boundary  so 
the  step-to-step  coupling  is  more  significant.  The  TE, 
polarisation  would  bmefit  greatly  by  including  the  multi¬ 
ply  step-diffracted  fields  which  will  be  considered  in  the 
future. 


4  Conclusion 

We  have  presented  an  analytic  solution  to  first  order  to 
predict  the  scattering  of  a  metallic  tape  on  a  compact- 
range  reflector  when  it  is  observed  in  the  target  zone. 
Since  it  remains  accurate  at  the  tape  reflection  shadow 
boundary,  it  is  a  uniform  solution. 
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It  was  shown  by  comparison  with  a  reference  MoM 
solution  that  the  TM,  polarisation  solution  yields  excel¬ 
lent  results,  whereas  the  TE^  polarisation  would  benefit 
from  the  inclusion  of  multiple  step-diffraction  mecha¬ 
nisms.  It  was  also  shown  empirically  that  the  tape-to- 
tape  interactions  for  the  TM,  polarisation  are  not  signifi¬ 
cant  and  can  be  ignored. 
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Integral  Equations  for  the  Scattering  by 
0  Three  Dimensional  Inhomogeneous  Chiral  Body 
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Abatnct-  Integral  equations  are  obtained  for  the  electromagnetic  (EM)  scattering  by  an 
inbomogeneous,  isotropic,  three  dimensional  chiral  body.  chiral  body  is  assumed  to 
be  in  space,  and  it  can  be  attached  to  a  perfect  electric  conducting  (PEC)  body. 
The  integral  equations  are  obtained  with  the  help  ct  vector-dyadic  identities  and  t^ 
free  space  dyadic  Green’s  function.  These  equatiois  are  expres^  in  terms  of  a  volume 
integral  with  the  electric  field  as  the  unknown  and  surface  integrals  when  the  tangential 
eomponents  of  the  electric  field  and  its  curl  are  the  unknowns.  The  integral  equations 
are  then  transformed  into  a  linear  system  of  simultaneous  equations  1^  means  of  the 
moment  method  technique.  Expressions  for  the  scattered  field  in  the  far-ztme  are  also 
obtained  Vy  repladng  the  dyadic  Green’s  function  and  its  curl  with  their  large  argument 
approximations.  FUnhermore,  closed  fom  expressions  are  obtained  for  the  fields  and 
dipde  moments  induced  inside  an  electrically  small,  homogeneous  chiral  sphere  where  it 
is  assumed  that  the  fields  are  constant.  Finally,  closed  form  expressions  and  numerical 
results  for  the  fields  scattered  by  the  small  chiral  sphere  and  its  totatic  echo  area  are  also 
obtained. 

L  INTRODUCTION 

The  interaction  of  electromagnetic  fields  at  microwave  frequencies  with  the  opti¬ 
cally  active  chiral  media  has  attracted  the  attention  of  the  electromagnetic  com¬ 
munity  due  to  its  potential  applications  in  the  field  of  antennas,  microwave  devices, 
waveguide  propagation,  scattering,  etc  [1-5].  For  example,  in  scattering  applica¬ 
tions  it  may  be  possible  to  use  chiral  materisd  to  coat  a  scatterer  and  thus  control 
its  scatter^  properties  more  efficiently  than  a  regular  dielectric  coating  due  to 
the  extra  degree  of  freedom  offered  by  the  presence  of  the  diiral  parameter.  The 
purpose  of  this  paper  is  to  develop  a  set  of  integral  equations  for  the  scattering  of 
EM  fields  by  A  thm  dimensional  inhomogeneous  efai^  body  in  free  space  which 
can  be  attached  to  another  perfect  electric  conducting  (PEC)  body  as  shown  in 
Eig.  1.  Note  that  a  well  known  procedure  known  as  the  volume  equivalent  cur¬ 
rent  method  {6|,  where  the  inhomogeneous  material  scatterer  (in  this  case  a  chiral 
body)  is  repla^  by  a  set  of  unknown  equivalent  currents,  can  be  used  to  solve 
fcr  t^  fiel^  scattered  by  the  chiral  body  due  to  an  incident  field.  The  integral 
aquations  for  the  unknown  equivalent  electric  7ef  and  magnetic  TUtq  currents 
are  easily  obtained  with  this  method;  however,  th^  equations  are  coupled.  For 


example,  for  a  chiral  body  ia  free  space  without  the  presence  of  any  other  scatter- 
ers,  the  volume  equivalent  current  method  yields  a  set  of  equations  where  there 
are  six  scalar  equations  with  six  unknowns.  Furthermore,  all  the  integrals  are 
volume  integrals  for  a  three  dimensional  body,  and  surface  integrals  for  a  two- 
dimensional  body.  This  method  has  been  used  by  Kluskens  and  Newman  [7]  to 
solve  a  two  dimensional  problem.  Note  that  for  the  simpler  case  of  a  homogeneous 
chiral  body,  a  formulation  which  only  involves  surface  currents,  can  be  used  as 
was  done  by  Morita  [8]  for  a  dielectric  scatterer.  The  goal  of  this  paper  is 
to  obtain  a  system  of  integral  equations  for  three  dimensbnal  bodies  in  terms  of 
a  volume  integral  with  as  few  unknowns  as  possible  and  a  set  of  surface  integrals 
also  with  as  few  urduiowns  as  possible  (9].  The  starting  point  of  the  present  pa¬ 
per  are  Maxwell's  equations  and  the  constitutive  relations  for  chiral  media.  For 
the  reader  who  is  interested  in  a  detailed  explanation  of  these  equations  and  the 
various  theoretical  aspects  of  EM  field  propagation  inside  chiral  media,  there  ate 
many  papers  in  the  literature  which  deal  with  these  subjects  [10-23].  It  is  noted 
that  this  list  of  papers  is  by  no  means  complete,  but  it  is  representative  of  the 
work  that  is  presently  being  conducted  in  this  area.  Different  expressions  (all  of 
them  equivalent)  exist  for  the  constitutive  relations;  however,  a  particular  set  of 
equations,  popularized  by  Bohren  [10-12],  is  used  here.  These  constitutive  rela¬ 
tions  are  very  convenient  for  the  derivation  of  the  integral  equations  because  they 
satisfy  simple  duality  relations.  The  paper  is  organized  as  follows.  In  Section 
II,  the  integral  equations  for  a  three  dimensional  chiral  body  attached  to  a  PEC 
body  are  developed.  These  equations  are  obtained  by  transforming  the  vector 
differential  wave  equation  for  the  elearic  field  into  a  set  of  integral  equations 
with  the  help  of  various  vector-dyadic  identities  and  the  free  space  dyadic  Green’s 
function.  It  is  noted  that  these  equations  can  also  be  obtained  by  starting  with 
the  equivalent  polarization  current  formulatioa  The  procedure  foUowed  here  to 
obtain  the  integral  equations  is  similar  to  that  used  by  Tai  [24]  fijr  a  dielectric 
body.  In  Section  in,  the  integral  equations  developed  in  S^ion  11  are  trans¬ 
formed  into  a  linear  system  of  simultaneous  equations  by  means  of  the  moment 
method  procedure.  In  Section  IV,  an  expression  for  the  scattered  field  in  the  for- 
zone  is  obtained  by  only  keeping  terms  of  0{Ro)  where  Rq  is  the  distance  from 
the  origin  to  the  observation  point.  In  Seaion  V,  closed  form  expressions  using 
the  integral  equations  developed  in  Section  II  are  obtained  for  the  fields  and  dipole 
moments  induced  inside  a  small  homogeneous  chiral  sphere.  This  calculation  can 
be  accomplished  because  the  sphere  is  assumed  to  be  much  «Tnalli»r  than  the  two 
wavelengths  inside  the  material  (right  and  left  circularly  polarized)  such  that  the 
Induced  fields  are  constant.  Once  the  electric  and  magnetic  dipole  moments  are 
computed,  e^qiressions  for  the  &r-zone  scattered  fields  and  the  bistatic  area 
(or  radar  cross-section)  are  developed.  Simple  numerical  results  are  also  computed 
for  the  chiral  sphere.  Note  that  tte  purpose  of  considering  the  scattermg  problem 
in  Section  V  is  to  verify  the  validity  of  the  integral  equations  developed  in  Section 
H  Finally,  in  Section  VI  some  concluding  remarks  are  given.  Note  that  in  the 
analysis  that  follows,  a  exp  (-«<;<)  time  dependence  for  the  fields  is  and 

siq}pre8sed. 
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SeatUring  by  Inhomogeneous  Chiral  Body 

n.  INTEGItAL  EQUATIONS  FOR  THREE  DIMENSIONAL  BODIES 

For  time  harmonic  fields,  Maxwell’s  equatbns  inside  the  source-free  chiral  body 
of  Fig.  1  can  be  written  as 

V  X ^  =  iuS  ;  ^  xH  =  -ujD  (1) 

whereas  the  constitutive  relations  are  given  by  [1] 

T5  ^eE+  i'yS  ;  "S  *  i'yE  -i-  —“S  (2) 

where  e(f),  ^(r),  and  7(f)  are  the  permittivity,  permeability,  and  chiral  admit¬ 
tance,  respectively.  Note  that  all  three  parameters  are  functions  of  position  for 
an  inhomogeneous  chiral  medium  and  are  in  general  complex.  An  alternative  set 
of  equations  to  those  given  in  (1)  and  (2)  exist  which  are  more  convenient  for  the 
present  analysis.  That  is,  (1)  and  (2)  can  be  rewritten  as 


T  T 

(3a) 

T  T 

(36) 

where  k  »  and  [19] 

7  ■=  ui0  ;  li^  ^  ;  T  a=  1  —  k^0^ 

(3c) 

It  should  be  emphasized  that  the  parameter  k  above  is  not  the  wave  number  of 
the  chiral  medium.  The  fields  13  and  ?  can  then  be  expressed  as 

75-e(r-(-)9Vxr)  ;  (4) 


Note  that  (3a),  (36),  and  (4)  satis^^  the  following  duality  transformations: 

'E-»'S  ,  ,  €-*  tie  ,  lie ,  0-^0 

T3-»"B  and  "S  -*  -2?  (5) 

That  is,  (36)  can  be  obtained  from  (3a)  and  the  expression  for  7  u:  (4)  can  also 
be  obtained  from  the  expression  for  "D  by  applying  (5). 

A  vector  dififerential  equation  can  be  obtain^  for  the  electric  field  X  by  ap¬ 
propriately  combining  (3a)  and  (36),  namely 

V  X  X  {t0E)  —  J^t0V  x'E  —  »■  5  (6a) 

By  the  duality  transformation  of  (5),  the  following  equation  for  IT  can  be  obtained 
from  (6a) 

V  X  xltj  -  X  (ue0ll)  -  J^nc0^  x'E-  J^ttjl » U  (66) 

Equations  (6a)  and  (66)  reduce  to  the  weU  known  vector  wave  equations  when  the 
chiral  medium  becomes  homogeneous.  Before  the  integral  equations  are  obtained, 
H  is  necessary  to  specify  the  boundary  conditions  satisfied  by  the  fields  at  the 
boundaries  Sy,  Sc,  and  5^  depicted  in  Fig.  1.  Ihkinginto  account  that  the 
tangential  components  of  the  electric  E  and  magnetic  a  fields  are  continuous 
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on  and  that  the  tangential  components  of  "E  vanish  on  a  PEC  surface,  the 
fields  Ea,  and  E^  satisfy  the  following  boundary  conditions  (where  Ea  and  E^ 
are  the  electric  fields  inside  and  outside  the  chiral  body,  respectively) 

nxEa^nxE^  ;  nxV  xE^^ —rnxV  xEo-u^tH>^0nxEaon  S),  {7a) 

n  X  =  0  on  Sc  and  nxEa  —  0  on  (76) 

where  n  is  the  unit  vector  normal  to  the  surfaces  Sp{p  =  b,c,d).  Note  that  S5 
is  the  boundary  between  the  chiral  body  and  free  space,  Se  is  the  surface  of  the 
PEC  body  not  in  contact  with  the  chiral  body,  and  5^  is  the  surface  of  the  PEC 
body  att^ed  to  the  chiral  body  (see  Fig.  1). 


J  ,  M 


SOURCE 


Figtire  1.  Inhomogeneous  chrial  body  attached  to  a  PEC  body. 

The  first  step  in  the  development  of  the  integral  equations  is  to  obtain  an 
expression  for  the  fields  outside  the  chiral  body.  This  can  be  accomplished  by 
of  the  vector-dyadic  Green’s  second  identity  [24],  namely 


F""(f)+7c(n'x(V'x^fc)) 

-hjf  {vx5o(»'.^*^xIj^-n'x(V'x:Ej)2^ 
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The  prime  on  the  operator  V'  denotes  differentiation  with  respect  to  the  prime 
coordinates,  while  the  prime  on  denotes  integration  in  the  prime  coordinates. 
The  free  space  dyadic  Green’s  function  Sq  Is 


where  il  >-  |7  -  ^I,  fco  "  (<0  sod  tto  are  the  permittivity  and  perme¬ 

ability  of  free  space,  respectively)  and 

V  X  5o  (f.rO  -  ^  (9^) 

Note  that  and  V  x  So  ^^e  the  following  symmetry  properties 

;  (v'xSo(F'.f-))^-VxSo(?,TO  (9c) 

where  T  denotes  the  transpose  operation.  The  incident  field  in  (So)  is 
given  by 

r^(f)  -  /  So  (F,  fO  ■  {^^7  (f)  dv'  (10) 

It  is  important  to  mention  that  the  direct  application  of  the  vector-dyadic  Green’s 
second  identity  yields  a  highly  singiilar  integrand  (O  on  tte  surface  in¬ 

tegrals  over  and  Sc-  Since  the  fields  will  be  evaluated  on  these  surfaces,  it 
is  necessary  to  obtain  less  singular  expressions.  The  less  singular  expressions 
(0  in  (8)  were  obtained  by  aieans  of  the  identity  [8] 

jf  3  (F')  .  V'V'r/f(R)ds'  -  -  jf  V;  •  (a  (f'))  V'i/;(R)ds'  (11) 

where  5  is  a  closed  surface  and  the  vector  3  is  tangential  to  the  surface  5. 

The  next  step  in  the  analysis  is  to  multiply  (6a)  (right  hand  side)  by  (F.F') 
and  integrate  over  Va-  By  means  of  the  divergence  theorem,  the  following  expres¬ 
sion  can  be  obtained 

-  4  V ,  g,  (ny) .  H- .  r, .  (s'  X  X  r.)  m 

.  [jv. .  M*- .  r.)  -  ^  j  ^ 

lo  TiVa 


(12a) 
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where  7^  (3  {f))  is  the  same  as  7c  (jS  (?')) ,  except  that  the  integral  in  (86)  )« 
over  instead  of  Se-  The  operator  7v  ha  (12o)  is  given  by 

(la) 

where  ^  is  a  dyadic  differential  operator,  namely 

- 1^'  X  -lu?.  (f)  /S  (/)  T- W  X  So «») 

-  o,V  (.  M  /J  M)  X  So  (Kr)  +  P'.r) 

(12c) 

The  first  vector  integral  equation  can  be  obtained  multiplying  (12a)  by  /iq 
and  adding  to  (8a),  namely 

7c  (n'  X  (V'  xH,))-  mo7,  fa'  X  X  r.) )  +  7,  (n'  x 

r^^c(f)-r-(f)  feVa 

-  M7y  (T,  (f'))  -  I  _  y'XTjy)  y  g  Vi  (13a) 

[-^""(f)  rsVc 

where 

(sM)  { [('  -  ^)  '^  ’“  •*  M 

-w’w  Vi  •  («3I  (O'))  I  *'  (!») 

Note  that  when  the  medium  becomes  achiral  (^  =  0,  t  *  1,  /ic  *  m).  5  (^»?) 
and  7^  (H  (?'))  become 

S  (T'.f)  -  V'  (i)  X  V-  X  So  (/,f)  +  So  (/.f)  (M.) 

Jk(®M)-jf^(i-7)vxSo(f.iO«(iO<^  (i*) 

where  the  parameters  e,  ft,  and  k  still  depend  on  position,  but  that  dependence 
is  not  shown  explicitly  in  (14a}  and  (146)  to  simpl^  the  notation.  FVirUiainore, 
k  becomes  the  wavenumber  of  the  ac^al  body  Vq  when  0^0. 

lb  solve  for  the  fields  "Ea  and  it  follows  from  (13)  that  h  is  necessary 
to  solve  for  the  fields  ]?•  in  V^,  a'  x  an  S^,  ff'  x  (V'  x  7b)  on  Se,  and 

af  X  X  on  Sd,  respectively.  In  other  words,  there  are  a  total  of  9 
scalar  unknown  functions.  Eqiution  (13o)  where  F  €  yields  three  scalar 
equations.  Therefore,  six  additional  scalar  equations  remain  to  be  found.  T«o 
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scalar  equatioos  are  found  by  taking  the  cross  product  of  n  and  (13a)  and  taking 
the  limit  of  7  €  as  f  namely 

n  X ■»  -  n  X  P7c  (n'  X  (V'  X  "E^))  +  pon  x  7^  ^fi'  x  ^ 

-nx7i(!ff  xEi,)  +  nonx7Y^aif))  (15a) 

where  P  in  front  of  the  operator  7e  denotes  the  principal  value.  Similar  equations 
can  be  obtained  by  following  the  same  procedure  as  above.  Thus,  for  7  €  when 
7-56 

-n  X  F"®(7)  +  i  ^1  +  po  n  X  7?6  ”  «  X  7c  (n'  X  (V'  X  ^6)) 

+  n  X  P76  (n'  X  El,) 

-  lion  X  7v  (Ea  (t'))  (156) 

and  for  7  €  when  7  — *  5^ 

n  X r"®(7)  ■»  -  n  X 7c  (n'  X  (V'  x Ei,))  +  ttonx  P7i  x  ^ 

-nx76(5i^xX6)  +  #‘Onx7v(Eo(7'))  (15c) 

As  was  mentioned  before,  the  integral  equations  obtained  in  this  section  can  also 
be  developed  by  starting  with  the  equivalent  polarisation  current  formulation. 
That  procedure  shows  that  the  equi^ent  polarisation  current  method  yields 
expressions  where  the  electric  and  magnetic  fields  do  indeed  satisfy  the  correct 
boundary  conditions.  This  fact  is  not  always  clear  because  no  boundary  conditions 
are  explicitly  imposed  in  deriving  the  equivalent  polarization  currents. 

m.  MOMENT  METHOD  SOLUTION 

In  general,  the  integral  equations  developed  in  the  previous  section  cannot  be 
solved  in  closed  form,  except  for  special  cases  as  shown  in  Section  V.  Thus,  it  be¬ 
comes  necessary  to  use  some  type  of  numerical  technique  to  solve  these  equations. 
There  are  several  numerical  techniques  to  solve  integral  equations  like  the  ones 
devetoped  in  the  previous  section.  In  this  section,  a  brief  outline  of  a  moment 
method  solution  will  be  given  [6,25].  The  first  step  is  to  expand  the  unlmown 
fhnctions  in  terms  of  a  set  of  buis  functions.  That  is,  Ea  (7^)  can  be  expressed 
as 

3  N 

(’O  “  (’O  (’O  “  H  j  ^  ^  (i6«) 

where  n*  m  n-f  (/—  \)N  and  x/(f  » 1,2,3)  is  an  orthoimrmal  set  of  coordinates 
in  Va  and  is  a  set  of  ba^  functions  defined  in  Va.  Likewise,  the  other 
imlfTMuwn  fiinctions  can  also  be  expanded  in  tenns  of  basis  functions  defined  in 
the  domains  of  S^,  Se,  and  S^,  reqpectivdly.  Thai  is. 


-Ponx7t 
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2  A/^ 

;  f'€5fcandn''-n+(/-l)Af4 

£-1  n-1 

(166) 

^1  fltKl 

/  €  Sc  and  m' «  m  +  (/  -  l)Me  (16c) 


and 

2  Md 

1.1  m-1 

V  e  Si  and  m"  ^m+(t-~  l)Af^  (16d) 

where  {<<}Li(P  6,c,d)  is  an  orthonormal  set  defined  on  Sp(^  *  6,c,d). 

Note  that  the  basis  functions  defined  in  (16b)-(16d)  have  to  be  differentiable. 
Substituting  (16)  into  (13a),  one  gets 
2  (  Mh  Me 

1  51  ®n" 4"  5Z  ®m'^c  (f/  f^>  (1^)) 

^n.1  mml 


tml 


))'• 

4 


-PO  5^  (4n."  4* 

m.1 

-  «E  ||:  <  [^>'  (*<>S  W) + I  -  i 


f€V. 

(17) 

Similar  equations  can  be  obtained  by  substituting  (16)  into  (15).  The  next  step  in 
the  moment  method  procedure  is  to  define  some  testing  function  in  the  domains 
of  Va,  S^,  Se,  and  S^.  Let 

3  N 

ij^(^)  -  E  (1®") 

IbI  n^l 

where  n'  ■«  n  +  (/  -  l)Ar  and 

2 

(p-6,c,d)  (186) 

<.1  n»l 

where  n"  >>  n  +  (/  -  l)Mp.  Next,  let’s  introduce  an  inner  product  defined  as 
follows 

m.^)K  -  X 


f  ff(r)-5(f)(fo 

JSp 


p^b,e,d 


(196) 
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Tbe  original  integral  equations  of  Section  n  can  then  be  transformed  into  a  linear 
system  of  simultaneous  equations  by  substituting  (16)  into  (15)  and  incorporating 
(19)  into  these  resulting  expressions  and  into  (17),  namely 


\y]  -  im 

(20) 

where 

w- 

[of- 

0  6 

•  “Ia/c 

(Off** 

(21o) 

and 

(VJ- 

[«?.• 

•^Mt 

,1  '1 » 

(216) 

The  elements  are  defined  as  follows 

V«,  -  (^^(?).2< <(7))^^  ;  1  <  n  <  JV,  1  <  f  <  3  (22a) 

where  n'  *  n+  (/ -  1)N  and 

K  “  J  1  <  n  <  Af),.  1  <  /  <  2.  p  «  5,  c.  d  (225) 

where  n'  «  n + (/ -  l)Mp.  The  matrix  [Z],  which  is  some  imes  referred  to  as  the 
impedance  matrix,  can  expressed  as  follows; 


3N  - 

[ZZ] 

«-2Af*-* 

izz] 

Lm  ^ 

w2M.- 

I^~] 

•  2Mj  » 

Iz-) 

[zi] 

!«•] 

L- 

(z-1 

[^i.1 

_ 

[z=.l 

l*il 

|Zil 

izil 

[zi] 

l*il 

I  .  i  i  j  1 

Note  that  the  sub-matrioes  ZfSmip  ■>  a,b,e,d)  are  square  matrices,  whereas 
the  rest  of  the  sub^matrices  in  (^)  ore  rectangular.  All  tbe  matrix  elements  in 
(23)  are  given  in  the  Appendix.  Tbe  solution  of  (20)  yields  the  values  of  the 
expaxudon  ooeflBdents  inUt>duced  in  (16). 
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IV.  faRpZONe  scattered  field 

Once  the  integral  equations  devebped  in  Section  n  are  solved  either  by  the  mo¬ 
ment  method  or  any  other  technique,  it  is  of  interest  to  calculate  the  scattered 
field  in  the  &r-sone.  To  accomplish  this  tasl^t  is  necessary  to  first  obtain  expres¬ 
sions  of  for  the  Green’s  functions  (^»^)  V  x  Sq  (F,/)  ,  where 

Aq  is  depicted  in  Fig.  2.  As  it  is  well  known,  in  the  &r  zone,  the  vectors  f  and 
F— F'  are  assumed  to  be  parallel  and  is  assumed  to  be  equal  to  Ag  ^  in  the 
denominator  of  Thus,  keeping  these  assumptions  in  mind,  one  gets 

'  (24a) 

V  X  3o  .  -v-  X  So  (f'j)  ~  •»0  (9«  -  S*)  (24i) 

where  $  and  ?  are  the  usual  unit  vectors  in  the  unprimed  spherical  coordinate 
system  transverse  to  the  radial  unit  vector  f  .  Substituting  (24a)  and  (246)  into 
(13a)  for  F  €  yields  the  following  &r-zone  expression 

‘IMa.x  -W  •W»nC/.v  .  ’Bra  F  € 


^(f)  -  Ti{T)  -  F’“(F)  ~  T{&,  ^)  • 


|F|>>|F'l 


If  the  moment  method  procedure  developed  in  the  previous  section  is  followed  to 
solve  the  integral  equations,  it  yields  the  following  expression  for  T{9,  ^) 

T{6,4>)  -  -  52  °‘%^v  i^ef^  if))  +  *o52 1 52 

4*1  n«l  I»1  ^(wbI 

+  E  <''’i  M)  -  «  L  M)  I  (J») 

msl  »»i»l  J 

where  n\  n",  m',  and  m"  are  defined  in  (16).  The  integral  operators  7^  are 
given  by 


7i(5(T0)-(^  +  ^)  /  5(F0e’^''-^(fa'  ;  p-c,d 

7^  (5W)— .*0/,^  ’IW 

■  /v*  (”)  **  — 2w*etf7*j 
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Figur*  2.  Definition  of  iZo  and  f-'fmbi  field  approodniation. 

V.  FIELDS  INDUCED  IN  AND  SCATTERED  BY  AN  ELECTRICALLY  SMALL 
CHIRAL  SPHERE 

First,  let’s  consider  the  fields  induced  in  a  homogeneous  chiral  sphere  of  radius 
0,  where  a  is  much  smaller  than  the  two  wavelengths  inside  the  material,  such 
that  the  fields  within  the  ^here  are  constant.  Without  loss  of  generality  and  to 
sisq>lify  the  analysis,  the  center  of  the  sphere  is  assumed  to  be  locat^  at  the 
ori^  of  the  coordinate  system.  Thus,  evaluating  the  fields  at  f  v  0,  (13o)  can 
be  written  as  follows: 

Tiinc  . 


Ik  (H'  X  r.)  -  lioTv  (T.)  -  r.  -  r- 


(27) 


Since  'Ea  and  Ea  are  constant  inside  the  chiral  sphere,  the  evaluation  of  7^  and 
ly  yields  the  following  closed  forms  expressions 


(28o) 


(286) 


where  ijo  (po/<o)^^^*  Because  the  expressions  for  Ig  and  7«  contain  two  un> 
Imowns,  namely,  tte  magnetic  Ea  and  electric  fields,  (27)  is  not  sufficient 
to  determine  both  unknowns  and  therefore  a  second  equation  is  needed.  An¬ 
other  equation  is  obtained  by  taldng  the  curl  dt  (27)  and  evaluating  the  resulting 
e^nession  at  7  >■  9,  namely, 

vx7i-/ioVx7v-^(i5^ir.-i.^r.)-vxr*“  ;  7-5  (29) 

Once  again,  V  x  7^  and  V  xly  can  be  evaluated  in  closed  form  because  of  the 


anuffii^ioQ  that  the  fields  are  constant  within  the  chiral  sphere.  Thus,  aX  fm'Q 

(30.) 

Vx7v--|w2«^r.  (306) 

The  fields  "E^  and  can  now  be  obtained  by  solving  the  two  simultaneous 
equations  in  (27)  and  (29).  Thus,  substituting  (30)  into  (29)  and  (28)  into  (27), 
respective,  and  sohrixig  (27)  and  (29),  yields 

E.  .  {3 (2+i^)E^(I'.IJ) - 3 (£ii^)  i,»y~(f  (31.) 

g.-|3(3  +  £)r~(f-li)  +  i3(‘'''^*°^)^^~’’’lr‘  (31») 

where  V  x  —  ikoTfoW^,  Cr  ■■  </«o.  t^a-  “  Pc/m*  “d 

As  expected,  each  of  the  expressions  for  Ea  ami  7a  contain  cross-polarized 
components  due  to  the  presence  of  the  chiral  parameter  p.  When  the  sphere 
becomes  achiral  {fi  »  0),  (31)  reduces  to  a  well  known  result,  namely 

r.-j7_F~(,.ij)  ;  ,3j, 

where  ^  «  p/pn. 

The  results  given  in  (31)  are  the  same  as  those  obtained  by  Lindell  and  Sibvola 
[26]  who  followed  a  totally  different  approach  to  obtain  the  fields  inside  the  chiral 
sphere.  The  induced  magnetic  (7m)  end  electric  (7e)  dipole  moments  can  also 
be  computed.  However,  it  is  necessary  to  first  compute  the  equivalent  magnetk 
(77«f)  and  electric  (7cf)  polarization  currents  [6].  These  currents,  which  are 
assun^  to  be  radiating  in  fiee  q>ace,  are  given  by 

;F€V, 

I  0  ;f^Va 

_  I  *0  [-i.10  -  l)l!a  -  ;  F  e  V. 

I  0 

where  14  is  the  volume  oociqried  by  the  sphere. 

Since  E^  and  ate  constant,  and  7m  can  be  easily  computed,  narndy. 

7a 4eo^/3  ;  7m*^as4ea^/3  (34) 

Substituting  (31)  and  (33)  into  (34),  one  gets 
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+^^(0)  [(2  +  /i<r)(l  -  €r)  -  2(*o^)2  Cr/ier  ]}  (35a) 

'Pn.-^^{-3erH^ko0-^{O) 

+if»ir“(0)  [(2  +  <o.)(l  -  #ir)  -  2(ifeo/J)  w]  }  (356) 

Note  that  in  a  chiral  acatterer,  the  electric  and  magnetic  dipole  moments  depend 
on  both  the  incident  electric  and  magnetic  fields.  For  an  achiral  body  {fi  «  0), 
the  expressions  tor  7t,m  are  much  simpler,  namely 

7>.-W^lX-(0)(^)  >  7,-4.«V*ir'(0)(l^) 

(36) 

where  7«  is  proportional  to  7^  and  7m  is  proportional  to 

Once  the  dipole  moments  are  obtained,  there  is  a  straightforward  procedure  to 
calculate  the  f^-aone  scattered  fields  if  it  is  assumed  that  7«,m  are  infinitesmal 
dipole  moments  located  at  the  origin  F  a  Q  [27].  The  £ur>sone  pattern  vector 
T(9,4),  introduced  in  (25a),  is  ^ven  by 

7(d,^)  -  ?F,(d,  4>)  -  •7.+i*2  (p  -  .7«  (37) 

where  7«  an4  7m  are  given  in  (35a)  and  (356),  respectively.  For  /9  «  0,  the 
expression  for  7(d,  4)  becomes 

r(».« — 4»(to.)’  ({»+ »)  1^(0)  (j^) 

+|»  (?♦  -  J?)  ■  5*“(0)  (j^)  }  (») 


Another  parameter  of  interest  is  the  echo  area  (or  radar  cross  section)  o{9,4), 
which  is  defined  as  follows 

|2 


o{9, 4)^  Hm  4xi^ 


|y|  _  |7(g.^)|^ 


«»-«•  ^  |7^(0)|  4**g  |7^(0)| 

Substituting  (2Sa)  and  (37)  into  (39a)  yields 

4)  ^•7m|  d-^|»>D?-7,-fi-7m| 

4(*a)2|r*(0)|* 


(39a) 


(396) 


Keeping  in  mind  that  7«^  are  proportional  to  Apa’,  it  is  clear  that  the  expres- 
sion  in  (396)  satisfies  the  Rayleigh  Law  of  scattering.  That  is,  for  a  small  chiral 
qphere,  o{fi,4)l{^f^)  ^  proportional  to  (Apa)^.  As  was  the  case  before,  (396) 
becomes  much  sinq>ler  ed^  ^  «  0 
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For  purposes  of  illustration,  assume  that  the  incident  field  is  a  plane  wave  field 
given  1^ 

^*“(F)=SJSbe‘*»*  ;  y"*(f)»y^e**®*  (40) 

% 


where  is  a  constant.  For  this  incident  field  and  for  a  sphere  of  radius  0.005  Ao, 
where  Aq  is  the  free  space  wavelength,  Fg,  F^,  and  the  bistatic  echo  area 
are  calculated  in  the  £•  and  .ff -planes.  That  is,  in  Fig.  3  the 
£-plane  patterns  are  shown,  where  ^=>0  and  0  <  9  <e,  and  in  Fig.  4  the  H  - 
plane  patterns  are  depicted  where  ^  »  ir/2  and  0  <  6  <it.  For  the  parameters 
given  in  Figs.  3  and  4,  the  wavelengths  inside  the  chiral  material  are  0.5036  Aq 
and  0.2036  Aq.  Note  that  for  the  achiral  case  (J3  «  0),  the  component  Ft  is 
xero  in  the  If -plane,  whereas,  the  F^  component  is  zero  in  the  £ -plane.  In 
many  applications,  it  is  important  to  know  the  badcscattered  echo  area.  Thus, 
for  « IT, 


_ _ 36(koa)^  Imct  -  erl^ 

^  *  1(2  +  «r)(2  -  4erM*T(M)21^ 


An  interesting  result  is  that  the  backscatteted  echo  area  of  a  small  chiral  (or 
achiral)  sphere  is  zero  if  Cr  *  lia- 


Figures.  £ -plane  patterns. 
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Figure  4.  H -plane  patterns. 


VL  CONCLUSIONS 

A  set  of  integral  equations  for  tbe  electric  field  has  been  developed  for  the  scat¬ 
tering  by  an  inhomogeneous  three  dimensional  chiral  body  in  the  presence  of  a 
perfect  conductor.  Note  that  a  similar  set  of  equations  can  also  be  developed  for 
the  magnetic  field  instead  of  the  electric  fidd.  liie  integral  equations  are  obtained 
by  starting  with  the  vector  differential  wave  equations  satisfied  by  tbe  electric 
fidd  inside  and  outside  the  chiral  body.  These  equations  are  then  transformed 
into  integral  equations  by  means  of  tbe  vector-dyadic  Green’s  second  identity,  the 
boundary  conditions  sat^ed  by  the  fidds  and  various  other  vector-dyadic  identi¬ 
ties.  The  integral  equations  are  expressed  in  terms  of  a  volume  integral  where  the 
unknown  is  the  electric  fidd  inside  the  chiral  body,  and  surface  integrals  where 
the  unknowns  are  the  tangential  components  of  the  electric  fidd  along  the  chiral- 
free  space  boundary  and  the  tangential  component  of  the  curl  of  the  electric  fidd 
along  the  surface  of  the  perfect  conductor.  These  integral  equations  are  numeri¬ 
cal^  more  efficient  than  the  equations  obtained  in  [7],  eq>ecially  when  the  body 
is  dectrkally  large. 

In  general,  the  integral  equations  devebped  here  cannot  be  solved  in  closed 
form.  Thus,  one  is  forced  to  use  some  type  of  numerical  procedure.  The  well 
known  moment  method  technique  is  used  here  to  transform  the  integral  equa¬ 
tions  into  a  tystem  of  linear  simultaneous  equations.  Ebqnessions  are  obtained 
here  far  the  so-called  impedance  matrix  in  terms  of  an  arUtrary  set  of  and 
testing  functions.  Since  one  of  the  ^^lications  of  tbe  present  work  is  the  study  of 
the  scattering  properties  of  chiral  bodies,  fer-sone  cqyressions  are  obtained  far  tbe 
dectric  field  scattered  by  a  chiral  body.  Finally,  to  verity  the  validity  of  tbe  in- 
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tegral  equations  devebped  here,  th^  are  used  to  obtain  closed  form  exinressions 
for  the  fields  and  dipole  moments  induced  inside  an  electrically  small  homoge- 
oeous  chiral  sphere.  The  dipole  moments  are  then  used  to  calculate  the  &r-zone 
scattered  fields  and  the  radar  cross  section  of  the  small  sphere.  As  expected,  the 
results  obtained  for  the  electrically  small  chiral  sphere  show  the  presence  of  cross- 
polarized  components  of  the  electric  and  magnetic  fields  induced  in  a  chiral  body. 
It  is  also  shown  that  the  echo  area  satisfies  the  Rayleigh  Law  of  scattering. 


APPENDIX 

The  elements  of  the  impedance  matrix  introduced  in  (23)  are  given  in  this  ap¬ 
pendix.  First,  the  elements  of  the  square  sub-matrices  are  given. 


where 

m  *  q-f  (/—  1)N  ,  n  ■*  r-»-  (»  —  l)Af ;  1  <  q  ,  r  <  N  ,  l<»,/<3 
-  (5  (l  +  M  ^  Aw  -  »  X  PTfc  (f'))  ,  (426) 

Z^m~{-nxPlc  (/))  .  (42c) 

PJi  (1?  A  {^))  .  ‘?«^n(^))5^  (42<0 

In  (42b)>(42d),  m  =  q  +  (/  -  l)Mp,  n  -  r  -♦•  (» -  l)Af^  where  1  <  q,  r  < 
and  1  <  *•  f  <  2.  The  subscript  p  in  Mp  is  equal  to  6  in  (426),  c  in  (42c) 
and  d  in  (42d),  respectively.  AJl  the  matrices  above  are  square.  The  rest  of  the 
matrices  given  below  are  rectangular. 

^nm  •  (?j^  A  (^))  f  i  (43a) 

^  -  m{h  (0) .  («6) 

2Si,-m{nxlv{iia(y^)  (43e) 

where 

m-q-f-(/-l)Afp;  1  <  q  <  Afp  ,  1  <  /  <  2 
n-r+(»-l)Af;  l<r<;V,  l<i<3 

FHirthermore, 

*,-(-sxr.®/joO)  (««) 

2jg, .  «(« X  li  00) .  ("») 

2!*  .(-gxItp/JM)  i  (>-«.'»  («») 
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where 

n  “  r  -f  (» -  l)A/j  ;  1  <  r  <  ; 

l<i<2 

(44d) 

and 

m  ■*  g+  (/  —  l)Mp  ;  1  <  g  <  Mp  ; 

l<f  <2 

(44e) 

FinaUy, 

2^  -  tto{n  X  Id  (fO)  . 

(45a) 

2^  «  -^n  xJc  (tJ/S  (?'))  , 

‘«)5. 

(456) 

where  m  is  given  in  (44e)  with  and  n  is  given  in  (44d)  with  replaced 
by  Me. 
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I.  INTRODUCTION 


Bandwidth  Performance  of  Linear  Adaptive  Arrays 
with  Tapped  Delay-Line  Processing 


The  mdlini  baadwMih  of  adapOrc  arrays  with  tapped 
delay-line  pracesslnc  is  esamlBed.  Linear  arrays  with  ap  to  10 
sleasenls  are  considered.  It  Is  shown  how  the  nnniber  of  laps  In 
the  deley  lines  and  the  anwnni  of  delay  between  tips  affect  the 
nailing  bandwidth.  For  each  sbe  of  array,  the  optimal  nanher  of 
delay-llat  laps  and  the  optimal  Interlsp  delays  arc  determined  as 
Amctloas  ofdM  logalisd  naUIng  bandwidth. 
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The  ability  of  an  adaptive  array  to  null  interference 
depends  strongly  on  the  interference  bandwidth 
(!].  In  general,  nulling  performance  drops  quickly 
as  interference  bandwidth  increases.  A  well-known 
technique  for  improving  the  bandwidth  performance 
of  adaptive  arrays  is  to  use  tapped  delay-lines  behind 
the  elements. 

The  use  of  tapped  delay-lines  in  adaptive  arrays 
was  rtrst  suggested  by  Widrow,  et  al  [2],  and  has 
been  examined  in  several  subsequent  papers.  In  an 
early  study,  Rodgers  and  Compton  [3]  evaluated  the 
bandwidth  performance  of  a  two-element  tapped 
delay-line  array  with  real  weights.  Mayhan,  Simmons, 
and  Cummings  [4]  used  an  analysis  based  on  the 
eigenvalues  of  the  covariance  matrix  to  discuss  how 
the  number  of  elements  and  the  number  of  delay-line 
taps  affect  the  bandwidth  performance  of  an  adaptive 
array.  White  [5]  addressed  the  tradeoff  between  using 
tapped  delay  lines  versus  additional  auxiliary  elements 
in  adaptive  sidelobe  cancellers.  Finally,  Compton  [6] 
has  described  how  the  number  of  taps  and  the  delay 
between  taps  affect  the  bandwidth  performance  for  a 
simple  two-element  anay  when  complex  weights  are 
used. 

The  purpose  here  is  to  extend  the  results  in  [6] 
to  the  case  of  a  linear  array  with  up  to  ten  elemenu 
and  an  arbitrary  (possibly  unequal)  number  of  taps 
behind  each  element.  Fbr  such  arrays  we  show  below 
how  the  number  of  delay-line  taps  and  the  amount  of 
delay  between  taps  affect  the  nulling  bandwidth.  For 
each  array  size,  we  determine  the  optimal  number 
of  delay-line  taps  and  the  optimal  intertap  delay  as 
functions  of  the  required  nulling  bandwidth.  The 
results  in  this  paper  are  taken  firom  Vook  [7],  and  more 
detailed  information  may  be  found  there. 

In  a  previous  paper  [8]  by  one  of  the  authors,  it 
was  shown  that  the  nulling  bandwidth  of  an  adaptive 
array  with  fast  Fourier  transform  (FFT)  processing  is 
identical  to  that  of  an  array  with  the  equivalent  tapped 
delay-line  processing.  The  equivalent  tapped  delay-line 
processor  has  the  same  number  of  taps  in  the  delay 
lines  as  the  number  of  samples  used  in  the  FFTs  and 
has  the  same  delay  between  taps  as  the  sampling  time 
in  the  FFTs.  Because  of  this  equivalence,  the  results 
here  can  also  be  used  to  find  the  optimal  sampling 
time  and  optimal  number  of  samples  for  arrays  with 
FFT  processing. 

In  Section  II,  we  present  the  equations  needed 
to  calculate  signal-to-interference-plus-noise  ratio 
(SINR)  for  an  M-element  linear  adaptive  array 
with  an  arbitrary  configuration  of  tapped  delay  lines 
behind  the  elements.  In  Section  III  we  present  results 
based  on  these  equations  and  discuss  the  bandwidth 
performance  of  linear  arrays  with  up  to  ten  elements 
as  a  function  of  the  number  of  taps  and  the  tap 
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Fig.  1.  Af -element  adaptive  array  with  tapped  delay-line 
processing. 

spacing  behind  each  element  Section  IV  contains  our 
conclusions. 


II.  DEFINITIONS 

Fig.  1  shows  an  M  element  adaptive  anay  with 
tapped  delay-line  processing.  The  antenna  elements 
are  assumed  isotropic  and  separated  by  a  distance  of 
one-half  wavelength  at  the  carrier  frequency  uq.  Behind 
element  m  is  a  tapped  delay  line  with  K„-\  delays, 
Km  taps,  and  a  time  delay  of  To  seconds  between  taps. 
Different  elements  may  have  different  numbers  of  taps 
in  their  delay  lines.  The  tap  configuration  of  the  array 
is  denoted  ly  the  vector  K,  whose  components  are  the 
number  of  taps  behind  elements  1  through  M.  That  is 
K  =  iKuK2 . Km). 

We  assume  that  the  array  receives  a  desired  signal 
and  an  arbitrary  number  of  interfering  signals  and  that 
each  antenna  element  contains  an  independent  thermal 
noise  agnal  due  to  a  preamplifier  or  mixer  behind 
the  element  The  desired  signal  arrives  from  angle 
64  relative  to  broadside  (0  is  defined  in  Fig.  1).  The 
interfering  signals  arrive  from  angles  0/, ...  where 
Af  is  the  number  of  interfering  signals  incident  on  the 
array. 

It  k  assumed  that  the  desired  signal  d(t)  is  a 
zero-mean,  stationary,  random  process  of  average 
power  p4  «  £[|d(r)Pj,  and  that  has  a  flat, 
bandlimited  power  spectral  density  Si{u)  equal 


to  'litp4f^4  over  a  bandwidth  centered  at 
the  carrier  frequency  Uq-  We  denote  the  fractional 
bandwidth  of  the  desired  signal  by  B4  -  Auj/uq. 

The  N  interfering  signals  are  assumed  to  be 
mutually  independent,  zero-mean,  stationary,  random 
processes  independent  of  d(t)  with  average  power 
Pi,  £[|j/(t)|^j.  Like  the  desired  signal,  the  Ith 
interfering  signal  is  assumed  to  have  a  flat,  bandlimited 
power  spectral  density  5;,(a;)  equal  to  7.KptJ Aw,, 
over  a  bandwidth  Au-,,,  centered  at  frequency  wq.  The 
fractional  bandwidth  of  the  ith  interfering  signal  is 
denoted  by  Bj,  =  Awijwa. 

Finally,  each  element  signal  is  assumed  to  contain 
a  zero  mean  thermal  noise  signal  hmxif)  that  is 
independent  of  the  desired  and  interfering  signab. 

The  noise  signals  on  different  elements  are  assumed 
to  be  independent  and  to  have  average  power  o^.  The 
noise  power  spectral  density  Saiu)  is  assumed  equal  to 
iKO^/Aun  over  a  bandwidth  Au„,  centered  at  uq.  The 
fractional  bandwidth  of  the  noise  signal  is  then  given 
by  Bn  =  Au«/wo. 

Let  imkif)  he  the  received  signal  at  tap  k  behind 
element  m.  Each  tap  signal  imkif)  is  multiplied  by  a 
complex  weight  Wmk  and  then  summed  to  form  the 
anay  output  The  weight  vector  W  =  [wu,  h'j2,  . . . ,  wj  = 
giving  maximum  output  SINR  for 
a  given  set  of  tap  signals  can  be  calculated  using  the 
method  described  in  [6].  The  optintal  weight  vector  is 
given  by  [1] 

W  =  *->S  (1) 

where  $  is  the  covariance  matrix 


«  =  £[X*X'^]  (2) 

and  S  is  the  steering  vector, 

S  =  £[X-ao(0].  (3) 


In  these  equations,  X  »  is  the 

signal  vector  and  do(f)  is  a  replica  of  the  desired  signal 
waveform.  The  covariance  matrix  i  and  the  steering 
vector  S  are  computed  as  described  in  [6]  except  with 
more  array  elements  and  possibly  an  unequal  number 
of  taps  per  element  Once  W  has  been  computed  for  a 
given  signal  scenario,  the  output  SINR  is  given  by 


SINR 


_ ^ _ 

Pm  +  £(,,)  +  £(,,)  +  •  •  ■  +  -Ptw) ' 


(4) 


P4,  Pn,  and  are,  respectively,  the  output  desired, 
nose,  and  interfering  powers  [6]. 

Several  normalized  parameters  are  used  in  the  next 
section.  As  described  in  [6],  the  time  delay  between 
taps,  To,  may  be  expressed  in  normalized  form 

(5) 


where  T90  is  the  time  delay  required  to  produce  a  90° 
phase  shift  at  wq  (i-o.,  Tw  is  a  quarter-wave  delay  at 
Wo),  and  r  is  the  number  of  quarter  wave  delays  in  To- 
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The  signal-to-noise  ratios  (SNRs)  are  denoted  by, 

Pd 

^  ^  *s  desired  SNR  per  element  (6) 

and 


s  INR  per  element  for  interfering  signal  /, 

/  »  1 . N,  CJ) 

III.  BANDWIDTH  PERFORMANCE  OF  ADAPTIVE 
ARRAYS 

We  now  consider  how  tapped  delay-line  processing 
affects  the  bandwidth  performance  of  the  adaptive 
anay.  For  convenience,  we  assume  all  signals  received 
by  the  array  have  the  same  fractional  bandwidth 
B  Bd-  Bi,  s  Bh.  We  also  assume  the  desired  signal 
arrives  from  broadside  (0a  »  0”)  with  an  SNR  per 
element  of  0  dB. 

In  the  figures  below,  we  plot  the  output  SINR  of 
each  array  as  a  function  of  the  arrival  angle  of  one 
interfering  signal  with  the  arrival  angles  of  the  other 
interfering  signals  held  fixed.  In  general,  the  choice 
of  interference  angles  often  has  a  large  effect  on  the 
performance,  lb  evaluate  the  bandwidth  performance, 
we  compare  the  anay  output  SINR  with  the  SINR 
obtained  with  zero  bandwidth  (CW)  signals.  For  easy 
comparison,  the  SINR  for  CW  signak  is  included  in 
every  figure. 

An  M  element  array  has  Ilf  - 1  degrees  of 
freedom,  so  the  number  of  pattern  nulk  that  can  be 
arbitrarily  steered  is  at  most  Af  - 1  [1].  In  this  study, 
for  an  M  element  array,  we  assume  there  are  always 
Af  - 1  interfering  signak  so  that  the  array  k  in  its  most 
stressed  condition.  In  general,  the  stronger  the  power 
of  an  interfering  signal,  the  more  sensitive  the  array 
k  to  the  interference  bandwidth  [1].  In  the  results 
presented  below,  we  assume  all  interfering  signak  have 
the  same  INR  per  element,  40  dB. 


-to  40  -70  .<0  -so  .40  -30  -20  -10  0  10  20  30  40  50  60  70  80  90 
Fig.  Z  SINR  venut  0,-,,  lO-clement  array,  1  tap  per  elemenL 


■to  -80  -70  -80  -so  -40  -30  -20  -10  0  10  20  30  40  SO  80  70  80  tO 


(D«tr«a) 

Fig-  3.  SINR  versus  9,-, ,  10-element  array,  2  taps  per  element 


A.  Number  of  Taps 

We  begin  by  showing  a  few  examples.  Fig.  2  shows 
the  SINR  for  a  ten-element  anay  with  no  tapped 
delay-line  processing.  In  thk  figure,  there  are  eight 
fixed  interfering  signak  located  every  20*  from  -70* 
to  4-70*.  The  SINR  k  plotted  as  a  function  of  9;,,  the 
ninth  interfering  signal  angle,  for  increasing  values  of 

B.  The  larger  the  bandwidth,  the  worse  the  SINR. 

For  B  *  0.1,  the  degradation  k  as  large  as  25  dB  for 
some  values  of  0,-,.  llie  anay  performance  under  these 
conditions  k  dearly  unacceptable.  Note  the  sharp 
spikes  in  the  SINR  curves,  which  resuh  vdien  two 
interfering  signak  anive  tom  the  same  angle  so  that 
only  one  pattern  null  k  required  to  null  both  signak. 


Next,  Fig.  3  shows  the  SINR  when  a  single  quarter 
wave  delay  and  an  extra  weight  are  added  behind 
every  element,  with  all  other  parameters  unchanged 
tom  Fig.-Z  With  two  taps  per  element,  the  SINR 
k  equivalent  to  the  CW  SINR  for  bandwidths  up  to 
0.01.  Fig.  4  shows  the  SINR  if  another  quarter  wave 
delay  and  another  weight  k  added  to  every  element 
Note  that  with  three  taps  per  element,  the  SINR  k 
within  1  dB  of  that  obtained  with  CW  interference  for 
bandwidths  up  to  0.1. 

In  the  preying  examples,  the  SINR  was  plotted 
for  increasing  values  of  B  while  the  number  of  taps 
per  element  was  fixed.  Now  we  show  an  example 
where  the  bandwidth  k  fixed  and  the  number  of  taps 
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Fig.  4.  SINR  versus  0,',,  lO-elcfflcnt  array,  3  up*  per  element  Fig.  &  SINR  versus  9,-, ,  5-element  ansy,  r  •  1. 
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Fig.  5.  SINR  versus  9,-,,  S-element  array,  r  >  1. 

per  element  is  varied.  Fig.  S  shows  the  SINK  of  a 
five-element  array  that  receives  signals  of  bandwidth 
0.2.  The  fixed  interfering  signals  arrive  from  -10*, 
-f30*,  and  -FfiO*  and  the  SINR  is  plotted  for  1,  2,  3, 
and  4  taps  per  element  Note  that  the  array  needs 
at  least  three  taps  per  element  to  recover  the  CW 
performance  for  aU  values  of  in  the  figure. 

Now  consider  what  happens  when  the  fixed 
interfering  signals  for  Hg.  5  are  changed  to  -90*, 

10*.  and  90*.  This  case  is  plotted  in  Fig.  6.  We  again 
find  that  the  maximum  SINR  is  obtained  with  three 
taps  per  element,  but  there  is  a  difference  from  the 
last  case.  In  Fig.  6,  for  some  8|^  the  SINR  for  B  m  02 
is  never  as  high  as  with  CW  interference,  regardless 


of  the  number  of  taps  per  element  (For  0,-,  between 
10*  and  80*,  the  maximum  attainable  SINR  with 
any  number  of  taps  per  element  is  between  2  and 
4  dB  below  the  CW  curve.)  This  example  illustrates 
a  case  in  which  it  is  not  possible  to  recover  the  CW 
performance  by  using  tapped  delay-lines.  However,  in 
both  Figs.  5  and  6,  the  maximum  attainable  SINR  for 
R  >=  0.2  is  achieved  with  three  taps  per  element 

R>r  a  three-element  array  (with  two  interfering 
signals),  it  is  always  possible  to  recover  the  CW 
performance  by  using  a  sufficient  number  of  taps  per 
element,  regardless  of  the  interference  angles.  For 
arrays  with  more  than  three  elements,  however,  one 
can  find  examples  where  the  maximum  attainable 
SINR  with  tapped  delay-lines  is  less  than  the  SINR  for 
CW  signak.*  In  these  cases,  as  more  taps  are  added, 
the  SINR  readies  a  plateau  as  much  as  5  dB  below 
the  CW  SINR.  These  cases  typically  occur  for  large 
fractional  bandwidths  (B  >  0.1)  and  when  one  or  two 
interfering  signals  arrive  from  -fOO*  or  -90*.  We  have 
found  no  cases  in  wdiich  the  attainable  SINR  was  more 
than  5  dB  below  the  CW  SINR. 

It  may  appear  that  this  effect  is  caused  by  too  many 
interfering  signals  incident  on  the  array.  With  M  - 1 
interfering  signals,  the  array  does  not  have  enough 
degrees  of  freedom  to  place  a  pattern  maximum  on 
the  desired  signal  lb  test  this  possibility,  we  show 
in  Fig.  7  the  SINR  for  the  same  array  as  in  Fig.  6 
when  we  remove  the  fixed  interfering  signal  at  10*, 
so  a  total  of  M  -  2  interfering  signals  remain.  In 
this  case,  we  find  that  as  we  add  taps,  the  maximum 
performance  still  does  not  reach  the  CW  performance 

’There  are  also  a  tew  caae*  where  the  SINR  with  non-ieto 
handwUlh  interferenoe  is  actually  higher  dun  with  CW  interference. 
Wfe  do  not  exploK  this  behavior  here. 
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Fig.  7.  SINK  Venus  0,-, ,  (-element  stray,  r  <■  1. 


for  9,,  between  40*  and  80*.  The  maximum  attainable 
SINK  is  approximately  1.1  dB  less  than  the  CW  SINK 
for  0,-,  in  ^t  range.  Thus,  reducing  the  number  of 
interfering  signals  can  still  result  in  a  situation  where 
the  maximum  SINK  is  less  than  the  CW  SINR. 

We  define  the  optimal  number  of  taps  per  element 
for  a  given  bandwidth  to  be  the  minimum  number  of 
taps  required  to  be  within  1  dB  of  the  attainable  SINR. 
(In  this  definition,  we  also  assume  r  =  1.  Recall  that 
r  is  the  delay  between  taps  in  quarter  wavelengths 
defined  in  (5).  As  is  discussed  below,  the  value  r  »  1 
is  always  within  the  range  where  maximum  SINR  is 
obtained.) 

We  have  examined  numerous  SINR  curves  of  the 
type  shown  in  Figs.  2-7.  A  summary  of  the  results 
is  shown  in  Fig.  8,  udiich  plots  the  optimal  number 
of  taps  per  element  versus  the  signal  bandwidth  for 
3  to  10  elements.^  For  example,  a  seven-element 
anay  receiving  signals  with  B  s  0.1  should,  for  best 
performance,  have  three  taps  per  element  In  general, 
as  the  number  of  elements  increases,  the  optimal 
number  of  taps  per  element  increases  for  a  given 
bandwidth. 

As  seen  in  Figg.  5  and  6,  interference  angles  have  a 
large  effect  on  the  performance.  Some  combinations 
of  9i,,  I « yield  poorer  bandwidth 
performance  than  others.  The  optimal  taps  per  element 
plotted  in  Fig.  8  take  into  account  the  arrival  angles 
that  cause  the  largest  SINR  degradation. 


*For  amys  wiOi  FFT  praoetiing,  Fig.  8  thowa  the  optimal  (Le., 
ffliiitfflum)  tiumber  of  aamplea  re«]uired  in  the  FFT  proccaaon.  Since 
it  ia  eaaicat  to  uae  2^  aam^ea  in  an  FFT  praceaaor,  whcic  i*  la  acme 
integer,  one  would  uae  the  «nalleat  n  aoch  that  2”  ia  at  leaat  aa  laige 
aa  the  value  ahown  in  Fig.  8. 
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Fig.  8.  Required  number  of  taps  per  element  versus  bandwidih  B. 


B.  Unequal  Number  of  Taps  per  Element 

The  preceding  discussion  dealt  with  anays  in 
which  each  element  in  the  array  has  the  same  number 
of  delay-line  taps.  It  is  also  interesting  to  consider 
whether  one  could  use  a  different  number  of  taps 
behind  different  anay  elements  to  reduce  the  total 
number  of  weights  needed  in  the  array.  Tb  examine 
this  question,  we  start  with  a  three-element  array  to 
illustrate  typical  SINR  curves  and  then  summarize 
results  for  arrays  with  more  than  three  elements. 

For  a  given  tap  configuration  in  a  three-element 
array,  there  is  a  maximum  bandwidth  at  which  the 
array  can  achieve  the  CW  performance.  We  define  the 
bandwidth  cutoff  Be  of  an  array  to  be  the  maximum 
bandwidth  such  that  the  array  SINR  is  within  1  dB 
of  its  CW  value  for  any  B  <  Be.  (In  this  definition, 
we  again  assume  that  r  s  1.)  It  is  shown  in  [7]  that 
for  a  three-element  array  with  two  taps  per  element, 
the  bandwidth  cutoff  Be  is  0.1,  but  for  three  taps  per 
element  Be  is  0.5.  Since  there  is  such  a  large  difference 
between  these  two  values  of  Be,  the  question  arises 
whether  one  could  use  fewer  than  three  taps  per 
element  when  the  signal  bandwidth  is  between  0.1  and 
0.5.  If  B  =  02,  for  example,  must  one  add  an  extra  tap 
to  every  element  of  the  array? 

Ihble  I  gives  the  bandwidth  cutoff  for  a 
three-element  array  with  various  tap  configurations. 
Fbr  example,  if  the  tap  configuration  is  K  «  (2,3,2), 
then  the  array  achieves  the  CW  performance  if  the 
bandwidth  is  less  than  0.35  for  all  combinations  of  two 
interfering  signals.  These  values  of  Be  were  determined 

examining  numerous  SINR  curves  to  see  the  full 
effects  of  different  arrival  angles.  (Since  our  evaluation 
of  bandwidth  performance  takes  into  account  all 
combinations  of  interference  angles,  symmetrical  tap 
configurations  such  as  K  »  (2,2,3)  and  K  «  (3,2,2) 
have  the  same  bandwidth  cutoff.) 

As  interesting  result  shown  in  Ikble  I  is  that  the 
bandwidth  cutoff  for  K  =  (2,1,2)  is  the  same  as  that 
for  K  B  (2,1,1),  but  for  K  «  (2,2,1)  Be  is  about  ten 
times  higher,  ^r  an  array  with  K  «  (2, 1,2)  and 
bandwidths  in  the  range  of  0.005  to  0.05,  it  turns  out 
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Fig.  9.  SINK  versus  9j,,  3-element  array,  K  >  (2,3,2),  r  >  1. 


that  certain  combinations  of  interference  arrival  angles 
can  cause  large  (>  10  dB)  drops  in  SINR.  However, 
an  array  with  K  »  (2,2, 1)  does  not  have  these  drops 
in  SINR  and  is  still  capable  of  optimal  performance 
in  that  range  of  bandwidth.  Since  rearranging  the 
taps  from  K  »  (2,1,2)  to  K  » (2,2,1)  allows  the 
array  to  handle  much  higher  bandwidths,  this  result 
suggests  that  an  extra  tap  should  be  placed  behind  a 
middle  element  instead  of  an  outer  element  for  best 
performance. 

Also  note  that  there  is  no  performance  advantage 
in  choosing  tap  configurations  sudi  as  K  s  (3,1,2)  or 
K  K  (2,3,1)  over  K  s  (2,2,2).  Although  these  tkee 
configurations  have  the  same  total  number  of  taps  (Le., 
6),  K  B  (2,2,2)  yields  a  bandwidth  cutoff  that  is  clearly 
higher  than  the  other  two.  This  result  suggests  that  it  is 
better  to  divide  the  taps  equally  among  the  elements 
than  to  have  one  element  with  two  more  taps  than 
another  element 

In  Hgs.  9, 10,  and  11,  we  plot  the  SINR  of 
three^ement  arrays  with  K  >  (2,3,2),  K  « (3,2,2), 
and  K  B  (2,2,3),  respectively,  for  different  bandwidths. 
The  fixed  interfering  signal  in  these  three  figures 
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Fig.  10.  SINR  venus  0,-,,  3-element  ttny,  K  «  (3,2,2),  r  »  1. 
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Fig.  11.  SINR  venut  0,-,,  3-eiemeni  anay,  K  -  (2,2,3),  r  »  1. 


arrives  from  90*.  With  a  tap  configuration  of  either 
K  s  (2,2,3)  or  K  B  (3,2,2)  the  array  achieves  optima] 
performance  for  signal  bandwidths  up  to  0.Z  However, 
a  tap  configuration  of  K  »  (2,3,2)  yields  maximum 
performance  for  bandwidths  up  to  (X3S.  An  extra  tap 
on  the  middle  element  again  yields  better  results  than 
an  extra  tap  on  the  end. 

For  arrays  with  more  than  three  elements,  the 
results  are  similar.  For  example,  one  finds  that  a 
four-element  array  with  K  «  (2,3,3,2)  has  a  Be  of  0.25, 
but  when  K  «  (3,2,2,3),  the  £«  is  0.11  (With  more 
than  three  elements,  we  use  maximum  attainable  SINR 
rather  than  CW  SINR  to  define  Be.) 
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The  following  line  of  reasoning  appears  to  explain 
why  it  is  preferable  to  add  an  extra  tap  to  a  middle 
element.  An  arbitrary  signal  received  from  an  angle 
9  >  0  will  reach  element  1  first,  element  2  after 
some  time  delay  7,  and  finally  element  3  after  a 
delay  27.  The  tapped  delay-lines  compensate  for  the 
decorrelation  due  to  7  by  delaying  the  signals  on  one 
element  so  that  they  are  more  correlated  with  signals 
on  other  elements.  An  extra  tap  on  an  outer  element 
can  do  this  only  vdien  the  outer  element  receives  the 
signal  first.  When  d  >  0,  a  signal  on  element  3  is  a 
delayed  version  of  the  signal  on  elements  1  and  Z  An 
eAra  tap  on  element  3  will  not  restore  the  correlation 
between  the  element  3  signals  and  the  signals  on  the 
other  elements.  Placing  the  extra  up  on  an  outer 
element  improves  the  performance  mainly  when  the 
interfering  signals  readi  that  element  before  the  others. 
However,  placing  the  extra  up  on  the  middle  element 
improves  the  correlation  of  the  middle  element  signal 
with  the  signal  on  at  least  one  other  element  for  any  0. 
Recall  that  our  evaluation  of  bandwidth  performance 
ukes  into  account  aO  arrival  angles  of  the  interference. 
For  this  reason,  an  array  with  the  extra  up  on  an  outer 
element  does  not  perform  as  well  as  one  with  the  extra 
up  on  the  middle  element  when  all  interfering  angles 
are  uken  into  account. 

Note  from  Figs.  10  and  11  that  the  performance  of 
anays  with  K  «  (3,2,2)  or  K  «  (2,2,3)  drops  primarily 
adien  one  or  both  of  the  interfering  signals  are  being 
received  first  by  the  two-up  outer  element  (see  Fig.  1). 
(Recall  that  9;,  ■>  90*  in  both  Figs.  10  and  11.)  In 
Hg.  10,  vdien  0/,  >  0^,  both  interfering  signals  are 
received  first  by  the  three-Up  outer  element,  and 
there  is  very  little  drop  in  SINR  for  B  <  0.4.  However, 
in  Fig  11,  when  9,-,  >  0*  both  interfering  signals  are 
received  first  by  the  two  Up  outer  element,  and  there 
is  a  significant  drop  in  SINR  for  R  >  03.  When  0^  • 
-90*  hi  Figs.  10  and  11,  one  of  the  two  interfering 
signals  is  received  first  by  the  two-up  outer  element, 
and  the  SINR  drops  accordingly.  Fig  9  shows  that  the 
SINR  of  an  array  with  K  ■  (2,3,2)  does  not  have  these 
drops  in  SINR  for  the  same  bandwidth  range. 


Thus,  the  results  in  Ikble  I  suggest  that  for  best 
SINR  performance,  the  ups  in  the  array  should  be 
shared  as  equally  as  possible  among  the  elements.  Any 
leftover  Ups  should  be  placed  on  the  elements  near 
the  physical  center  of  the  array. 

C.  Delay  Between  Taps 

Throughout  this  discussion,  we  have  assumed  a 
quarter  wavelength  delay  (r  »  1)  between  ups  at  the 
carrier  frequency.  Let  us  now  consider  how  the  SINR 
is  affected  by  the  delay  between  taps.  We  limit  the 
discussion  here  to  the  case  where  the  array  has  the 
optimal  number  of  taps  per  element. 

In  [6],  it  was  shown  that  the  SINR  performance 
of  a  two-element  array  is  rather  insensitive  to  the 
value  of  r  as  long  as  r  is  kept  below  the  value  of 
1/R.  For  two  elements  and  two  Ups  per  element,  any 
value  of  r  less  than  1/B  yields  optimal  performance. 
Vblues  of  r  between  l/B  and  A/B  result  in  suboptimal 
performance  with  two  taps  per  element,  but  optimal 
performance  can  be  recovered  if  more  Ups  are  added 
to  both  elements,  \blues  of  r  greater  than  4/B  result 
in  suboptimal  performance  regardless  of  how  many 
extra  ups  are  added. 

We  find  similar  behavior  for  arrays  with  up  to  ten 
elements.  For  largpr  arrays,  our  results  indicate  that 
the  SINR  with  an  optimal  number  of  taps  is  maximum 
and  independent  of  r  as  long  as  r  is  less  than  a  ceruin 
maxifflum  value.  Above  this  maximum  value,  array 
performance  drops.  This  behavior  is  similar  to  the 
two-element  case  except  that  the  maximum  value  of 
r  is  not  simply  1/B  for  all  cases.  Wb  determine  the 
maximum  value  of  r  as  follows. 

For  a  given  number  of  array  elements  and  a  given 
bandwidth,  we  first  determine  the  optimal  number  of 
Ups  per  element,  as  described  above,  with  r  =  1.  Then, 
using  this  number  of  ups,  we  increase  r  and  calculate 
the  change  in  output  SINR.  There  is  a  broad  range 
of  r  over  which  the  SINR  is  essentially  constant,  but 
if  r  B  increased  enough,  the  SINR  finally  begins  to 
drop.  We  define  the  inurugt  delay  cutoff  ft  to  be  the 
value  (tf  r  at  which  the  SINR  has  dropped  1  dB  from 
its  optimal  value  at  r  »  1.  Examples  stowing  how  r 
affects  performance  can  be  found  in  [7]. 

For  arrays  with  more  than  two  elements,  r,  still 
depends  mainly  on  the  bandwidth  of  the  signals,  but 
ato  to  a  lesser  extent  on  the  number  of  elements 
in  the  array.  Fig  12  plots  the  interup  delay  cutoffs 
versus  the  sigrul  bandwidth  for  arrays  with  up  to  10 
elements.  The  number  of  Ups  per  element  in  each 
case  is  the  optimal  value  shown  in  Fig.  8.  These  results 
were  obuined  by  examining  numerous  SINR  curves 
for  maiqr  combinations  of  interference  angles.  The 
mterference  angles  often  affect  the  value  of  r„  and  the 
values  of  r,  plotted  in  Fig.  12  are  those  for  the  worst 
choice  of  arrival  angles.  As  a  rule-of-thumb,  it  may  be 
seen  from  Fig  12  that  the  maximum  interUp  delay  r. 
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is  usually  around  \/B.  With  six  to  ten  elements  and 
higher  signal  bandwidths,  the  value  of  sometimes  is 
slightly  less  than  1/B. 

With  r  >  Te,  array  performance  is  usually  similar 
to  that  described  in  [6].  For  values  of  r  up  to 
approximately  4/S  (r^  <  r  <  4/S),  the  performance 
of  the  array  can  be  improved  by  adding  more  taps 
behind  the  elements.  When  r  is  greater  than  4/S, 
full  performance  cannot  be  achieved  no  matter  how 
many  taps  are  added.  Examples  of  this  behavior  may 
be  found  in  [7]. 

For  r  <  1,  the  behavior  of  the  array  is  similar 
to  that  described  in  [6].  As  r  is  reduced  below  1, 
the  SINK  retains  its  optimal  value  but  the  weight 
magnitudes  become  large.  As  long  as  r  ^  0,  the 
array  can,  with  large  weight  magnitudes,  achieve 
the  necessary  magnitude  and  phase  response  for 
interference  rejection.  However,  small  values  of  r 
result  in  an  ill-conditioned  covariance  matrix,  which 
may  cause  difficulty  with  the  weight  control  algorithm. 

IV.  CONCLUSION 

This  paper  has  discussed  how  the  nulling  bandwidth 
of  a  linear  adaptive  array  is  affected  by  the  tapped 
delay-line  configuration  behind  the  elements.  Results 
were  presented  for  arrays  with  up  to  ten  elements. 

To  retain  maximum  SINR  performance,  an  M 
element  adaptive  anay  receiving  Af  - 1  interfering 
signals  generally  requires  more  and  more  taps  per 
element  as  the  signal  bandwidth  increases,  ^r  best 
array  performance  with  a  flxed  total  number  of  taps, 
the  elements  in  the  anay  should  share  the  taps  as 
equally  as  possible.  Any  extra  taps  are  best  used  on 
elements  near  the  center  of  the  array.  The  optimal 
number  of  taps  per  element  for  selected  bandwidths 
can  be  found  from  Fig.  8. 

Adaptive  array  performance  is  relatively  insensitive 
to  the  delay  between  taps.  If  the  array  has  the  optima! 
number  of  taps  per  element  for  a  given  bandwidth, 
then  any  value  of  intertap  delay  less  than  the  r,  shown 
in  Fig.  12  (the  values  of  are  in  quarter  wavelengths) 
will  yield  an  SINR  within  1  dB  of  the  maximum 
attainable  SINR.  As  a  rule-of-thumb,  the  value  of  Tc  is 
about  \/B,  so  smaller  bandwidths  allow  larger  intertap 
delays.  If  intertap  delays  larger  than  are  used,  the 
array  output  SIIW  drops.  For  intenap  delays  between 
1/B  and  4/R,  the  performance  can  be  restored  by 
adding  more  taps  behind  the  elements.  R}r  intertap 
delays  larger  than  4/B,  the  array  performance  is 
suboptimal  regardless  of  the  number  of  taps  for  most 
interference  angles. 

r.  w.  vooK 
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Dcctromtgiictic  Field  Exdtcd  by  a  Line  Source 
Placed  at  the  Edge  of  an  Impedance  Wedge 

Giuseppe  Peiosi,  Roberto  Tiberio,  and  Roberto  G.  Rojas 

Abstract— K  aaiforai  ygb-frtqaeacy  aotodoa  It  prcteaicd  for  ibc 
laid  of  a  Uac  toorcc  locaicd  at  ibc  cd|c  of  aa  iaipcdaacc  wtdt*.  Surface 
ware  coatilbatloBS  arc  capUdll;  iadodcd  kMo  the  cxprttsioa  for  the 
total  IcM.  whlca  It  eooiiaooot  acrott  ilMir  tbadow  koaodarict. 

L  bnaootxnioN 

la  several  practical  applications,  a  oooveniem  location  for  wire 
and  slot  antennas  is  found  near  and  at  the  tq)  an  edge  joining  two 
almost  flat  sttr&ces.  In  modem  technology,  auch  suifKes  often 
ooQsist  of  composite  materials,  adiich  may  be  usefully  modeled  by 
inrftce  in^edance  boundary  conditions.  In  order  u>  analyze  these 
configurations,  the  canonical  problem  of  an  impedance  wedge  ex¬ 
cited  by  a  source  located  at  ha.  edge  is  relevant. 

Recently,  a  high-ftequency  solution  has  been  presented  for  the 
diflfactiott  by  a  wedge  with  surtee  mpwlance  faces,  when  the 
source  and  the  observation  points  are  located  at  finite  disuuices  from 
its  edge  (1].  There  high-ftcquency  expressions  for  the  total  field  are 
given  in  the  fbmiat  of  the  uniform  GTD  (UTD).  In  this  communica¬ 
tion,  the  above  formulation  is  extended  to  describe  the  scattering 
phenomenon  when  a  line  source  is  jdaced  right  at  the  edge  of  the 
impedance  wedge.  Also  in  this  case,  the  solution  to  this  canonical 
pr^lem  is  obtained  in  a  rigorous  and  very  simple  fiuhion,  by 
enqtloying  a  plane  wave  spectnun  formulation.  The  same  problem 
was  treated  ^ier  (2]>  However,  both  the  approach  and  the 
formulation  presented  here  are  differem.  There,  although  the 
methodology  is  basically  the  same,  the  case  of  the  t^  excited  wedge 
is  handled  as  an  object  which  is  differem  from  that  of  a  plane  wave 
excited  wedge.  Alw.  die  solutions  are  rather  involved.  At  a  vari¬ 
ance.  here  it  is  shown  that  the  soIntioD  for  the  case  we  are  presently 
concerned  is  directly  and  simply  obtained  from  that  for  a  plane  wave 
iUumination  [4],  when  a  spectrum  representation  of  the  fi^  is  used. 
Punheimore,  our  result  is  unifwmiy  valid  at  any  aspect  of  observa¬ 
tion. 

The  conceptual  generality  of  a  plane  wave  spectrum  representa¬ 
tion  suggess  that  the  IbniMilatioD  presented  hm  provides  a  basic 
step  for  further  extension  to  treat  the  three-dimensional  (3-D)  case 
of  a  poim  source  located  at  the  edge  of  a  wedge. 

The  organizatioo  ot  the  presentation  is  summarized  hereafter. 
Pint,  aa  exact  integral  representation  is  obuined  for  the  total  field 
(Section  m).  Next,  after  extracting  the  surfoce  wave,  contributiotts 
the  integral  is  asymptotically  evaluated  so  give  a  uniform  high- 
frequency  solutioa  (Section  IV).  The  presence  of  complex  pdes  is 
property  atrountrd  for,  so  that  the  expression  for  the  total  field  is 
oomimious  across  the  shadow  bounduies  of  the  surfoce  waves 
Numerical  results  are  presented  in  Section  V. 

n.  PomrtAxnoN 

The  geomeny  for  the  sratirring  at  the  edge  of  an  rniprdanrr 
wedge  is  depict^  in  Pig.  1.  A  line  source  is  located  at  Q  and  the 
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and  dial  ijn  and  are  independent  of  the  azimuthal  angle. 
Then  the  backscattered  field  of  the  body  5  in  the  »«i»i 
direction  will  be  zero. 

The  proof  of  this  theorem  follows  exactly  that  given  in  [i]  and 
dierefore  will  be  omitted. 

m.  Numemcal  Demonstration  of  the  Scattering 
Theorems 

In  the  following,  a  numerical  demonstration  of  the  two  dieorems 
given  above  is  presented.  In  producing  these  numerical  calculations 
we  modified  a  code  for  PEC  scatterers  wrinen  in  the  McDonnell 
Douglas  Research  Laboratories  (2]  to  include  an  anisotropic  surface 
impedance  boundary  condition.  In  Fig.  2  we  show  the  monostatic 
H-  and  K*pol  RCS  for  an  ellipsoid  of  revoluuon.  Die  two  surface 
impedances  and  n^)  are  chosen  to  be  imaginaiy.  The  condition 
of  Theorems  1  and  2  are  satisfied.  The  coincidence  of  the  two  RCS 
curves  serve  to  demonstrate  Theorem  I,  while  the  zero  RCS  in  the 
axial  directions  (d  «  0  and  180*)  serve  to  demonstrate  Theorem  2. 

IV.  Conclusion 

We  have  proved  two  RCS  theorems  in  this  oommunicuion  for 
anisotropic  surface  boundary  conditions.  They  constinite  an  exten¬ 
sion  of  Weston's  two  theorems  because  we  require  only  that 
«  1  instead  of  ij,,  *  1  and  ■  1.  We  have  also  demonstr^, 
through  some  numerical  examples,  the  truth  of  these  theorems.  We 
believe  that  the  theorems  can  serve  to  check  new  MoM-BOR-IBC 
codes. 
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Electromagnetic  Field  Excited  by  a  Line  Source 
Piaced  at  the  Edge  of  an  Impedance  Wedge 

Giuseppe  Pelosi,  Roberto  Tiberio,  and  Roberto  G.  Rojas 

Abaraet—A  uaifora  Ugb-frcqacecp  seletioa  is  presented  tor  tbe 
Ecid  of  a  line  source  located  at  tbe  edge  of  aa  iwpedaace  wedge.  Surface 
wave  coatiibationa  art  axpUdtly  iadnded  into  tbe  expression  for  tbe 
total  field,  wbkb  la  coatlnnoas  across  their  shadow  boundaries. 

I.  iNTRODUCTKIN 

In  several  practical  qiplications,  a  oonveniem  location  for  wire 
and  slot  antennas  is  foui^  near  and  at  the  tip  of  an  edge  joining  two 
almost  flat  surfaces.  In  modem  tedmology,  such  surfaces  often 
consist  of  composite  materials,  which  may  be  nseftiUy  modeled  by 
surface  impedance  boundary  conditions.  In  order  to  analyze  these 
ctmfigurations,  the  canonical  proUem  of  an  impedance  wedge  ex¬ 
cited  by  a  source  located  at  its.edge  is  relevam. 

Recently,  a  high-ftequency  solution  has  been  presented  for  the 
diflraction  by  a  wedge  with  surfKe  impedance  f^es,  when  the 
source  and  the  observation  points  are  located  at  finite  from 

its  edge  [1].  There  high-ftequency  expressions  for  tbe  total  field  are 
given  in  the  foimat  of  the  unifoim  GTD  (UTD).  In  this  communica¬ 
tion.  the  above  foimulation  is  extended  to  describe  the  scattering 
phenomenon  when  a  line  source  is  ^aced  right  at  the  edge  of  the 
impedance  wedge.  Also  in  this  case,  tbe  scriution  to  this  canonical 
problem  is  obtained  in  a  rigorous  and  very  simple  foshion.  by 
employing  a  plane  wave  spectrum  formulation.  The  same  problem 
was  treated  earlier  (2),  [3].  However,  both  the  approach  and  the 
formulation  presented  here  are  differem.  There,  although  the 
methodology  is  basically  the  same,  the  case  of  the  tip  excited  wedge 
is  handled  as  an  object  which  is  differem  from  that  of  a  plane  wave 
excited  wedge.  Also,  the  soludoas  are  rather  involved.  At  a  vari¬ 
ance.  here  it  is  shown  that  the  solutioD  for  the  case  we  are  presently 
concerned  is  directly  and  simply  obtained  ftom  that  for  a  plane  wave 
illumination  [4],  when  a  spectrum  representation  of  the  field  is  used. 
Furthermore,  our  result  is  uniformly  valid  at  any  aspea  of  observa¬ 
tion. 

The  conceptual  generality  of  a  plane  wave  spectrum  represema- 
tion  suggests  that  the  fbnrmlation  presented  here  provides  a  basic 
step  for  further  extension  to  treat  tbe  three-dimensional  (3-D)  case 
of  a  poim  source  located  at  the  edge  of  a  wedge. 

The  organization  of  the  presentatioo  is  summarized  hereafter. 
First,  an  exact  integral  representation  is  for  the  total  field 

(Section  m).  Next,  after  extractiag  tbe  aufaee  wave,  contributions 
the  integral  is  asymptotically  evaluated  to  give  a  uniform  high- 
ftequency  solutioo  (Section  IV).  The  presence  of  complex  poles  is 
pro^y  accoumed  for,  so  that  the  eiqitessioo  for  the  total  field  is 
continuous  across  the  diadow  boundiuies  of  the  surfree  waves 
Numerical  results  are  presented  in  Section  V. 

n.  Formulation 

The  geometry  finr  the  acanering  at  the  edge  of  an 
wedge  ia  depicted  in  Fig.  1.  A  line  source  is  located  at  Q  and  the 
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Fi|.  1.  Oeomeoy  for  the  wanering  at  the  edge  of  an  iinpedafiee  wedge. 

observation  point  at  P',  its  location  in  a  polar  coordinate  system 
with  its  origin  at  Q.  is  denoted  by  (r.  ^).  The  exterior  angle  of  the 
wedge  is  nv.  Two  different  uniform  isotropic,  arbitrary  impedance 
boundary  conditions  may  be  imposed  on  the  two  faces.  The  surface 
in^wdances  of  the  0  a^  jit  faces  are  denoted  by  2o  and  Z,, 
respectively;  Zg, .  are  complex  numbers  whose  real  part,  h****”**  of 
energy  considerations,  must  be  non-negative.  The  following  nota¬ 
tion  will  be  used  to  describe  the  boundary  conditions  for  an  electric 
(TM.  e)  and  a  magnetic  (TE.  h)  line  source 

sin  e*p  m  ZJZ^;  sin  d*  «  Z^/Z,.  p  -  0.  n  (l) 

in  which  Z,  is  the  ftee-space  impedance.  Throughout  the  paper, 
superscripts  e  and  h  are  suppressed:  the  TM  and  TE  cases  are 
treated  together  and  the  expressions  presented  later  on  apply  to  both 
cases,  provided  that  the  proper  value  for  0*'  *  is  used.  A  harmonic 
time  dependence  expfy'wr)  is  assumed  and  suppressed. 

The  procedure  adopted  in  this  communication  may  be  summa¬ 
rized  as  follows. 

1)  First,  by  virtue  of  reciprocity  a  uniform  line  source  is  located 
at  P  and  the  observation  poim  at  the  edge  Q.  The  incidem  field 
from  the  source  is  represented  by  its  plane  wave  spectrum. 

2)  Next,  the  plane  wave  response  at  Q  of  the  wedge  is  found 
ftom  the  exact  integral  representation  given  in  (4]. 

3)  Then,  an  exact  inte^  represenution  for  the  total  field  at  Q  is 
obtained  by  superposition  of  the  above  spectrum  components.  Thus 
again  by  reciprocity,  it  provides  the  desired  expression  for  the  field 
at  P  due  to  a  line  source  at  Q. 

4)  Fmally,  this  integral  represemation  is  asymptotically  evaluated 
10  obtain  our  uniform  high  fiequency  solution. 

Steps  1-3  are  described  in  tte  next  section  and  step  4  in  Section 
IV. 


m.  Intbcral  Representation 

A  basic  step  within  the  context  of  a  plane  wave  spectrum  lepre- 
aeniation.  is  that  of  obtaining  the  plane  wave  response  fi  of  the 
wedge.  Its  expression  for  the  field  at  Q  is  now  found  by  using  the 
exact  soiutioo  given  in  [4].  A  convenient  expression  f^  the  total 
field  8  at  a  point  O'  ■  (p.  o'),  due  a  unit  plane  wave  incident  on 
die  edge  of  the  wedge  firen  a  direction  a,  as  d^icted  in  Fig.  2.  is 

fi(C')  -  ~  d«  (2) 

where  y  is  the  Soinmerfeld  contour  of  imegration.  A:  is  the  propaga- 
don  constant,  and 

is  an  odd  ftwction  of  {,  in  which  S({:  a,  o')  is  the  spectrum 
ftnaaion  obtained  by  Malittzhineu.(4],  [1].  Expression  (3)  is  simply 
a  consequence  of  tte  symmetry  of  die  contour  y;  iu  useftilness  is 
explained  next. 


o' 


Fig.  2.  Geomeny  for  the  plane  wave  teqioose  of  the  wedge. 

It  has  been  shown  [8]  that  a  transform  relationship  can  be 
established  between  F(p)  >  C(Q0  and  /(()  in  (2).  via  the  trans¬ 
form  pair 

ij  Jq 

and  (2);  provided  that  /(()  is  an  odd  function.  Consequently,  it  is 
easily  seen  that 

F(0)  -  ±2i/'(±/»)  (5) 

which  yields  tte  following  exact  expression  for  the  total  field  at  Q: 
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is  a  regular  fimetion,  and  is  tte  Maliuzhineu  special  function 
(4].  In  deriving  (6),  tte  asymptotic  propeity  of  for  |Im(a)  |  -• 
OB  has  been  used.  Also,  it  was  found  usefiil  to  employ  the  expres¬ 
sion  of  tte  auxiliary  fimetion  introduced  by  Maliuzhinets.  which 
puts  tte  complex  electric  poles  into  an  explicit  trigonometric  form. 
Equation  (6)  is  tte  desired  plane  wave  response  at  Q  of  the  wedge. 

Let  us  now  consider  a  unh,  uniform  line  source  located  at  P 
(Fig.  1)  and  tte  plane  wave  spectrum  representation  of  its  field.  In 
order  to  determine  its  field  at  Q,  first  tte  above  |dane  wave  reqxmse 
(8)  is  analytically  continued  iuo  com|dex  space.  Next,  the  spectrum 
of  tte  field  firom  tte  source  »  P  i$  weighted  by  fi(C)<  ">  i>y 
superposition  an  exact  integral  representatioo  for  tte  total  field  u  at 
tte  edge  of  tte  wedge 

"  “  TJTT I  *->*'—•->  do.  (8) 

In  (8)  the  contour  of  integratkm  c  is  either  (-/as,  v  -f /»)  when 
4  s  /i»/2  or  {-»  -Jo»,  +/»)  when  4  2  ji»/2. 

By  reciprocity.  (8)  alto  provides  die  required  representation  for 
the  field  u  at  any  poim  P  <hie  to  a  line  source  at  tte  edge  Q.  It  it 
noted  that  when  fig  •  8,,  u  exhibia  tte  expected  symmetry  for 
P’(r,  d)  and  F'  ■  (r,  nv  -  d)-  Furthermore,  for  a  perfeedy  con¬ 
ducting  wedge  it  is  seen  that 

(9) 

in  tte  TE  case  (dg  ■  8,  ■  0)  and  w  >  0  in  tte  TM  case.  The  field 
of  an  electric  line  source  (TM)  alto  vanishes  when  any  one  of  tte 
two  facet  it  perfectly  conducting.  An  uniform  high-frequency  ap¬ 
proximation  of  II  for  kr  large  it  presented  in  tte  next  section. 
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Before  proceeding  funher,  it  is  worth  pointing  out  that  whenever 
the  spectrum  of  a  Sommerfeld  integral  representation  of  the  re¬ 
sponse  of  a  wedge  is  known  for  an  arbitr^iy  incident  plane  wave 
ff),  the  field  0)  at  a  point  Q  on  the  edge  is  easily  found  by 
applying  the  concept  of  the  transform  pair  (2)  and  (4).  This  can  be 
done  for  example  for  impedance  wedges  with  exterior  angles  nr  m 
1, 1.5.  2  S’  [9],  and  of  course  for  a  perfectly  conducting  wedge  with 
any  n.  Then,  this  expression  for  t!(d,  /3)  can  be  used  to  weight  the 
dcNible  spectral  integral  representation  of  a  source  in  the  3-D  space. 
It  provides  the  extension  to  the  3-D  case  of  the  formulation  pre¬ 
sented  so  far;  however,  this  will  be  discussed  in  a  subsequent  paper 
and  compared  with  [10], 

IV.  High-Frequency  Solution 

In  order  to  obtain  a  high-frequency  solution,  it  is  useful  to  deform 
the  comour  of  integration  in  (8)  onto  a  steepest  descent  path  (SDP) 
through  the  saddle  point  at  a  *  When  a  surface  wave  is  excited 
on  either  ftces  of  the  wedge,  a  surface  wave  pole  a  >  ijp  -  ^ 
(p  «  0,  n;  iTo  *•  *l<i  *  "tr  -I-  may  be  capnired  in  the  con¬ 
tour  deformation  process  if  either  d  <  oq  or  nr  -  a„  in 
which 

«,  -  -V  -  (^p.)  (*0) 

where  gd  denotes  the  Gudermann  ftinaion  and  0^  «  ~  J^^r 

Thus,  its  residue  contribution  may  occur  in  the  solution,  in  addition 
to  the  contribution  from  the  SDP  integration. 

Then,  the  integral  along  the  SDP  is  asymptotically  evaluated  by 
applying  the  procedure  suggested  in  (SI- [7],  so  that  the  crossing  of 
a  pole  through  the  SDP  is  properly  accounted  for.  It  yields  a 
uniform  high-frequency  solution  for  the  total  field  u: 

(») 

in  which  p  <■  0,  n. 

a,) 

/I 

+?[*«j(*)l)  +  r>p)- (12) 


T,{rt)  -  +  5,(0)]  [5o(«)  -  ■»,(♦)]  ^  ’ 


4p(7)  -  *>n  2^-);  *(>»)  -  sin  (^■^) 


for  p  ^  0  a  <  Oq.  P 
odierwise 


n  a  >  nr  -  a„ 

(»5) 


and  !F(z)  is  the  UTD  transition  ftinction  [II]  generalized  to  a 
complex  argument  as  in  (12],  [13]. 

compact  expression  (12)  is  applicable  to  any  nr  wedge 
angle.  Also  it  provides  a  clear  physical  description  of  the  scattering 
phenomenon.  It  is  indeed  easily  teen  that  the  term  multiplying 
h(a,  o,)  ia  the  field  of  the  surface  wave;  hs  discontinuity  is 
compensated  by  the  pertinent  transition  fiinction.  Thus,  the  field  is 
smo^  and  continuous  across  the  shadow  boundaries  of  the  surfKe 


waves. 

b  should  be  noted  that  when  a  surface  wave  can  not  be  supported 
by  the  pv  face  of  the  wedge,  i.e..  when  a,  s  0,  the  corresponding 
term  reduces  to 


0 


<b) 

Fig.  3.  Field  radiated  by  a  line  source  located  at  the  edge  of  an  impedance 
half-plane  (n  a  2)  where  r  *  10  A.  (a)  Electric  line  source,  (b)  Magnetic 
line  source. 

V.  Numerical  Results 

The  solution  presented  in  the  previous  section  has  been  applied  to 
calculate  the  field  of  both  electric  and  magnetic  i«»w  sources  for 
several  wedge  angles  and  differen:  impedance  boundary  conditions. 
The  resultt  obtained  in  some  examples  are  presented  next,  to 
analyze  the  effect  of  the  electric  properties  of  the  wedge  on  the 
excitation  of  the  scattering  mechanisms.  In  particular,  the  surface 
wave  excitation  is  emphasized. 

The  field  radiated  at  a  distance  r  *  lOX  by  a  lirte  source  located 
at  the  edge  of  an  inqiedance  haif-fdane  (n  >  2)  is  plotted  in  Fig. 
3(a)  and  (b). 

Different  purely  reactive  surface  impedance  boundary  conditions 
(IBC's)  are  impomd  on  the  faces  of  the  half-plane.  A  surface  wave 
is  excited  1)  on  the  ne  fKc  by  an  electric  line  source  (ELS)  and  2) 
on  the  0  face  by  a  magnetic  line  source  (MLS).  Fig.  3(a)  shows  thar 
the  field  becomes  vanishingly  snail  as  the  observation  poim  ap¬ 
proaches  the  faces  of  the  w^ge.  However,  a  strong  evanescem. 
surface  wave  field  is  excited  close  to  the  nr  face.  In  Fig.  3(b)  the 
field  patterns  calculated  for  the  same  two  different  surface 
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Rg.  4.  Reid  ndiaied  by  a  line  source  lowed  « the  edge  of  an  impedance 
wedge  ediefc  n  >  3/2  and  p  >  10  X.  (a)  Electric  line  source,  (b)  Magnetic 
lincaautoe. 


uc  oomiMred  with  die  reference  solution  for  i  perfectly 
eondncdni  (PEC)  Mf-|dane.  It  is  noted  that  at  a  variance  of  the 
PEC  ease,  oo  one  hand  the  field  becomes  vanishingly  small  sriwn 
approaching  die  capacitive  fece,  and  on  the  other  hand  it  is  signifi- 
o^y  enhanced  by  a  snrfece  wave  excitatioa  mechanism,  when 
approaching  the  inductive  fece. 

A  ri^-angled  impedance  wedge  (n  -  3/2)  is  considered  next 
Hie  fieids  radiated  by  both  an  ELS  and  an  MLS  are  plotted  in  Figs. 
4(a)  and  (b).  respectively.  A  purely  capacitive  surfece  impedance  is 
imposed  ei^  on  the  nv  (contiiiuoius  line)  or  on  the  0  face  (dashed 
line).  Fbr  an  ELS  (Pig.  4(a)).  they  cause  an  inductive  IBC  so  that  a 
soong  evanescent  surface  wave  fieid  contribution  is  observed  when 
approaching  them,  as  expected.  On  the  other  hand,  in  both  cases  the 
decreases,  more  or  less  rapidly,  when  approaching  the  lossy 


inductive  surface  impedance  faces  (capacitive  IBC).  For  an  MLS 
Pig.  4(b)  shows  that  introducing  a  loss  into  the  inductive  impedance 
feces  chokes  down  evanescent  field  contributions.  Thus,  at  a  vari¬ 
ance  of  the  PEC  case,  the  field  drops  down  when  ^iproaching  either 
feces  of  the  wedge. 

The  above  examples  emphasize  diat  in  general  due  to  the  presence 
of  the  losses  the  evanescem  field  contribution  is  weak  and  observ¬ 
able  only  very  close  to  the  bet.  Also,  it  is  seen  that  the  patterns  are 
smooth  and  continuous  across  the  shadow  boundaries  of  the  surface 
waves. 

VI.  Summary 

An  exact  integral  represenution  for  the  field  radiated  by  a  line 
source  located  at  the  edge  of  an  impedance  wedge,  hu  been 
obtained.  To  this  end,  the  plane  wave  spectrum  of  the  source  has 
been  used  in  connection  with  the  plane  wave  response  of  the  wedge. 
Uniform  high-frequency  expressions  fbr  die  total  field  have  been 
derived  from  that  solution.  They  include  the  description  of  surface 
wave  excitation  mechanisms,  and  provide  field  patterns  that  are 
smooth  and  continuous  across  the  surface  wave  shadow  boundaries. 
Numerical  examples  have  been  presented,  also  to  investigate  into 
these  evanescent  wave  contributions.  The  formulation  presented 
here  suggests  a  further  extension  to  treat  three-dimensional  cases. 
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